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Sesavali

veivlet–gardaqmna warmoadgens droze 
damokidebuli funqciebis, kerZod signalebis 
(droiTi mwkrivebis) wrfivi gardaqmnis 
gansakuTrebel saxes, romlis saSualebiTac 
SesaZlebelia gamovavlinoT signalis iseTi 
lokaluri Taviseburebebi, romelTa gamovlena 
tradiciul furies da laplasis gardaqmnebiT 
SeuZlebelia. gansakuTrebiT es exeba 
arastacionalur SemTxveviT procesebs, romelTa 
Semadgeneli komponentebi (amplituda,sixSire,faza) 
icvlebian drosa da sivrceSi.

veivlet–gardaqmna bolo aTeuli wlis 
ganmavlobaSi Camoyalibda rogorc axali 
samecniero mimarTuleba. termini `Wavelet~ 
inglisuridan iTargmneba, rogorc mokle talRa. 
`mokles~ qveS igulisxmeba is, rom veivletis 
funqcias gaaCnia sasrulo sigane. sityva `talRa~ 
asaxavs im faqts, rom veivlet–funqcia rxevadia. 
pirvelad veivletis cneba Semoitanes J.morletam da 
a.grosmanma 1984w, roca isini ikvlevdnen signalebis 
jgufs bazisuri funqciiT, romelsac veivleti 
uwodes. veivletebi warmoadgenen garkveuli formis 
maTematikuri  funqciebis erTobliobis ganzogado-
ebul dasaxelebas, romlebic lokalizebuli arian 
rogorc droiT, aseve sixSirul areSi.

gazviadebis gareSe SegviZlia aRvniSnoT, rom 
veivletebma moaxdines arastacionaruli SemTxveviTi 
procesebis damuSavebis Teoriasa da praqtikaSi 
mniSvnelovani garRveva. dReisaTvis veivlet–
gardaqmna ZiriTadad gamoiyeneba droze 
damokidebuli procesebis (signali, droiTi mwkrivi) 
damuSavebisaTvis. garda amisa, misi gamoyeneba 
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SesaZlebelia mraval sferoSi: medicinasa da 
biologiaSi, astrofizikaSi, geofizikaSi, qvantur 
meqanikaSi da bevr sxva mimarTulebaSi.

unda SevniSnoT, rom veivlet–gardaqmna ar 
unda ganvixiloT, rogorc signalebis damuSavebis 
universaluri teqnologia. veivletebis SesaZle-
blobebi jer kidev bolomde ar aris Seswavlili, 
magram es imas ar niSnavs, rom veivletebis 
ganviTareba momavalSi mTlianad gamoricxavs 
informaciis damuSavebisa da analizis tradiciul 
meTodebs.

miuxedavad imisa, rom dReisaTvis veivlet–
gardaqmnaze sazRvargareT uamravi statiebi, 
monografiebi da saxelmZRvaneloebia Seqmnili. 
saqarTveloSi qarTul enaze dawerili saxel-
mZRvanelo deficits warmoadgens. warmodgenili 
saxelmZRvanelo pirvel rigSi sainJinro da 
ekonomikuri profilis studentebisaTvis aris 
gankuTvnili, Tumca maTi gamoyeneba SeuZliaT 
inJinrebs, ekonomistebs da yvela im pirovnebebs, 
romlebic dakavebuli arian monacemebis damuSavebis 
sakiTxebiT.

dReisaTvis arsebobs veivlet–gardaqmnis 
specializirebuli programuli paketebi, romlebic 
CarTulia kompiuteruli maTematikis ZiriTad 
sistemebSi (Matlab, Mathematica, Mathcad da sxva).  
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1. furies gardaqmna

Nnebismieri droze damokidebuli )(tx funqcia 

(SemTxveviTi procesi, signali, droiTi mwkrivi) 

SegviZlia warmovadginoT rogorc jami )(tψ
bazisuri funqciis namravlisa kc koeficientebze

  ( )∑
∞

−∞=

=
k

k tctx ψ)( .                   (1.1)

radgan ( )tψ bazisuri funqcia fiqsirebulia 

rogorc garkveuli saxis funqcia, amitom mxolod 

kc koeficientebi Seicaven )(tx fuvqciaze 

informacias.
Ddroze damokidebuli funqciebi uSualod 

gvaZleven droSi funqciis konkretul 
mniSvnelobebs. Mmagram, Tu gvainteresebs sxva 
informacia, magaliTad sixSireze, maSin unda 
movaxdinoT funqciis gardaqmna. sazogadod 
funqciis mimarT nebismieri maTematikuri gardaqmna
gamoiyeneba imisaTvis, rom signalidan miviRoT 
damatebiTi informacia, romelic sawyis signalSi 
uSualod ar Cans. imisaTvis, rom gavacnobieroT 
veivlet–gardaqmnis arsi saWiroa ganvixiloT 
furies gardaqmna, radgan is mWidroT aris 
dakavSirebuli veivlet–gardaqmnasTan.

1.1. furies gardaqmnis arsi F

mrvali aTeuli wlis ganmavlobaSi realuri 
fizikuri procesebis da maT Soris SemTxveviTebis 
damuSavebis ZiriTad saSualebas warmoadgenda 
harmoniuli analizi, romlis maTematikur 
safuZvels warmoadgenda furies gardaqmna. 1882 w. 
frangma maTematikosma furiem aCvena, rom nebismieri 
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perioduli funqcia SeiZleba warmovadginoT 
kompleqsuri eqsponencialuri funqciebis usasrulo 

jamis saxiT. Aamrigad, hilbertis 2L sivrceSi Tu 

ganvixilavT raime )(tx periodul funqcias 

[ ]π2,0)( 2Ltx ∈ , maSin is SegviZlia warmovadginoT 

furies mwkrivis saxiT, sadac ( )tψ bazisad 

aRebulia kompleqsuri eqsponenta. Ee.i. (1.1)  
gamosaxuleba miiRebs Semdeg saxes:

{ }∑
∞

−∞=

=
k

k jktctx exp)( ,

sadac    { }∫ −=
π

π

2

0

exp)(
2
1 dtjkttxck .

furies mwkrivisaTvis samarTliania parsavelis 
toloba:

∫ ∑
∞

−∞=

=
π

π

2

0

22)(
2
1

k
kcdttx

da is ganixileba rogorc energiis Senaxvis kanoni. 
dirixles pirobis Tanaxmad furies mwkrivi 

Tanabrad krebadia )(tx funqciis mimarT.

 SemdgomSi furies mwkrivi ganzogadoebuli 
iqna araperioduli procesebisTvis. kerZoT, Tu 
ganvixilavT uwyvet stacionarul SemTxveviT 

proces )(tx , maSin nebismieri ( )RLtx 2)( ∈
funqciisaTvis samarTliania furies gardaqmna

  ( ) { }∫
∞

∞−

−= dttjtxX ωω exp)( (1.2)

romelsac droiTi funqcia )(tx gadayavs )(ωX
sixSirul funqciaSi da mas furies pirdapiri 
gardaqmna (an speqtri) ewodeba. furies gardaqmna 
arsebobs Tu sruldeba Semdegi utoloba:  
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 ∞<∫
∞

∞−

dxtx )( .  

Ffuries gardaqmna Seqcevadia, e.i. mas gaaCnia uku 
gardaqmna:

{ }∫
∞

∞−

= ωω
π

djktXtx exp)(
2
1)( ,

romelic uzrunvelyofs sawyisi )(tx funqciis 

aRdgenas. Ffuries gardaqmna unitarulia, e.i.

   ∫ ∫
∞

∞−

∞

∞−

= ωω
π

dXdttx 22 )(
2
1)( (1.3)

da mas parsavelis igiveoba ewodeba, romelic 
gviCvenebs energiis Senaxvas, rodesac xdeba droiTi 
sivrcidan sixSirul sivrceSi gadasvla. (1.3) 
tolobis marcxena mxares arsebul integrals 

ewodeba )(tx signalis energia, xolo marjvena 

mxares myof gamosaxulebas–energiis speqtruli 
simkvrive. Ee.i.

  ( ) ( ) 2

2
1

ω
π

ω XE = .  (1.4)

Ffuries gardaqmna ZiriTadad gamoiyeneba 
stacionaruli SemTxveviTi procesebisaTvis, sadac 
sixSiruli komponentebi droSi ar icvlebian da 
aqedan gamomdinare, speqtruli analizis dros ar 
gvWirdeba informacia droze, radgan signalSi 
arsebuli yvela sixSire arsebobs mTeli drois 
manZilze.

ganvixiloT (1.2) toloba. )(tx signali 

mravldeba ω sixSiris mqone eqsponentaze da Semdeg 
xdeba integrireba drois mTel intervalSi. Uunda 
SevniSniT, rom (1.2) gamosaxulebaSi eqsponencialuri 
wevri eileris formulis Tanaxmad SegviZlia 
warmovadginoT Semdegnairad:

{ } ( ) ( )tjttj ωωω sincosexp +=
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e.i. sawyisi )(tx signali mravldeba kompleqsur 

gamosaxulebaze, romelic Sedgeba ω sixSiris 
sinusebisa da kosinusebisagan. Semdeg xdeba am 
namravlebis integrireba anu ajamva. Tu miRebul 
Sedegs gaaCnia didi mniSvneloba, maSin ω siz

xSire )(tx signalSi mniSvnelovnad aris 

warmodgenili. xolo, Tu integralis mniSvneloba 
mcirea (nulis tolia an nulTan axlos mdgomi 
sididea), maSin ω sixSire signalSi umniSvneloa an 
saerTod ar gaaCnia mas.

