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kmZ`f

\�^��4Y[^ \�Z`v!d[r!Z c �4h[Y n d[Z%t2h[d[Z`e!^`f`^ln��`v!Z��[e!^`flkm_a^ n�Z`q`Z`v��C^���r:o
h[j`^ln�Z c Z�Z`d[r!giZ`Y[h[j`^lnaf`v!h[jlkm_�n
	{v!r!d[h[_a^`g��4Z`Y[flk t2q`Y[^`_a^`Z�kmd[Z��!_ah o
n�^�n�Zln%\�Z`q`_ah[j`_ah[j`^ln#h[f`r!Y[r!d[^`flkmv!^ c Z�n�Z`j`Z`Y[f`r:opn�Z� ^`Y[Z`Y n�r��`v!r� ^lo
_a^ln j`Z`f`Z`_aZ`q`v!^`Z`e!^ln�n�Z� h��`kmv!^ln7n�e:k c h[Y[e!h[j`^ln�Z%t2q`^ln
����^`Y[Z`Z`v:n�r:o
j`v!^`q`Z c�c Z�n�e!v:k��[e:kmv:km_aZ c ^��4^�n�v:km_���h n�Z`j`Z`d[^ln�r!j`Z���^`ZKZ`d�� Z`d[Z c
d[r��[d[h c 	��4Z`Y[Z%t2_ah[j`^ln n�Z`d[^`Y[^ln�e!v!r:n d[^`h[v c Z`d[e!f`^`gih[jlkm_ n�Z���h[_�o
d����!q`Z`Y[h[_ar:n�t2Z`Y�� d[Z%t2h[d[Z`e!^`f`Z h[f`r!Y[r!d[^ln�e!h[j`^ln�Z%t2q`^ln��! t2j`^`_a^ln�^"	
�4_ar!j`Z`_�o#�`v!^`Y[e!^"	%$�&'&'&
(��

v!h c Z��[e!r!v!^") �`v!r� h n�r!v!^ c ��Y[Z`e!v!r*��q`^`_a^

v!h[gih[Y,+�h[Y[e!h[j`^")- ^.+�^`f`Zlosd[Z%t2h[d[Z`e!^`f`^ln�d[h[giY[^`h[v!h[j`Z%t2Z c r��[e!r!v!^"	
�`v!r� h n�r!v!^ c ��Y[Z`e!v!r*��q`^`_a^
 ^.+�^`f`Zlosd[Z%t2h[d[Z`e!^`f`^ln�d[h[giY[^`h[v!h[j`Z%t2Z c r��[e!r!v!^"	
�`v!r� h n�r!v!^
Z"�/�4Z��4Y[^��[h

0© �4Z`d[r!d[gih[d[_ar!j`Z����1	 y{z4z4|
b,24365



t2Z`q`^ b

���������������
	�����������������
�������������������������������
����
	������������������������� ��

$'� $'�:^��`r!q`hut
A ∪ B 	 A ∩ B 	 A \ B c Z B \ A 	 t=k A c Z Bn�^`d[v!Z`q`_ah[h[j`^�d[r!gih[d km_a^`Z���h[d c h��4^#n�Z���^%t6)

Z�(
A = {−1; 2; 9; 17} , � (

A = {a, c, d, f} ,
B = {1; 9; 14; 21} ; B = {a, b, c, d, e} ;

j�(
A = {−3; 4; 5; 11; 16} , c ( A = {x, y, z} ,
B = {−7; 3; 10} ; B = ∅.

$'� y �:d[Z`vAt2h[jlkm_a^`Zxt=k�Z`v!ZVe!r!_ar!j`Z
A = B

	�t=k

A = {0; 1; 2} c Z B =
{

x | x(x2 − 3x + 2) = 0
}

.

$'� | �:d[Z`vAt2h[jlkm_a^`Zxt=k�Z`v!Z"![Z`vAt2q`Z
A ⊂ B

	mt=k

A = {−3; −2; −1; 1} c Z

B =
{

x | (x2 + x− 2)x(x2 + 4x + 3) = 0
}

.