(1.2) gamosaxulebaSi integrireba yoveli ω
sixSiris mniSvnelobisaTvis xdeba usasrulo 
sazRvrebSi, mTeli droiTi RerZis gaswvriv. 
amitomaa, rom ama Tu im sixSiris arsebobis drois 
faqtors araviTari mniSvneloba ar gaaCnia, radgan 
sixSiris wili saerTo jamSi mainc iqneba erTnairi.

 
  1.3. furies gardaqmnis dadebiTi da uaryofiTi  

 Tvisebebi

rogorc avRniSneT, furies gardaqmna gvaZlevs 
sixSirul informacias, romelsac signali Seicavs,
Tumca drois romel momentSi warmoiSva es sixSire 
da rodis damTavrda CvenTvis ucnobia. Tu signali 
stacionarulia, maSin aseTi informacia ar 
gvWirdeba, radgan sixSireebi droSi ar icvlebian, 
e.i. isini signalSi arseboben mTeli drois manZilze.

dauSvaT, gvaqvs ori sxvadasxva signali, 
romelTa speqtruli maxasiaTeblebi erTnairia. erT–
erTi signali (nax. 1.1), romelic Sedgeba 10, 25, 50 da 
100hc sixSireebisagan

 )1002cos()502cos()252cos()102cos()( tttttx ππππ +++=
stacionarulia, radgan es sixSireebi mTeli drois 
ganmavlobaSi arseboben da droSi ar icvlebian. am 
signalis furies gardaqmna naCvenebia nax. 1.2, sadac 
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oTxive sixSiris speqtri mkafiod aris  
warmoCenili.

nax. 1.1

 
 
  

nax. 1.2
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exla ganvixiloT meore signali, romelic 
Sedgeba igive oTxi sixSirisagan, romlebic droSi 
Tanmimdevrulad arian warmodgenilni: 0-300 mlwm 
intervalSi signalis sixSirea 100 hc, 300–600 mlwm 
intervalSi – 50 hc. 600–800 mlwm intervalSi – 25 hc 
da bolo intervalSi – 10 hc. aseTi signali, 
romelic arastacionarulia warmodgenilia nax. 1.3-
ze da misi furies gardaqmna naCvenebia nax. 1.4-ze.

nax. 1.3
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 nax. 1.4   

rogorc nax. 1.4 Cans, signalis oTxive 
sixSiris speqtri, iseve, rogorc stacionaruli 
signalis dros, mkafiod arian gamosaxulni, magram 
maT Soris arseboben `cru~ sixSireebi, romelTac 
gaaCniaT mcire amplituda. es gamowveulia imiT, rom 
signalSi sixSireebi iSviaTad icvlebian. garda 
amisa, advili SesamCnevia, rom maRali sixSireebis 
komponentebs gaaCniaT maRali amplituda vidre 
dabalsixSirian komponentebs. es imitom xdeba, rom 
maRali sixSireebis xangrZlioba (300mlwm) metia, 
vidre dabali sixSireebis xangrZlioba (200mlwm).

amrigad, Tu SevadarebT erTi da igive 
sixSireebis mqone stacionarul da arastacionarul 
signalebs, SegviZlia davaskvnaT, rom orive 
SemTxvevaSi speqtrebi mkafiod arian warmodgenilni 
im gansxvavebiT, rom arastacionaruli signalis 
dros speqtrebs gaaCniaT sxvadaxva amplituda da 
maT Soris arsebobs dabali amplitudis cru 
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sixSireebi, maSin rodesac stacionaruli signalis 
SemTxvevaSi speqtrebis amplitudebi erTnairia da 
cru sixSireebi ar arseboben. garda amisa, furies 
gardaqmna kargad arCevs signalSi arsebul 
sixSireebs, magram uZluria gansazRvros drois 
romel momentebSia warmoSobili es sixSireebi. 
aqedan gamomdinare, arastacionaruli signalebi-
saTvis furies gardaqmna SeiZleba gamoviyenoT im 
SemTxvevaSi, roca Cven gvainteresebs informacia 
mxolod sixSireebze da ara maT warmoSobis Sesaxeb. 
sxva SemTxvevaSi, furies gardaqmnis gamoyeneba
kerZod, arastacionaruli signalebisaTvis 
mizanSeuwonelia.

CamovayaliboT furies gardaqmnis dadebiTi 
Tvisebebi:

–furies gardaqmna nebismier signals Slis 
sxvadasxva sixSiris elementarul rxevebad;

–furies gardaqmna warmoadgens orTogonalur 
operators anu iseT operators, romlis uku 
gardaqmna emTxveva kompleqsurad SeuRlebuli 
operatoris gamosaxulebas;

–furies gardaqmnis ares warmoadgens 2L
sivrce, romelsac miekuTvneba bunebaSi arsebuli 
droze damokidebuli mravali realuri fizikuri 
procesi;

–praqtikaSi advilia misi gamoyeneba. Ffuries 
swrafi gardaqmnis algoriTmas Seqmnam kidev ufro 
efeqturi gaxada misi gamoyeneba praqtikaSi.

Ffuries gardaqmnas ZiriTadi naklovanebebia:
–furies gardaqmna Tundac erTi mocemuli 

sixSirisaTvis moiTxovs procesis codnas ara 
mxolod warsulSi, aramed momavalSic, rac 
praqtikulad ganuxorcielebadia;

–radgan praqtikulad signalis daSlis 
Sedegad miRebuli harmonikebis raodenoba an 
speqtri SezRudulia, amitom signalis aRdgena 
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furies uku gardaqmniT Teoriulad, miTumetes 
praqtikulad, SeuZlebelia, kerZod gibsis efeqtis 
gamo;

–furies gardaqmnis bazisur funqcias 

warmoadgens mxolod erTi { }tjωexp funqcia, 

romelic gansazRvrulia ( )∞∞− , intervalSi da 

gaaCnia droSi ucvleli parametrebi;
–furies gardaqmnis bazisis ZiriTad 

naklovanebas warmoadgens misi cudi lokalizacia 
droiT sivrceSi, radgan misi bazisuri funqciis 

moduli yvela Rt ∈ -saTvis erTis tolia. Aaqedan 
gamomdinare, bazisis cudi lokalizacia drois 
konkretul momentebSi ar iZleva sixSiruli 
maxasiaTeblebis gansazRvris saSualebas;

–arastacionaruli procesebisaTvis, sadac 
sixSireebi droSi cvalebadi arian, furies 
gardaqmnis gamoyeneba mizanSeuwonelia.

1.3. furies fanjriseuli gardaqmna

rogorc avRniSeT, Aarastacionaruli proce-
sebisaTvis furies gardaqmna SeiZleba gamoviyenoT 
im SemTxvevaSi, roca gvainteresebs mxolod 
sixSiruli informacia, xolo speqtruli 
komponentebis warmoSobis dro ar gvainteresebs. Tu 
saWiroa sixSiruli mdgenelebis droiTi 
lokalizaciac, maSin saWiroa mivmarToT signalis 
sixSirul–droiT warmodgenas, rasac nawilobriv 
iZleva furies fanjriseuli (moklemaStabiani) 
gardaqmna.

dauSvaT arastacionaruli procesi uban-uban 
stacionarulia, maSin SegviZlia gamoviyenoT viwro 
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fanjara imisaTvis, rom mis SigniT signali iyos 
stacionaruli. aseTma midgomam miiRo furies 
fanjriseuli gardaqmnis saxelwodeba. am 
SemTxvevaSi signali iyofa intervalebad
(fanjrebad), romlis farglebSi signali iTvleba 
stacionarulad. amisaTvis gamoiyeneba fanjris 
funqcia W, romlis sigane fanjris siganis tolia. 
fanjris funqcia da signali gadamravldebian. Tu 
fanjris funqcia erTeulovani simaRlis 
sworkuTxedia, maSin signali ar Seicvleba. sxva 
SemTxvevaSi signalis Sejereba xdeba fanjris 
funqciasTan. Semdeg xdeba am namravlis furies 
gardaqmna. Semdeg bijze xdeba fanjris wanacvleba 
raime τ droiT. wanacvlebuli fanjris funqcia 
kvlav gadamravldeba signalze, xdeba misi furies 
gardaqmna da a.S. procedura grZeldeba signalis 
bolomde.

Ffuries fanjriseuli gardaqmna maTematik-
urad SegviZlia warmovadginoT Semdegnairad:

( ) ( ) ( ) { }∫
∞

∞−

−−= dttjtwtxX ωττω exp, .

nebismieri τ da ω -isaTvis ganisazRvreba furies 
gardaqmna da vRebulobT signalis sixSirul-droiT 
gardaqmnas. Ffuries fanjriseuli gardaqmnis 
problemis safuZvels warmoadgens e.w. geizenbergis 
ganusazRvrelobis principi, romlis Tanaxmad 
SeuZlebelia miviRoT signalis sixSirul-droiTi 
warmodgena nebismieri sizustiT anu erTdroulad 
SeuZlebelia sixSirisa da drois gazomva. 
erTaderTi rac SegviZlia vicodeT es aris 
signalis droiTi intervalebi, sadac arseboben 
garkveuli sixSiris zolebi da ara calkeuli 
sixSireebi. Aam problemas garCevadoba ewodeba.

Aamrigad, furies gardaqmnis dros ar 
arsebobs garCevadobis problema sixSirul areSi. 
analogurad, ar arsebobs droiTi garCevadobis 
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problema signalis droiTi warmodgenis dros, 
radgan drois nebismier momentSi cnobilia 
signalis zusti mniSvneloba.
F furies fanjriseuli gardaqmnis dros 
fanjaras gaaCnia sasrulo sigane, faravs mxolod 
signalis nawils da amitom sixSiruli garCevadoba 
uaresdeba. Ggauareseba imas niSnavs, rom ar gagvaCnia 
informacia signalSi calkeuli sixSireebis Sesaxeb, 
radgan cnobilia mxolod sixSiruli zolebi. Tu 
aviRebT usasrulo sigrZis fanjris siganes, maSin 
mTlianad ikargeba droiTi informacia da furies
fanjriseuli gardaqmnis magivrad vRebulobT 
Cveulebriv furies gardaqmnas. Aamrigad, rac ufro 
mcirea fanjris sigane, miT ukeTesia droiTi 
garCevadoba, magram cudia sixSiruli garCevadoba 
da piriqiT. Ggarda amisa, rac ufro viwroa fanjris 
sigane, miT ufro samarTliania daSveba fanjris 
areSi signalis stacionarobis Sesaxeb.

furies fanjriseuli gardaqmnis gamoye-
nebisas xSirad wamoiWreba kiTxva: rogori saxis 
fanjara unda gamoviyenoT? viwro fanjara 
uzrunvelyofs karg droiT garCevadobas, xolo 
farTo–karg sixSirul garCevadobas. Pproblema 
imaSia, rom fanjris SerCeva xdeba `erTxel da 
samudamod” anu signalis mTeli analizis dros, 
maSin rodesac signalis sxvadasxva ubani moiTxovs 
sxvadasxva tipis fanjrebis gamoyenebas (swored am 
problemis gadawyvetas emsaxureba veivlet–
gardaqmna).

rogorc avRniSneT, furies gardaqmna bazisur 
funqciad iyenebs eqsponentas (sinusebs da 
kosinusebs), romlebic lokalizebuli arian 
garkveul sixSirul areSi da aralokalizebuli 
arian droiT areSi. sawinaRmdego magaliTia 
kronekeris impulsuri funqcia
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( ) ( )




≠
=

==
.,0

,1
tk
tk

tt kk δψ

am SemTxvevaSi funqciebi mkveTrad lokalizebuli 
arian droiT areSi da sruliad aralokalizebuli 
arian sixSirul areSi. veivlet–gardaqmnas ukavia 
Sualeduri mdgomareoba am or ukidures SemTxvevis 
dros da Seicaven garkveul funqciaTa
erTobliobas, romlebic akmayofileben signalis 
(1.1) saxiT warmodgenas. Aamrigad, zemod moyvanil 
problemebs da ara marto am problemebs, 
SeZlebisdagvarad wyvets veivlet–gardaqmna.

2. veivlet–gardaqmna

2.1. uwyveti veivlet–gardaqmnis arsi

praqtikaSi realuri signalebi ZiriTadad 
arastacionarul procesebs miekuTvnebian. aseTi 
signalebis analizis dros metad mniSvnelovania 
drois im momentebis gansazRvra, roca signalis 
sixSiruli maxasiaTeblebi uecrad icvlebian. aseTi 
sixSiul–droiTi analizis upiratesoba TvalsaCinoa
radgan is gankuTvlilia signalSi lokaluri 
sixSirul–droiTi SeSfoTebebis gamosavlenad. 
aseTi mokle xangrZliobis SeSfoTebebis pirobebSi 

signali SeiZleba ganvixiloT 2L sivrcis mTel 

namdvil RerZze ( )∞∞− ,R Semdegi normiT: 

∞<2)(tx . Aqedan gamomdinare, bazisuri funqcia 

swrafad milevadi unda iyos, roca ∞→t da unda 
gaaCndes signalSi rogorc sixSiruli, aseve droiTi 
maxasiaTeblebis gamovlenis saSualeba.
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sixSirul–droiTi lokalizaciis pirobebs 
akmayofilebs

  





 −

=
a

bt
a

tba ψψ
1)(,  (2.1)

bazisuri funqcia, romelsac veivleti ewodeba. 
a

1

mamravli saWiroa ( ) ( )ttba ψψ =, normis 

SesanarCuneblad. )()( 2 RLtx ∈ funqciis integrals

 ∫
∞

∞−







 −

= dt
a

bttx
a

baW ψ)(1),(  (2.2)

ewodeba uwyveti veivlet–gardaqmna. aq 0,, ≠∈ aRba .

rogorc (2.1) gamosaxulebidan Cans, veivlets gaaCnia 
ori a da b argumenti. a parametri uzrunvelyofs 
sixSirul analizs, romelic gansazRvravs 
veivletis zomas da amitom mas xSirad masStabs 
uwodeben. furies analizSi masStabis analogs 
warmoadgens harmoniuli rxevis periodi anu 
sixSire. Uunda aRiniSnos, rom masStabi ufro 
farTo cnebaa (Tumca naklebad vizualuri), vidre 
periodi da igi SeiZleba ganisazRvros rogorc 
sixSiris Sebrunebuli mniSvneloba. a-s mcire 
mniSvnelobebi, romlebic signalSi axasiaTeben 
swraf procesebs, Seesabamebian maRal sixSireebs, 
xolo a-s didi mniSvnelobebi, romlebic signalSi 
axasiaTeben nel procesebs, Seesabamebian dabal 
sixSireebs.

b parametri gviCvenebs veivletis mdebareobas 
drois RerZze da mas Zvra (wanacvleba) ewodeba. 
furies analizSi am parametrs analogi ar gaaCnia, 
garda furies fanjriseuli gardaqmnis dros, sadac 
igi gansazRvras fanjris adgilmdebareobas droiT 
RerZze.
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uku uwyvet veivlet–gardaqmnas aqvs Semdegi 
saxe:

∫ ∫
∞

∞−

∞

∞−







 −

= 2

1),(1)(
a

dadb
aa

btbaW
c

tx ψ
ψ

,

sadac ψc normirebis koeficientia, romlis analogs 

furies gardaqmnaSi warmoadgens π2 mniSvneloba.

 
( )

∞<= ∫
∞

∞−

ω
ω

ωϕ
ψ dc

2

.   (2.3)

( )ωϕ -Ti aRniSnulia ( )tψ veivl;etis furies 

gardaqmna. veivlet–gardaqmnis drosac arsebobs 
parsavelis toloba:

∫ ∫ ∫
∞

∞−

∞

∞−

∞

∞−

= 2

22 ),(1)(
a

dadbbaW
c

dttx
ψ

da 
2),(),( baWbaE = gamosaxulebas SeiZleba 

vuwodoT energiis speqtruli simkvrive. (1.4) 

gamosaxulebasTan SedarebiT ),( baE garsazRvravs 

speqtrul maxasiaTeblebs orive a da b
parametrebisaTvis da amitom mas energiis lokalur 
speqtrs uwodeben. sawinaRmdego gamosaxulebas

∫
∞

∞−

= dbbaWaE 2),()(

uwodeben energiis globalur speqtrs, romelic 
gviCvenebs energiis zrdas masStabis mixedviT da 

warmoadgens energiis speqtruli simkvrivis )(ωE
analogs. Oorive es maxasiaTebeli erTmaneTis mimarT 
Semdeg damokidebulebaSi arian:

( ) ϖωψω daEaaE ∫
∞

∞−

= 2)()(
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2.2. veivletis Tvisebebi

sixSirul–droiTi analizisaTvis bazisur 
funqciebs anu veivletebs unda gaaCndes Semdegi 
Tvisebebi:

1. SezRudva. ( )tψ funqcia unda miekuTvnebodes

2L sivrces da unda sruldebodes Semdegi utoloba:

( )∫
∞

∞−

∞<dtt 2
ψ  .