$'� #1�:Z$![q`h[Y[hut6	Av!r!d t=k
A
	
B c Z C n�Z`d[^�^ln�hut2^ n�^`d[v!Z`q`_ah[Z"	

v!r!d
A ⊂ C c Z B ⊂ C

	!d[Z���^`Y-d[Z`vAt2h[jlkm_a^`Z ��h[d c h��4^
n�^`d[v!Z`q`_�kmv!^![Z`vAt2q`h[j`^

A ∩ B ⊂ C; A ∪ B ⊂ C; A \B ⊂ C.

$'�&% �*�4Z`d[r!f`^%t �`km_a^ $'$'% n�e:k c h[Y[e!^ c Z`Y Z��!d[r(![Y c Z"	xv!r!d)%+*
n�e:k c h[Y[e!^�n%\�Z`q`_ar!jln#^`Y��4_a^ln`kmv h[Y[Zln
	�# y-, �4h[v!d[Z`Y km_�n
	

.



�

��r!_ar $ # , r!v!^`q`hKkmg ��r h[Y[Zln
�+Z��!Y[^���Y km_a^Vn�e:k c h[Y[e!h o
j`^ c Z`Y
 Z�(�v!Z`d c h[Y[^'n�e:k c h[Y[e!^'n%\�Z`q`_ar!jln�d���r!_ar c ^`Y��4_a^ln`kmv

h[Y[Zln��
 j�(�v!Z`d c h[Y[^Vn�e:k c h[Y[e!^�n%\�Z`q`_ar!jln�d���r!_ar c �4h[v!d[Z`Y km_

h[Y[Zln��
 � (�v!Z`d c h[Y[^#n�e:k c h[Y[e!^'n%\�Z`q`_ar!jln-Z`YC^`Y��4_a^ln`kmv Z`Y �4h o

v!d[Z`Y km_ h[Y[Zln��
 c (�v!Z`d c h[Y[^7n�e:k c h[Y[e!^ Z`v n%\�Z`q`_ar!jln�Z`v!g ^`Y��4_a^ln`kmv

c Z
Z`v!g �4h[v!d[Z`Y km_ h[Y[Zln��
$'� �4�0n�Z c Z.+/�!q`h[q`r f`r!d��`Z`Y[^`Zln d[^`d[Z`vAt2Z & y Z c Z`d[^`Z`Y[d[Z"	Cv!r!d[h o

_Ct2Z��4Z`Y | %�opn�n`kmv:n c Z`Z.+/�!q`^`r:n n�Z���_a^"	 y $]opn , Z`q`e!r:o
d[Z`Y��[Z`Y[Z"	�$ z opn , v!r��4r!v!g n�Z���_a^"	 ^ln�hCZ`q`e!r!d[Z`Y��[Z`Y[Z"�
 Z�(�v!Z`d c h[Y�Z c Z`d[^`Z`Y n n`kmv:n c Z`Z.+/�!q`^`r:n d���r!_ar c n�Z��`o

_a^��
 j�(�v!Z`d c h[Y=Z c Z`d[^`Z`Y nGn`kmv:n c Z`Z.+/�!q`^`r:nCd���r!_ar c Z`q`e!r:o

d[Z`Y��[Z`Y[Z��
 � (�v!Z`d c h[Y!Z c Z`d[^`Z`Y n6n`kmv:n c Z`Z.+/�!q`^`r:n'Z`Y2n�Z���_a^KZ`YAZ`qlo

e!r!d[Z`Y��[Z`Y[Z��
 c (�v!Z`d c h[Y-Z c Z`d[^`Z`Y n Z`vEn`kmv:n Z`v!g n�Z���_a^ln�Z c Z Z`v!g

Z`q`e!r!d[Z`Y��[Z`Y[^ln c Z.+/�!q`h[q`Z��
$'��� �:e!r!e!Z`_a^.+�Z`e!r!v*��^x^`d��[r� h[j`Z  h���jlkmvAt2^ln $ |�y t2Z	�[q`Z`Y[^ln`o

d[gih[d[h[_a^"	�v!r!d[h[_Ct2Z��4Z`Y
� z j`v!Z.+�^`_a^`^ln
h[v!r!q`Y km_a^6Y[Z`f`v!h o
j`^ln ��km_ ��h[d[Z`e!f`^`q`Z`v!^`Z"	 % z , �4h[v!d[Z`Y[^`^ln'h[v!r!q`Y km_a^#Y[Z`flo
v!h[j`^ln
	 y4y , r!v!^`q`hCY[Z`f`v!h[j`^ln
�
 Z�(�v!Z`d c h[Y[^ Z c Z`d[^`Z`Y[^ ��km_ ��h[d[Z`e!f`^`q`v!r!jln d���r!_ar c

j`v!Z.+�^`_a^`^ln�h[v!r!q`Y km_ Y[Z`f`v!h[jln��



�

 j�(�v!Z`d c h[Y[^'Z c Z`d[^`Z`Y[^ ��km_ ��h[d[Z`e!f`^`q`v!r!jlnxd���r!_ar c �4h o
v!d[Z`Y[^`^ln�h[v!r!q`Y km_ Y[Z`f`v!h[jln��

 � (�v!Z`d c h[Y[^ Z c Z`d[^`Z`Y[^ ��km_ ��h[d[Z`e!f`^`q`v!r!jln h[vAt=osh[vAt=n
d[Z`^`Y[g�Z`dCY[Z`f`v!h[j`h[j`^ c Z`Y �

 c (�v!Z`d c h[Y[^!Z c Z`d[^`Z`Y[^AZ`v ��km_ ��h[d[Z`e!f`^`q`v!r!jlnGZ`v!g7j`v!Z.+�^lo
_a^`^ln�Z c Z
Z`v!g �4h[v!d[Z`Y[^`^lnxh[v!r!q`Y km_ Y[Z`f`v!h[j`h[jln��

$'� *4�:e:kmv!^ln�e:km_ n�Z`Z��4h[Y[e!r*��^ �+* Z c Z`d[^`Z`Y[^`Z"	�v!r!d[h[_Ct2Z��4Z`Y
|�y opn n`kmv:n n�Z`d[r��"+�Zlkmv!r c \�Zln�q`_aZ h��4q`^��`e!h���^"	 y #�opn ,
n�Z� v!Z`Y��4hut ��^"	�$'$]opn , r!v!^`q`h �[q`h��[Z`Y[Z���^"�
 Z�(�v!Z`d c h[Y=Z c Z`d[^`Z`Y nGn`kmv:nGn�Z`d[r��"+�Zlkmv!r c \�Zln�q`_aZGd���r:o

_ar c h��4q`^��`e!h���^��
 j�(�v!Z`d c h[Y=Z c Z`d[^`Z`Y nGn`kmv:nGn�Z`d[r��"+�Zlkmv!r c \�Zln�q`_aZGd���r:o

_ar c n�Z� v!Z`Y��4hut ��^��
 � (�v!Z`d c h[YKZ c Z`d[^`Z`Y nxn`kmv:n�^`d[r��"+�Zlkmv!r:n-h��4q`^��`e!h���^�Z`Y

n�Z� v!Z`Y��4hut ��^��
 c (�v!Z`d c h[Y�Z c Z`d[^`Z`Y nVZ`v n`kmv:n
^`d[r��"+�Zlkmv!r:nVZ`v!g h��4q`^lo

�`e!h n�Z c Z
Z`v!g n�Z� v!Z`Y��4hut ��^��
$'� &4� |4z4z Z c Z`d[^`Z`Y[^ln6�4Z`d[r!f`^%t ��q`^ln ��h c h��4Z c ��h[^`e �[q`h n
	�v!r!d�$ � z

 _ar!jln ^`Y��4_a^ln`kmv h[Y[Zln
	 & z , �4h[v!d[Z`Y km_ h[Y[Zln
	 � z ,
 v!Z`Y���km_ h[Y[Zln
	 # % , ^`Y��4_a^ln`kmv:n�Z c Z �4h[v!d[Z`Y km_ h[Y[h[jln
	
|�y, ^`Y��4_a^ln`kmv:n�Z c Z  v!Z`Y���km_Eh[Y[h[jln
	 y $ , �4h[v!d[Z`Y k�o
_�n�Z c Z� v!Z`Y���km_ h[Y[h[jln
	