 2. lokalizacia. Ffuries gardaqmnisgan 
gansxvavebiT veivletebi unda iyvnen lokalizebuli 
anu gansazRvruli raime sasrulo intervalSi 
rogorc droiT, aseve sixSiriT. es imas niSnavs, rom 

( )tΨ veivletebi da maTi furies gardaqmnebi ( )ωϕ
mniSvnelovnad gansxvavdebian nulisagan sixSiris da 
drois mcire diapazonSi da mcired gansxvavdebian 
nulisagan (an sulac nulis tolia) am intervalis 
gareT. aqedan gamomdinare, veivletebi SeiZleba 
gamoviyenoT rogorc fanjriseuli funqcia, 
romelsac gaaCnia centri da sigane. 

aratrivialuri ( ) ( )RLtz 2∈ fanjriseuli 

funqciis lokalizaciis ricxviT zomad miRebulia 

misi 0t centri da radiusi t∆ , romlebic 

ganisazRvrebian Semdegnairad:

( ) ( )∫
∞

∞−

= dttzt
tz

t 2
0

1

 ( ) [ ] ( )∫
∞

∞−

−=∆ dttztt
tzz

22
0

2 1

am dros fanjriseuli funqciis sigane z∆2 sididis 

tolia.
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3. nulovani momentebi. imisaTvis, rom
uzrunvebelyofili iyos uku veivlet–gardaqmna,
veivleti unda akmayofilebdes (2.3) Tanafardobas. es 

miiRweva ( ) 00 =ϕ pirobis SesrulebiT, saidanac 

gamomdinareobs:

  ( )∫
∞

∞−

= 0dttψ (2.4)

 gamoyenebis TvalTazrisiT, zogjer metad 
mniSvnelobania veivletis ara  mxolod nulovani 
momenti, aramed m-uri rigis momentebis nulTan 
toloba

  ( )∫
∞

∞−

= 0dttt mψ .          (2.5)

veivletebi, romlebsac gaaCniaT nulovani 
momentebis didi raodenoba saSualebas iZleva 
signalSi ugulvebelyofili iyos regularuli 
polinomialuri mdgenelebi da gaanalizos 
mciremasStabiani fluqtuaciebi.

4. avtomodeluri bazisi an TviTmsgavseba. 
Zvrisa da masStabis mniSvnelobebis cvlilebisas 
bazisuri funqciis forma unda darCes erTi da 
igive.

  2.3 veivlet gardaqmnis procedura. 

dauSvaT mocemulia gasaanalizirebadi 
signali. SeirCeva bazisuri veivleti, romelic 
iqneba yvela veivletis (fanjris) prototipi da 
romlebic miiRebian veivletis SekumSvis an 
gafarToebis gziT. bazisuri veivletis SerCevis 
Semdeg gamoTvlebi iwyeba a=1 masStabis dros. 
amisaTvis veivleti moTavsdeba signalis dasawyisSi, 
kerZod signalis im wertilSi (mniSvnelobaSi), 
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romelic Seesabameba t=0. veivlet–funqciis masStabi
a=1 gadamravldeba signalze da xdeba integrireba 
drois mTel intervalSi. integrirebis Sedegi 

mravldeba 
a

1 sidideze normalizirebisaTvis anu 

imisaTvis, rom yoveli masStabisaTvis signals 
gaaCndes erTnairi energia.

 veivletis masStabis a=1 Semdeg xdeba misi 
wanacvleba b droiT da t=b wertilSi xdeba zemod 
moyvanili proceduris gameoreba. vRebulobT kidev 
erT mniSvnelobas, romelic Seesabameba t=b.Ees 
procedura grZeldeba manam, sanam veivleti ar 
miaRwevs signalis bolos, ris Sedegadac 
vRebulobT wertilTa erTobliobas striqonis 
saxiT. Semdeg vzrdiT a-s mniSvnelobas da zemod 
moyvanili procedura meordeba yoveli a-s 
mniSvnelobisaTvis. amasTan miRebuli striqonebiT 
xdeba samaStabo–droiTi sibrtyis Sevseba.

masStabis umciresi mniSvneloba a=1 
Seesabameba udides sixSires. veivleti unda iyos 
iseTi viwro, rogoricaa udidesi sixSiris periodi. 
yovel poziciaze is mravldeba signalze. Tu 
signalSi arsebobs speqtruli komponentebi, 
romlebic Seesabamebian a-s mimdinare mniSvnelobas, 
maSin veivletis namravli signalze im intervalSi, 
sadac speqtruli komponenta arsebobs, gvaZlevs 
SedarebiT did mniSvnelobas. winaaRmdeg SemTxvevaSi 
namravlis mniSvneloba mcirea an nulis toli.

 amrigad, gardaqmnis procedura starts iRebs  
a=1 masStabis dros da grZeldeba a-s gazrdasTan 
erTad anu gardaqmna iwyeba maRali sixSireebiT da 
grZeldeba dabali sixSireebisaken. pirveli 
mniSvneloba Seesabameba uvelaze ufro SekumSul 
veivlets da a-s gazrdiT veivletis sigane 
farTovdeba.
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2.4. veivletis magaliTebi

veivletebi SeiZleba iyvnen orTogonaluri, 
naxevradorTogonaluri da  bioorTogonaluri. Ees 
funqciebi SeiZleba iyvnen simetriuli da asimetri-
uli. ansxvaveben veivletebs, romlebic warmodgeni-
li arian kompleqsur areSi da veivletebs, 
romlebsac ar gaaCniaT es Tviseba. praqtikaSi 
sasurvelia veivleti iyos orTogonaluri da 
simetriuli. samwuxarod damtkicebulia, rom aseT 
veivlets miekuTvneba mxolod haaris veivleti:

 ( )















≥<

<≤−

<≤

=

1,0,0

,1
2
1,1

,
2
10,1

tt

t

t

tψ

romlis furies gardaqmnas aqvs Semdegi saxe:

  ( ) ( ) 





 −=

ω
ω

ω
ω

ωθωϕ
3

3sinsin3 ,

sadac ( )ωθ xevisaidis funqciaa, romelic 

ganisazRvreba Semdegnairad:

  ( )




≤
>

=
.0,0
,0,1

ω
ω

ωθ

haaris veivleti TiTqmis gamousadageria 
praqtikuli amocanebis gadasawyvetad, radgan 
bazisur veivlets gaaCnia erTis toli mniSvneloba 
[0,1] intervalSi da nuli am intervalis gareT, 
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amitom haaris veivleti droSo kargad 
lokalizebulia, magram aralokalizebulia 
sixSirul areSi.

 moviyvanoT zogierTi bazisuri veivletebi. am 
mxriv, yvelaze popularulia gausis funqcia,
romelic zogadad warmodgenilia Semdegnairad:

 

( ) ( ) ( )








−−−= 2
2

2

2
exp

2
11 µ

οπ
ψ tt

dt
dt m

m
m

m  (2.6)  

sadac µ pirveli rigis sawyisi momentia, 

σ standartuli gadaxra. (2.5) pirobidan gamomdinare
µ =0 da  1=σ , maSin (2.6) gamosaxuleba miiRebs 

Semdeg saxes:

 ( ) ( )








−−=
2

exp
2
11

2t
dt
dt m

m
m

m
π

ψ  (2.7)

romlis furies gardaqmnas aqvs Semdegi saxe:

   ( ) ( )








−=
2

exp
2ω

ωωϕ njm   (2.8)

(2.7) gamosaxulebis pirveli warmoebuli anu roca 
m=1 vRebulobT WAVE–veivlets, romelsac gaaCnia 
Semdegi saxe:

( )








−−=
2

exp
2
1 2ttt
π

ψ ,

grafikulad WAVE–veivleti arasimetriuli 
funqciaa, romlis nulovani momenti nulis tolia.

 Oori gausis funqciis sxvaoba qmnis DOG
(Difference of Caussians) veivlets:
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  ( )








−−








−=
8

exp5,0
2

exp
22 tttψ ,

romlis furies gardaqmnaa:

  ( ) { }











−−









−= 2
2

2exp
2

exp
2
1

ω
ω

π
ωϕ

da ase Semdeg. mravalricxovan veivletebidan 
ganvixiloT yvelaze ufro xSirad gamoyebadi 
morles da MHAT–veivletebi.

MHAT–veivleti. (2.6) gamosaxulebis meori 
warmoebuliT (m=2) vRebulobT MHAT–veivlets

( ) ( )








−−=
2

exp1
2

2 tttψ

da mis furies gardaqmnas:

 ( )








−=
2

exp2
2

2 ω
ωπωϕ  ,  

romelsac gaaCnia nulovani da pirveli momentebi 
nulis toli. Aam veivlets saxeli MHAT (Mexican HAT) 
warmoiSva misi grafikuli gamosaxulebis gamo, 
romelic waagavs meqsikur sombreros. 

 

nax. 2.1
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nax. 2.1 warmodgenilia MHAT–veivleti (marcxniv) da 
misi furies gardaqmna (marjvniv). radgan MHAT–
veivleti simetriulia da furies speqtri viwro 
zolisaa, amitom mas gaaCnia kargi sixSirul–droiTi 
garCevadoba. lokalizaciis centri da radiusi 
orive SemTxvevaSi Sesabamisad tolia:

 .49,0,51,1,08,1,0 00 =∆==∆= ωωtt
MHAT–veivletis speqtri warmodgenilia 

mxolod namdvili nawiliT da is ZiriTadad 
gamoiyeneba rTuli signalebis analizisaTvis.

morles veivleti. praqtikaSi farTo 
gamoiyeneba hpova morles veivletma, romelsac 
gaaCnia Semdegi saxe:

 ( ) { }








−=
2

expexp
2

0
ttjt ωψ ,

romlis furies gardaqmna tolia:

  ( ) ( )










 −

−=
4

2exp
22 ωπ

πωϕ
aa .

sadac ω dominirebuli sixSirea.

nax. 2.2

nax. 2.2 warmodgenilia morles veivletis namdvili 
nawili (marcxniv) da misi furies gardaqmna 
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(marjvniv). droiT areSi morles veivletis 
lokalizaciis centri da radiusi tolia: 

.
2

,00
at t =∆= samwuxarod, igive monacemebis miReba 

sixSiruli aresaTvis gaZnelebulia. morles 
veivlets gaaCnia nulis toli mxolod nulovani 
momenti. 

2.5 diskretuli veivlet–gardaqmna

Mmiuxedavad imisa, rom uwyveti veivlet–
gardaqmna gvaZlevs miRebuli Sedegebis TvalsaCino 
warmodgenis saSualebas, misi praqtikuli gamoyeneba 
SezRudulia. am SemTxvevaSi bazisuri funqciebi ar 
warmoadgenen mkacrad orTogonalurebs, radgan 
bazisis elementebi usasrulod diferencirebadi 
arian da eqsponencialuri kanoniT miiswrafian 
usasrulobisaken. Ggarda amisa, signalis gazomvis 
Sedegebi warmoadgenen ara funqcias, romelic 
gansazRvrulia mTeli drois RerZze, aramed 
mwkrivs, romlis moculoba yovelTvis sasruloa. 
aqedan gamomdinare, veivlet–gardaqmnis integrali 
unda Seicvalos jamiT, e.i. vRebulobT diskretul 
veivlet-gardaqmnas. Tu droiTi mwkrivi mocemulia 

t∆ diskretizaciis intervaliT, 

Nkktttxx kkkk ,.....,2,1,),( =⋅∆==
maSin diskretul veivlet-gardaqmnas eqneba Semdegi 
saxe:

 ∑
=








 −
=

N

k

k
k a

bt
x

ban
baW

1),(
1),( ψ ,  (2.9)

sadac



27

 ∑
= 


















 −
−=

N

k

k

a
bt

B
ban

1

21exp),( (2.10)

B sidide Rebulobs sxvadasxva mniSvnelobas imisda 
mixedviT, Tu romel veivlets viyenebT. magaliTad,
MHAT–veivletisaTvis B=2, xolo morles veivletis-

aTvis 2aB = . Tu SevadarebT (2.9) gamosaxulebas (2.2) 
gamosaxulebas SevamCnevT, rom (2.2) formulis 

mniSvnelidan amoRebulia a mamravli, romelic 

Secvlilia Semdegi gamosaxulebiT:

 ∫
∞

∞−

=


















 −

− πBadt
a

bt
B

21exp  

riTac ugulvebelyofilia harmoniuli rxevis 
amplitudis damokidebuleba a parametrze. (2.9) 
gamosaxuleba ganisazRvreba Semdegi  

 baji NjNiba ,.....,2,1,0,,....,2,1,, ==
mniSvnelobebis safuZvelze.

2.6 skalograma, skeilograma da skeletoni

Tu gamoviyenebT (2.9) gamosaxulebas, maSin 
lokaluri speqtris energiis Sefaseba iqneba:

 
2

),(),( jiji baWbaS = (2.11)         

am funqcias uwodeben skalogramas, romelsac 
gaaCnia masStabis mimarT energiis ganawilebis 
Tviseba. radgan es ganawileba b parametris 
saSualebiT lokalizebulia droSi, amitom (2.11) 
gamosaxulebas SeiZleba vuwodoT lokaluri 
skalograma.
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cxadia rom (2.11) gamosaxulebis safuZvelze 
SegviClia SevafasoT energiis globaluri speqtri:

 ∑∗
=

j
jii baS

N
aG ,),(1)(  (2.12)  

sadac ∗N –im wertilebis raodenobaa, romlis 
mixedvioTac xdeba (2.12) gamosaxulebis gasaSualeba. 
(2.12) gamosaxulebas uwodeben skeilogramas, 
romelic warmoadgens furie–gardaqmnis gagluvebul 
periodogramis pirdapir analogs.

),( ji baS skalogramis mniSvnelobebi devs 

zedapirze da misi warmodgenisaTvis gamoiyeneba ori 
meTodi:

a) skalogramis zedapiris sibrtyiseuli 
warmodgena samganzomilebian sivrceSi (a,b,s) 
kordinatebiT, sadac abscisaTa RerZze gadazomilia 
b wanacvleba, ordinantTa ReZze – a masStabi, xolo 
s sidide mesame RerZze.

b) skalogramis zedapiris sibrtyiseuli 
warmodgena (a,b) kordinatebiT topografiuli rukis 
saxiT. mesame s maCveneblis masStabi naCvenebia an 
izoxazis dagraduirebiT an izoxazebs Soris 
arsebuli sivrcis gaferadebiT, sadac maqsimumebis 
ares gaaCnia, magaliTad, TeTri feri, xolo 
minimumebis ares – Savi feri.

xSirad skalogramaze konturuli wrfeebi 
sixSiriT axlos arian erTmaneTTan, rac xels 
uSlis droSi sixSireebis ganawilebis evolucias. 
amis Tavidan asacileblad SegviZlia gamoviyenoT 
skalogramos is wertilebi, sadac mas gaaCnia a da b
parametrebiT maqsimumebi:

 

 ( )








><

><

= +−

+−

iSemTxvevaSsxva

an

roca

0

,

, 1,1,

,1,1

jiijji

jiijjiij

jic SSS
SSSS

baS (2.13)



29

am formulaSi ( )jiij baSS ,≡ . (2.13) saxis funqcias 

skeletoni ewodeba. sinusoidaluri signalis 
SemTxvevaSi skeletonis wertilebi ganlagdebian 
wrfeze, romelic paraleluria droiT RerZis 
mimarT. Tu monacemebSi gvaqvs harmoniuli an 
kvaziharmoniuli komponentebi, maSin skeletonis 
topografiuli ruka Sedgeba xazebisagan, romlebic 
orientirebulebi arian b RerZis mimarT. Tu signali 
Seicavs xmauris komponentebs, maSin skeletonis 
xazebi gaiWimeba perpendikulad anu a RerZis 
paralelurad. Tu monacemebi Seicaven rogorc 
harmoniul, aseve xmauris komponentebs, maSin 
skeletonis rukaze isini warmodgenilni arian cal-
calke.

Mmokled CamovayaliboT  veivlet–gardaqmnis 
dadebiTi da uaryofiTi Tvisebebi:

– veivlet–gardaqmnas gaaCnia praqtikulad 
furues gardaqmnis yvela dadebiTi Tviseba;

– bazisuri veivletebi kargad arian 
lokalizebulni rogorc sixSirul, aseve droiT 
diapazonebSi;

– furies gardaqmnisagan gansxvavebiT bazisur 
veivletebs gaaCniaT sakmaod mravalferovani 
funqciebi, romlebic orientirebuli arian 
sxvadasxva tipis amocanebis gadasawyvetad;

– bazisuri veivletebi SeiZleba 
warmovadginoT rogorc sasrulo ise usasrulo 
intervalSi, romlebic realizebuli arian sxvada-
sxva saxis gluvi funqciebisagan;

– veivlet–gardaqmnis naklovanebad SeiZleba 
CavTvaloT misi SedarebiTi sirTule.

Uunda aRiniSnos, rom veivlet–gardaqmna 
yovelTvis ar cvlis furies gardaqmnas. Aase 
magaliTad, furies analizi xSirad gamoiyeneba 
orTogonaluri veivletis Sesaqmnelad, mraval-
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maStaburi analizis Casatareblad da sxva. bevri 
veivlet–gardaqmnis Teoremebi mtkicdeba furies 
analizis meSveobiT. amrigad, analizis es ori 
meTodi warmoadgens erTmaneTis mimarT 
urTierTdamatebas da ara konkurentul meTodebs.

 
 
 

3 veivlet–gardaqmnis gamoyenebis zogierTi 
aspeqti

3.1 veivlet–gardaqmna rogorc filtracia

gavixsenoT, rom filtracia ewodeba sawyisi 
funqciis iseT gardaqmnas, romelsac mivyavarT misi 
speqtruli Semadgenlobis SecvlasTan. x(t) signalis 
filtri SeiZleba warmovadginoT Semdegnairad:

 

 ( ) ( ) ( ) ττ dtxthty ∫
∞

∞−

−= , (3.1)

sadac ( )th filtris woniTi funqciaa, romelic 

akmayofilebs Semdeg pirobas:

   ( ) 1=∫
∞

∞−

ττ dh .  (3.2)

(3.1) gamosaxulebis furies gardaqmnis Sedegad 
vRebulobT:

 ( ) ( ) ( )ωωω XHY = ,

sadac ( )ωH filtris gadamcemi funqciaa, romelic 

miiReba woniTi funqciis furies gardaqmniT:

 ( ) ( ) { } τωττω djhH −= ∫
∞

∞−

exp .
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magaliTad, safexurovani woniTi funqciisaTvis

 ( )






>

≤
=

T

T
Th

τ

τ
τ

,0

,,
2
1

gadamcem funqcias aqvs Semdegi saxe:

 ( ) ( )
ω

ω
ω

T
TH sin

= . (3.3)

zogadad (3.3) gamosaxulebidan gamomdinareobs, rom 
H(0)=1, amitom (3.2) gamosaxulebiT miiReba 
dabalsixSiriani filtracia. unda aRiniSnos, rom 
(3.3) gadamcemi funqciis sixSiruli gatarebis sigane 
ganisazRvreba mxolod filtris woniTi funqciiT 
anu T maCveneblis mniSvnelobiT.

Tu SevadarebT (2.2) da (3.1) gardaqmnebs, 
SeiZleba iTqvas, rom uwyveti veivlet–gardaqmna 
SeiZleba CaiTvalos sawyisi x(t) funqciis filtrad. 
Tu (2.2) gamosaxulebis mimarT gamoviyenebT furies 
gardaqmnas, maSin miviRebT:

 ( ) ( ) ( )ωωϕω xaaaW =,
saidanac Cans, rom veivlet–gardaqmnis gadamcem 
funqcias aqvs Semdegi saxe:

 ( ) ( )ωϕω aaH = (3.4)

( )00 =ϕ pirobis Tanaxmad (3.4) tolobidan gamom-

dinareobs, rom   H(0)=0. amas isic unda daumatoT, 

rom masStabis yovel a>0 mniSvnelobisaTvis ( )ωH
funqciis maqsimumi imyofeba

  
a
c

=maxω

sixSireze, sadac c mniSvneloba damokidebulia 
veivletis tipze. ase magaliTad, MHAT
veivletisaTvis 2=c , xolo morles veivletisa-

Tvis π2=c . garda amisa, ( )ωH funqciis efeqturi 

sigane mcirdeba a masStabis gazrdisas. sxva 
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sityvebiT, veivlet–gardaqmna warmoadgens zolur 
filtrs cvladi siganis gatarebis zoliT (didi 
masStabisaTvis viwro, xolo mcire masStabisaTvis 
farTo). 

nax. 3.1 warmodgenilia (3.3) da (3.4) gadamcemi 
funqciebi. naxazis marcxniv naCvenebia dabal-
sixSiriani filtris gadamcemi funqcia (3.3), roca 
T=1 (daStrixuli wrfe) da roca T=2 (uwyveti wrfe). 
naxazis marjvniv naCvenebia MHAT veivletis zoluri 
filtris gadamcemi funqcia (3.4), roca a=0,25 
(uwyveti wiri) da roca a=1 (daStrixuli wiri).

nax. 3.1

amrigad, samaStabo koeficientis a>0 yoveli 
mniSvnelobisaTvis W(a,b) sidide, romelic 
gansazRvrulia (2.2) gardaqmniT, warmoadgens sawyisi 
funqciis filtraciis Sedegs sixSirul dipazonSi, 
romlis centri ganisazRvreba samaStabo 
koeficientiT, xolo sigane – SerCeuli veivletis 
TvisebebiT. 
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3.2 signalis gamoyofa xmauridan

droiTi mwkrivebis speqtrul analizSi 
sasargeblo signalis gamoyofa xmauridan 
ZiriTadad warmoebs statistikuri meTodebiT. 
CavTvaloT, rom droiTi mwkrivi

 ( ) Nkktttxx kkk ,.....,2,1,, =⋅∆==
warmoadgens SemTxveviTi sididis arakorelirebul 
amonarCevs, romelsac gaaCnia normaluri ganawileba 

nulovani maTematikuri lodiniT da 2
0σ dispersiiT. 

e.i.

 






≠
=

=
.,0

,,2
0

qp
qpxx qp

σ

ganvsazRvroT morles veivletisaTvis skalogramis 
mniSvnelobebis ganawilebis kanoni. SemovitanoT 
Semdegi aRniSvna:

 
a

btk
k

−
=τ .

skalograma warmovadginoT Semdegnairad:

 ( ) ( ) ( )baQbaPbaS ,,, 22 += ,

sadac 

 ( ) ( ) ( )∑
= 








−=
N

k
k

k
k a

x
ban

baP
1

2 2cosexp
,

1, πτ
τ

,

 ( ) ( ) ( )∑
= 








−=
N

r
k

k
k a

x
ban

baQ
0

2 2sinexp
,

1, πτ
τ

.

advilad mtkicdeba, rom fiqsirebul b parametris 
dros P(a,b) da Q(a,b) warmoadgenen normalurad 
ganawilebul SemTxveviT sidideebs nulovani 
maTematikuri lodiniT da dispersiiT:

 ( )baZ ,
2

2
02 σ

σ = ,
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sadac 

 ( )
( )∑= 








−=
N

k

k

aban
baZ

1
22

2
exp

,
1,

τ
.

ganvixiloT normirebuli skalograma:

 ( ) ( )
( )baZ

baSbaS
,

,, 2
0σ

= .

( )baS ,2 sidides gaaCnia 2χ ganawileba ori 

Tavisuflebis xarisxiT. aqedan gamomdinareobs, rom 
normirebuli skalograma a parametris mimarT 
warmoadgens SemTxveviT sidides, romlis 
ganawilebis kanons aqvs Semdegi saxe:

 ( ) { } ∞<<−= xxxP 0exp .

Tu normirebuli skalogramis ganawilebis 
kanoni cnobilia, maSin SesaZlebelia CamovayalibiT 
signalis xmauridan gamoyofis kriteriumi. marTlac, 
albaToba imisa, rom normirebuli skalogramis 
mniSvnelobebi gadaaWarbeben mocemul T mni-
Svnelobas ganisazRvreba formuliT:

  ( ){ } ( ) { }TdxxpTbaSP
T

−==> ∫
∞

exp,

Tu aviRebT mniSvnelovnebis dones 1<<α , romelic 
gansazRvravs iSviaT xdomilobis albaTobas, maSin 
signalis garCevis zRurblis mniSvneloba tolia:

 αα lg−=T .

sxva sityvebiT, α−=1p albaTobiT SegviZlia 

davaskvnaT, rom ( )baS , skalogramis is 

mniSvnelobebi, romlebic akmayofileben Semdeg 
utolobas:

 ( ) ( ) ασ TbaZbaS ,, 2
0> (3.5)

mikuTvnebian sasargeblo signals. unda aRiniSnos, 

rom  ( )baZ , funqcia praqtikulad ar aris 

damokidebuli b Zvraze. nax. 3.2 warmodgenilia (3.5)
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gamosaxulebis marjvena mxares mdgomi funqciis 
maxasiaTebeli saxe, roca N=100 da 1=∆t . naxaze 
wyvetili wiri gviCvenebs signalis xmauridan 
aRmoCenis 99%-ian zRurbls.

nax. 3.2

nax. 3.3 warmodgenilia uku veivlet–gardaqmnis 
gamoyeneba signalis filtraciisaTvis.
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nax. 3.3

am SemTxvevaSi filtracia efuZneba uku veivlet–
gardaqmnis droiTi koeficientebis nawilobriv
gamoyenebas, zogierTi xangrZliobis gamoricxvis 
saSualebiT. naxazze moyvanili signalis filtra-
ciisaTvis gamoyenebuli iyo veivlet–gardaqmnis 
sixSiruli zolis mxolod 20-40%.
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3.3 sinusoidis veivlet–gardaqmna

droiTi mwkrivebis furies analizi da 
veivlet–analizi efuZneba arsebuli informaciis 
droiT aredan sixSirul areSi gadayvanas an areSi, 
romelic mocemulia a,b parametrebiT veivlet–
gardaqmnis dros. poliharmoniuli funqciis 
analizis dros saWiroa vicodeT Tu rogor saxes 
Rebulobs martivi sinusoida am areebSi veivlet–
gardaqmnis SemTxvevaSi. amisaTvis ganvixiloT 
sinusoida:

 ( ) ( ) { } { }[ ]tjtj
j

AtAtx 000 expexp
2

sin ωωω −−== ,

romlis furies gardaqmna tolia:

  ( ) ( ) ( )[ ]00 ωωδωωδ
π

ω +−−=
j

AX . (3.6)

Tu (2.2) gamosaxulebis mimarT jer gamoviyenebT 
furies gardaqmnas, xolo Semdeg furies uku 
gardaqmnas, maSin miviRebT:

 ( ) ( ) ( ) { }∫
∞

∞−

= ωωωωϕ
π

djbXaaAbaW exp
2

, . (3.7)

CavsvaT (3.6) gamosaxuleba (3.7) gamosaxulebaSi: 

( ) { } ( ) { } ( )[ ]0000 expexp
2

, ωϕωωϕω ajbajb
j
aAbaW −−−= (3.8)

im SemTxvevaSi, roca ( )ωϕ funqcia namdvilia da 

luwi, maSin (3.8) gamosaxuleba martivdeba:

 ( ) ( ) ( )baaAbaW 00 sin, ωωϕ= . (3.9)

(3.8) da (3.9) formulebi Seesabamebian uwyvet 
veivlet–gardaqmnas. (3.8) da (3.9) gamosaxulebebi 
SeiZleba ase warmovadginoT:
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( ) { } ( ) { } ( )[ ]0000 expexp
2

, ωϕωωϕω
π

abjabj
Bj

AbaW −−−=  

(3.10)  

 ( ) ( ) ( )ba
B
AbaW 00 sin, ωωϕ

π
= (3.11)

MHAT–veivletisaTvis B=2, xolo morles 

veivletisaTvis 2aB = . Tu gamoviyenebT MHAT –
veivlets da (3.11) formulaSi CavsvaT misi furies 
gardaqmnas    

( )








−=
2

exp2
2

2 ω
ωπωϕ ,   maSin miviRebT:

 ( ) ( )b
a

AbaW 0

2
0

2
2
0

2 sin
2

exp, ω
ω

ω












−= (3.12)

da mis Sesabamis skalogramas:

 ( ) { } baaAbaS 2
0

22
0

24
0

42 sinexp, ωωω −= . (3.13)

Cven vxedavT, rom sinusoidis 0ω sixSiris 

dafiqsirebisas MHAT–gardaqmna aris igive sixSiris 
sinusoida, romlis amplituda damokidebulia 
masStabis mimdinare mniSvnelobaze. ganvsazRvroT 
(3.12) da (3.13) gamosaxulebebis maqsimumi masStabis 
mimarT. amisaTvis gavawamovod orive gamosaxuleba a-
Ti da  gautoloT nuls. miRebul gantolebaTa 
sistemis amoxcnis Sedegad miviRebT:

 
0

max
2

ω
=a

sinusoidis 0P periodisaTvis gveqneba: 

 maxmax
0

0 44,422 aaP ≈== π
ω

π
.

morles veivletis gamoyenebisas , Tu (3.11) 
gamosaxulebaSi CavsvamT morles veivletis furies 
gardaqmnas
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 ( ) ( )










 −

−=
4

2exp
22 ωπ

πωϕ
aa ,

maSin miviRebT:

( ) ( ) ( )




















+−−−








−−= 0

2

00

2

0 2
4

exp2
4

exp
2

, ωπωωπω aabjaabj
j

AbaW

( ) ( ) ( )




















+−+








−−= 2
0

2
2

0

22

2
2

exp2
2

exp
4

, ωπωπ aaaaAbaS

wina SemTxvevisagan gansxvavebiT, Cven vxedavT, rom 
sinusoidis lokaluri speqtris energia ar aris 
damokidebuli b Zvraze da masStabis maqsimumi 
sinusoidis periodTan dakavSirebulia Semdegnairad: 

  max0 aP = .

unda aRiniSnos, rom kavSiri sinusoidis 
periodsa da maqsimalur masStabs Soris morles 
veivletis gamoyenebisas igivea rac furies 
gardaqmnisas. am garemoebis gaTvaliswinebiT morles 
veivletis gamoyeneba droiTi mwkrivebis 
analizisaTvis ufro mizanSewonilia, vidre MHAT–
veivletisa. 

nax. 3.4 naCvenebia sinusoidis veivlet–
gagdaqmna, sadac a–sawyisi mwkrivia; b–furies 
gardaqmna; c–skalograma (MHAT–veivleti); d–
skeilograma (MHAT–veivleti); e–skalograma(morles 
veivleti); f–skeilograma (morles veivleti).
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nax. 3.4
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4. droiTi mwkrivebis veivlet–gardaqmnis 
algoriTmi

1. sawyisi monacemebi.
mocemulia droiTi mwkrivi:

 ( ) Nkktttxx kkk ,,2,1,, ⋅⋅⋅⋅=⋅∆== ,

sadac t∆ –diskretizaciis intervalia; N–droiTi 
mwkrivis ganzomileba.

2. droiTi mwkrivis grafikuli warmodgena.
sawyisi monacemebis grafikuli warmodgena 

saSualebas iZleva mwkrivSi arsebuli mudmivi 
mdgenelis an kidev dabalsixSiriani mdgenelis anu 
trendis warmodgenis saSualebas. radgan veivlet–
funqcias gaaCnia nulis toli nulovani momenti, 
amitom igi iwvevs mwkrividan mudmivi mdgenelis 
gamoricxvas, rasac ver vityviT trendis Sesaxeb, 
radgan veivlet–gardaqmnas aseTi Tviseba ar gaaCnia. 
droiTi mwkrivis maRalsixSiruli komponentebis 
Sesaswavlad sasurvelia orive es mdgeneli 
gamoiricxos mwkrividan.

 3. trendis gamoricxva da mwkrivis centrireba
trendis gamosaricxavad saWiroa trendis 

modelis ageba. Tu trends gaaCnia raime Teoriuli 
axsna, maSin trendis modelireba xdeba am Teoriis 
safuZvelze. sxva SemTxvevaSi xdeba trendis
aproqsimacia romelime empiriuli funqciis 
saSualebiT. trendis modelis parametrebi 
ganisazRvrebian umcires kvadratTa meTodiT. Semdeg 
xdeba trendis mniSvnelobebis gamorkleba sawyisi 
droiTi mwkrivis mniSvnelobebidan. am procesis 
martiv SemTxvevas warmoadgens mwkrivis mudmivi 
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mdgenelis gamoricxva droiTi mwkrivis 
centrirebiT:

  mxx kk −=~ ,

sadac m saSualo ariTmetikulia:

  ∑
=

=
N

ik
kx

N
m

1

1
.

sanam veivlet–gardaqmnas gamoviyenebdeT sasurvelia 
droiTi mwkrivis speqrtuli analizis Catareba 
furies gardaqmnis gamoyenebiT.

 4. furies gardaqmna.
ganisazRvreba furies diskretuli gardaqmna:

 ∑
=

⋅⋅⋅⋅⋅=






−∆=

N

n
nk Nk

N
knjxtX

1

,,2,1,2exp~ π
.

amis Semdeg gamoiTvleba speqtruli simkvrivis 
funqciis Sefaseba:

 ( ) ( )[ ]
2

,,2,1,ImRe1 22
2

NkXX
N

G kkk ⋅⋅⋅⋅⋅=+= .

speqtruli simkvrivis mniSvnelobebi Seesabamebian 

 
2

,,2,1, Nk
tN
kf k ⋅⋅⋅⋅⋅=

∆
=

sixSireebs. k-s mniSvnelobebi aiReba 
2
N

-mde imitom,  

rom is Seesabameba naikvistis sixSires.
SeniSvna: Cven aq ar ganvixilavT speqtris 

gansazRvris cdomilebebs da maTi Sencirebis 
meTodebs.

 5. veivlet–gardaqmnis gamoTvla
diskretuli veivlet–gardaqmna gamoiTvleba 

Semdegi formulebiT:

 ∑
=








 −
=

N

k i

jk
k

ji
ji a

bt
x

ban
baW

1

~
),(

1),( ψ ,                    

sadac
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 ∑
= 


















 −
−=

N

k i

jk
ji a

bt
B

ban
1

2
1exp),(

Tu ( )tψ veivletad SevarCevT morles veivlets, 

maSin 2aB = .
 6. veivletis argumentebis diskretizacia

yovel veivlets gaaCnia sakuTari forma da 
zoma, romelic masStabis fiqsirebul mniSvnelobis 
dros ganisazRvreba Semdegnairad:

 ad t∆= 20 ,

sadac  t∆ veivletis radiusia. Tu CavTvliT 

droiTi mwkrivis diskretizaciis intervals 
constt =∆ , maSin poliharmoniuli procesis 

harmonikebis periodebis diapazoni ganisazRvreba

tP ∆= 2max da tNP ∆=min mniSvnelobebiT. aqedan 

gamomdinare, SevarCioT veivletis zomisa da 
harmoniuli komponentebis gaTvaliswinebiT 
samaStabo koeficientebis mniSvnelobebi.

 ,2;2 maxmaxminmin aPaP tt ∆=∆=
aqedan

 
t

mion
t

tNata
∆
∆

=
∆
∆

=
2

;max .

morles veivletisaTvis gveqneba:

 
a

tNa
a

ta ∆
=

∆
= maxmin ;2

.

SemovitanoT a masStabis diskretizaciis intervali

 
aN
aa

a minmax −
=∆ ,

maSin     ai Niaiaa ,,2,1,min ⋅⋅⋅⋅⋅=∆+= .

exla ganvixiloT b Zvris diskretizacia. 
martiv SemTxvevaSi Zvris diapazonis sazRvrebi 
ganisazRvrebian Semdegnairad:

 tNbb ∆≤≥ maxmin ;0 .
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am SemTxvevaSi Zvris diskretuli MniSvnelobebi 
ganisazRvrebian formuliT:

 bj Njbjbb ,,2,1,min ⋅⋅⋅⋅⋅=∆+= ,

sadac b∆ Zvris diskretizaciis intervalia, 
romelic ase ganisazRvreba:

 
bN
bb

b minmax −
=∆ .

 7. skalogramis gansazRvra

 
2

),(),( jiji baWbaS =

 8. skeletonis gansazRvra

  ( )








><

><

= +−

+−

iSemTxvevaSsxva

an

roca

0

,

, 1,1,

,1,1

jiijji

jiijjiij

jic SSS
SSSS

baS

 9. signalis gamoyofa xmauridan

 ( ) ( ) ( ) ( )
( ) ( )





<

≥
=

α

α

σ

σ

TbaZbaS

TbaZbaSbaS
baS

jiji

jijiji
jj

,,,0

,,,,
,

2
0

2
0

,

sadac  

 ( ) ( )∑= 





 −

−=
N

k i

jk

ji
ji a

bt

aban
baZ

1
22

2exp
,

1, (4.1)

zogjer ufro mosaxerxebelia signalis 
gamoyofa ara skalogramidan, aramed skeletonidan. 

am SemTxvevaSi (4.1) formulis marjvena mxares ( )baS ,
magivrad unda gamoviyenoT ( )baS c , .

 10. skeilogramis gansazRvra

 ( ) a

bN

j
ji

b
i NibaS

N
G ,,2,1,,1

1

⋅⋅⋅⋅⋅== ∑
=

.

 11. algoriTmis dasasruli.
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5 modeluri funqciebis veivlet–gardaqmna

5.1 sinusoida

nax. 5.1a warmodgenilia T=20 wm periodis 
(f=0,05hc) sinusoida, romelic mocemulia 1=∆t bijiT 
(N=100). misi furies gardaqmna naCvenebia nax. 5.1b. 
veivlet–gardaqmnisaTvis gamoyenebuli iyo morles 
da MHAT–veivletebi. rogorc nax. 5.1c Cans, MHAT–
veivleti gvaZlevs skalogramas (nax. 5.1c), romelic 
warmodgenilia samganzomilebian sivrceSi da 
Sedgeba amozneqili zedapirebiT, romlebic 
erTmaneTis mimarT mdebareoben 10 wm intervaliT. es 
imiT aixsneba, rom grafikze warmodgenil 
poliharmoniuli funqciis maxasiaTebel detals 
warmoadgens sinusoidis amozneqiloba da 
Cazneqiloba anu rxevis naxevari periodi. amis 
sawinaRmdegos warmoadgens morles veivleti, 
romelsac gaaCnia harmoniuli rxeva (Tumca 
milevadi) da romelic droiT mwkrivSi arCevs 
rxevis mTel periods. amiT aixsneba sinusoidis 
maxasiaTebeli forma, romelic warmodgenilia 
skalogramaze (a,b,s) kordinantebSi (nax. 5.1c) da 
romelic waagavs mTis formas. sinusoidis 
skalogramis aseTi warmodgena Seesabameba furies 
gardaqmnas, amitom morles veivletis gamoyeneba 
ufro mizanSewonilia harmoniuli rxevis 
analizizisaTvis, vidre MHAT–veivletisa. nax. 5.1f 
naCvenebia morles veivletis skeilograma, sadac 
mkafiod warmodgenilia sinusoida T=20 periodiT.
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nax. 5.1

5.2 ori sinusoidis jami

mocemulia droiTi mwkrivi (nax. 5.2a), romelic 

warmoadgens ori sinusoidis periodebiT 201 =T da 

100,1;352 ==∆= ntT , jams. misi furies gardaqmna 

naCvenebia nax. 5.2b. aqac veivlet–gardaqmnisaTvis 
gamoyenebuli iyo morles da MHAT–veivletebi. 
advili SesamCnevia, rom  MHAT–veivletiT miRebuli 
skalograma (nax. 5.2c) da skeilograma (nax. 5.2d) ver 
uzrunvelyofen sawyisi signalis ori komponentis 
gamoyofas, miuxedavad imisa, rom maTi periodebi 
mniSvnelovnad gansxvavdebian erTmsneTisagan. es 
faqti imiT aixsneba, rom  MHAT–veivlets gaaCnia 
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droiT areSi Zlieri lokalizacia, ris gamoc 
dabalia sixSirul areSi garCevadobis xarisxi.
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nax. 5.2

rac Seexeba morles veivlets, romelsac 
droiT areSi arc iseTi Zlieri lokalizacia 
gaaCnia misi gamoyeneba ufro mizanSewonilia, radgan 
rogorc skalogramidan (nax. 5.2e) aseve 
skeilogramidan (nax. 5.2f) Cans sawyisi signalis
orive periodi mkveTrad arian gamoyofilni. es imiT 
aixsneba, rom morles veivleti, MHAT–veivletTan 
SedarebiT, ufro naklebad aris lokalizirebuli 

droiT areSi da amitom 22 =a mniSvnelobis dros 
misi garCevadoba sixSirul areSi metia vidre MHAT–
veivletisa. miuxedavad amisa, SeiZleba Seiqmnas
iseTi situacia, roca signalis sixSireebi axlos 
arian erTmaneTTan da ver moxdes maTi garCeva 
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morles veivletiT 22 =a standartuli 
mniSvnelobiT. aseT situaciaSi a parametris 
mniSvneloba unda gavzardoT. amiT Cven vamcirebT 
veivlet–gardaqmnis droiT garCevadobas, radgan 
izrdeba sixSiruli garCevadoba.

ganxiluli magaliTebidan Cans, rom droiTi 
mwkrivisaTvis ufro mizanSewonilia morles 
veivletis gamoyeneba.

5.3 cvladperiodiani sinusoida

zemod miyvanili magaliTebi gviCveneben, rom 
regularuli signalis veivlet–gardaqmna ar iZleva 
axal informacias furies gardaqmnasTan SedarebiT. 
situacia mkveTrad icvleba, roca signalis 
parametrebi droSi icvlebian. nax. 5.3a  warmo-
dgenilia sinusoida, romlis periodi TandaTan 
mcirdeba drois RerZis mimarT. aseTi sinusoidis
furies gardaqmna (nax. 5.3b), skalograma (nax. 5.3c) da 
skeilograma (nax. 5.3d) gansazRvrilia morles 
veivletis saSualebiT.

rogorc naxazidan Cans, furies gardaqmna 
gvaZlebs periodogramas, romlis simZlavris pikebi 
gabneulia sixSiris farTo diapazonSi, maSin 
rodesac veivlet–gardaqmnis skalograma mkafiod 
gviCvenebs periodis dreifs drois RerZis gaswvriv. 
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nax. 5.3
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5.4 skalogramis warmodgena topografiuli rukis 
saSualebiT

 
exla ganvixiloT veivlet–gardaqmna, sadac 

skalograma warmodgenilia topografiuli rukis 
saSualebiT. qvemod moyvanil magaliTebSi veivlet–
gardaqmnebSi gamoyenebuli iyo MHAT-veivleti.

nax. 5.4

nax. 5.4 warmodgenilia sinusoidis veivlet–
gardaqmnis Sedegi, romlis zeda nawilSi mocemulia 
sawyisi signali, SuaSi mdebareobs veivlet–
gardaqmnis skalogramis topografiuli ruka da 
naxazis qveda nawilSi skeletoni. skalogramis 
topografiul rukaze mkafiod Cans sinusoidis 
maqsimumebis (TeTri feri) da minimumebis (Savi feri) 
Tanmimdevroba. maqsimumebis da minimumebis areebis 
sazRvrebi emTxvevian sinusoidis nulovan 
mniSvnelobebs. skeletonebs Soris mudmivi manZili 
miuTiTebs signalis sinusoidalur xasiaTze. 
dasawyisSi da boloSi skeletonebi damaxinjebulia, 
rac gamowvevulia kiduri efeqtiT.
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nax. 5.5

nax. 5.5 warmodgenilia ori sinusoidis jamisagan 
Sedgenili signalis veivlet–gardaqmna.

nax. 5.6
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nax. 5.6 naCvenebia cvladperiodiani sinusoidis 
veivlet–gardaqmna.

nax. 5.7
nax. 5.7 warmodgenilia sinusoidisa da SemTxveviTi 
monacemebis jamisagan Semdgari signalis veivlet–
gardaqmnis Sedegi.

5.5 uku veivlet–gardaqmna

iseve rigorc furies gardaqmnis dros, uku 
veivlet–gardaqmna signals srulad aRadgens. 
magaliTisaTvis ganvixiloT Sereuli signali, 
romelic Sedgeba gadaukveTavi sxvadasxva sixSiris 
sinusoidebisagan da SemTxveviTi xmaurisagan (nax. 
5.8).
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nax. 5.8

rogorc naxazidan Cans, signali TiTqmis 
aRsdga maRalsixSiriani nawilis gamoklebiT. 
imisaTvis, rom signalis xmauri mTlianad iyos
aRdgenili, saWiroa skalogramis `gafarToeba~ 
mokle periodiani mdgenelebis mimarTulebiT.

rogorc zemod iyo naCvenebi, uku veivlet–
gardaqmna farTod gamoiyeneba signalebis 
damuSavebaSi, kerZod signalis filtraciisaTvi 
(ix. $3.2).
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