��r!_ar $ y , n�Z`d[^`q`hAkmg ��r h[Y[Zln
�
�4Z`d[r!f`^%t �`km_a^�Z c Z`d[^`Z`Y[h[j`^ c Z`Y
 Z�(�v!Z`d c h[Y[^  _ar!jln�d���r!_ar c ^`Y��4_a^ln`kmv h[Y[Zln��
 j�(�v!Z`d c h[Y[^- _ar!jln�^`Y��4_a^ln`kmv:n�Z c Z �4h[v!d[Z`Y km_�n
	0d[Z���o

v!Z`daZ`v!Z  v!Z`Y���km_�n��
 � (�v!Z`d c h[Y[^  _ar!jln�^`Y��4_a^ln`kmv:n�Z c Z  v!Z`Y���km_�n
	2d[Z���o

v!Z`daZ`v!Z �4h[v!d[Z`Y km_�n��



�

 c (�v!Z`d c h[Y[^  _ar!jln Z`d kmg ��r h[Y[h[j`^ c Z`Y h[vAt=osh[vAt=n
d[Z`^`Y[g �

 h (�v!Z`d c h[Y[^
Z`v  _ar!jln�Z`v!g h[vAt=nVZ`dGkmg ��r h[Y[h[j`^ c Z`Y �
$'� $ z �:Z$![q`h[Y[hut6	 v!r!d
t=k

A c Z B r!v!^-Y[h[j`^ln�d[^`h[v!^xn�^`d[v!Z`q`_ah[Z"	
d[Z���^`Y

(A \B) ∪ (B \ A) = (A ∪B) \ (A ∩B).

$'� $'$'� c Z`Z`d[e!f`^`gihut ��h[d c h��4^ ![Z`vAt2q`^lnxd[Z`vAt2h[jlkm_ar!j`Z

A \ C ⊂ (A \B) ∪ (B \ C).

$'� $ y �:Y[h[j`^ln�d[^`h[v!^
A c Z B n�^`d[v!Z`q`_a^ln�Z%t2q`^ln c Z`Z`d[e!f`^`gihut ��h[d o

c h��4^#n�Z`d[^Vt2Z`Y[Z� Z`v c r!j`^lnxe!r!_  Zln�r!j`Z

A ⊂ B, A ∩ B = A, A ∪B = B

 Z`Y k%	AZ$![q`h[Y[hut6	Av!r!d t=k n�v:km_ c h[j`Z h[vAt2^ v!r!d[h[_a^`d[h7Z`d
n�Z`d[^ t2Z`Y[Z� Z`v c r!j`^ c Z`Y�	Cd[Z���^`Y d[Z`vAt2h[jlkm_a^`Z c Z`Y[Z`v(![h[Y[^
r!v!^`g (��

$'� $ | �*�4Z c Z`Z��[gi^`hut ��h[d c h��4^ �`h[v!^`r c km_a^ Z%t:\�^`_aZ c ^ ![q`h km_ah o
j`v!^`q
\�^`_aZ c Z c )
Z�( �4	  % | (�	 h ( y 	  | (�	
j�( y 	�� y  | (�	 q�( � 	  �$ y (�	
� ( | 	 �/ %'(�	 + ( z 	 # |  �
(�	
c ( #1	  | & �
(�	 t�( $'	�� $  y{| (��

$'� $ #1� c Z`Z`d[v��4q`Z`_ahut ��h[d c h��4^ v!^`g ��q`h[j`^ c Z ^��`r!q`hutIZ`jln�r!_�k�o
e:kmv!^

(∆) c Z  Z`v c r!j`^%t2^- δ (Gg c r!d[^`_ah[j`h[j`^")Z�( | �4	 # *+#1$ �`^`v!q`h[_ Z%t:\�^`_aZ c Y[^���Y[Z`d c h��
j�( y $'	 |�y &xd[h[r!v!hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��
� ( % 	 # � z # % y d[h n�Z`d[hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��
c ( z 	 & y $ | $'d[h[rAt ��hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��



�

h ( � 	 # % �`^`v!q`h[_ Z%t:\�^`_aZ c Y[^���Y[Z`d c h��
q�(#1	 | $'%�d[h[r!v!hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��
+ (-$'	�� y{| % z�y d[h n�Z`d[hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��
t�( y 	 # y % $'d[h[r!v!hCZ%t:\�^`_aZ c Y[^���Y[Z`d c h��

$'� $'% � $ z n�dKn�^��4v��[^ln �4Z.+�r!d[q`^ln�Zln7Z`jln�r!_�kme:kmv!d[Z�g c r!d[^`_ah[j`Z`d
��h[Z c �4^`Y[Z z 	 # d[d�	 % z4z f`d os^ln��4Z.+�r!d[q`^ln�Zln f`^ , y{z4z d��
v!r!d[h[_a^ �4Z.+�r!d[q`Z`Z'k  v!r +Uk�n�e!^��

$'� $��4�:d[Z`vAt2flk t ��h c nxZ��[qln

x = 2, 40± 0, 01
n�d c Z y = 5, 00± 0, 02

n�d
n�^��4v��[^ln �4q`h[v c h[j`^"��v!^`g ��r!j`v!^`q`Z c v!Zan�Z.+/�!q`v!h[j���^`Z#d[r:o
t2Z`qln�h[jlkm_a^�Z`dCd[Z`vAt2flk t ��h c ^ln S  Z`vAt2r!j`^��
^��`r!q`hut d[Z`vAt2flk t ��h c ^ln  Z`vAt2r!j`^ln Z`jln�r!_�kme:kmv!^

(∆)
c Z  Z`v c r!j`^%t2^ (δ)

g c r!d[^`_ah[j`Z"	�t=k d[^ln�^ �4q`h[v c h[j`^lnan�^lo
�4v��[h[h[j`Z c Z`q`^��!h[j%t

x c Z y os^ln'n�Z��4kmZ`_ar d[Y[^���q`Y[h[_ar!j`h[jln
�
$'� $ � �� ^`v!d[Zln!kmY c Z c Z`h[d,+�Z c h[j`^`Y[Z�e!r!d[Z`e!^"��e!r!d[Z`e!^ln c Z`d,+�Z c h o

j`^ln�Zln ^`f`Z`v��4h[j`Z-Y[h c _ah km_a^ln y{z�� �+v!Z`d c h[Y[^�e!r!Y[Z �`r!d[^lo
c r!v!^�kmY c Z ��h[^��[^`Y[r:n  ^`v!d[Z`d�	4v!r!d c Z`Z`d,+�Z c r:n $ y e!r!Y[Z
e!r!d[Z`e!^��

$'� $ *4�0n�Z]\�Z`v!d[r:n �4h��4d[^%t t2q`h���^'kmY c Z �4Z`d[r!h���q`Z y{z e!h[_ah[q`^.+�r:o
v!^"�� ^`v!d[Z`d��4h��4d[Z ��h[Zln�v:km_aZ $'$ z�� os^%t6�+v!Z`d c h[Y[^�e!h[_ah o
q`^.+�r!v!^ �4Z`d[r:k1��q`^`Z#n�Z]\�Z`v!d[r:n��

$'� $�&4�� ^`v!d[Z`d#d[Z��!Z.+�^`Zln d[^`Z]\�r c Z $ y{z4z c r!_aZ`v!^ln �!^`v!h[jlkm_ah o
j`^ln �`v!r c k��[gi^`Z"�4h[vAt�t2q`h���^ �4Z`^	�[^ c Z & z4z c r!_aZ`v!^ln �!^lo
v!h[jlkm_ah[j`^ln��`v!r c k��[gi^`Z"� �`v!r c k��[gi^`^ln�dut2_a^`Z`Y[^ �!^`v!h o
jlkm_ah[j`^lnxv!Z`d c h[Y �`v!r!gih[Y[e:n ��h[Z c �4h[Y n�Y[Z`q`Z`w`v!^��

$'� y{z �*� n�r!q`^`_a^ �4Z`^`Z� c Z r!v��Ch[v )��`^`v!q`h[_aZ c $ z�� os^%t6	%��r!_ar
d[h[r!v!h c , $'% � os^%t6��v!Z`d c h[Y[^ �`v!r!gih[Y[e!^%t �4Z`^`Z� c Z � n�r:o
q`^`_a^��



�

$'� y $'�:d n�r� _a^`r j`Z.+�Z`v�+�h h[vAt2^ j`Z`v!h[_a^ Y[Z`q%t2r!j`^ln  Zln�^ ��h o
^`giq`Z`_aZAr!v��Ch[v )��`^`v!q`h[_aZ c �4Z`^.+�Z`v c Z � � os^%t6	.��r!_ar�d[h o
r!v!h c �4Z`^`Z� c Z & � os^%t6�Uv!Z`d c h[Y[^��`v!r!gih[Y[e!^%t���h[^`giq`Z`_aZ
Y[Z`q%t2r!j`^ln  Zln�^��

$'� y4y �:f`r!d��`^lkme!h[v!^ln  Zln�^ ��h[d[gi^`v c Z y{z�� os^%t6�if`^ c h[q7v!Z`d c h[Y[^
�`v!r!gih[Y[e!^%t kmY c Z ��h[d[gi^`v c h n7f`r!d��`^lkme!h[v!^ln  Zln�^"	iv!r!d
^��4^ �4Z�� c h n
n�Z]\ �[^ln�^ �!^`v!h[jlkm_ah[j`^ln |4z �`v!r!gih[Y[e!^��

$'� y{| �:Z��[gi^`^ln �!^`v!h[jlkm_ah[j`Z ��h[d[gi^`v c Z�% � os^%t6��v!Z`d c h[Y[^ �`v!r:o
gih[Y[eAt2^%tEkmY c Z �4Z`^.+�Z`v c r:n Z��[gi^`^ln��!^`v!h[jlkm_ah[j`Z"	�v!r!d
�4Z�� c h nxt2Z`q c Z��`^`v!q`h[_a^  Zln�^ln-$ z4|�� �

$'� y #1�� h��`n�Z`gid[_a^ln d[Z��!Z.+�^`Z���^ �4Z.+�Z� �`km_�n�Z c Z ��h[d[r c �4r!d[Z.+�h
\�Z`v!d[r!h[jln�![Z`d[r� Zln�h[j`Z"	%��h n�Z`j`Z`d[^ln�Z c 	 $'% � os^%t c Z y % � o
^%t6�
Z�(�v!Zxh��!^`v!h[j`Z |4z4z c r!_aZ`v!^ln-�!^`v!h[jlkm_ah[j`^ln� h��`n�Z`g+o
d[h[_a^'\�_a^lnxj`r!_ar:n��

j�(�v!Z`d c h[Y[^ �`v!r!gih[Y[e!^%t �4Z`^`Z� c Z  h��`n�Z`gid[h[_a^��
$'� y % �0n�Z`d�j`^.+�Y[h n�d[h[Y n-��r!v!^ln c Z`^ c r ��h[_ ��h[f`v:km_ah[j`Z"	2v!r!d[_a^ln

t2Z`Y[Z���d[Z c Z`g A �`Z`v!e!Y[^`r!v!^�d[^`^��!h[jln7d[r��4h[j`^ln y % � opn
	
B�`Z`v!e!Y[^`r!v!^ , |4z�� opn
	 ��r!_ar

C
�`Z`v!e!Y[^`r!v!^ f`^ ,

| % � opn
� c Z`v(![h[Y[^`_ t2Z`Y���Zln j`^.+�Y[h n�d[h[Y[h[j`^-n�Z��[q`h[_ad[r��[d[h c r
�!r!Y[^ln��[^`h[j`h[j`^ln�Z%t2q`^ln �4Z`d[r!^	�[h[Y[h[j`h[Y���v!Z`d c h[Y c r!_aZ`v:n
d[^lo
^��!h[jlnVt2^%t2r!h km_a^#j`^.+�Y[h n�d[h[Y[^ c Z6v!Z#v!Z`r c h[Y[r!j`^lnVt2Z`Y���Z
c Z`^���Z`v��Ch[j`Z �[q`h[_ad[r��[d[h c h[j`Z.+�h�	 t=k \�_a^lkmv!^ d[r��4h[j`Z
% y # z4z c r!_aZ`v!^`Z��

$'� y �4�:j`Z`Y[f`d[Z j`^.+�Y[h n�d[h[Y n d[^ln�giZ $ z4z4z4z4z c r!_aZ`v!^ln r c h[Y[r!j`^ln
f`v!h c ^`e!^xh[vAt2^V\�_a^ln-q`Z c ^%t2Z c Z�^`d �`^`v!r!j`^%t6	 v!r!dKd[^lo
^��!r:n-$'% � os^`Z`Y[^
d[r��4h[j`Z"�



�

 Z�(�v!Z`d c h[Y[^ c r!_aZ`v!^�kmY c Z c Zlkmj`v:kmY[r:n j`^.+�Y[h n�d[h[Y[d[Z
j`Z`Y[flnxh[vAt2^#\�_a^lnxj`r!_ar:n��

 j�(�v!Z`d c h[Y c r!_aZ`v:n ��h[Z c �4h[Y n�j`Z`Y[f`^lnxd[r��4h[j`Z��
$'� y � �:h[vAt=osh[vAt2^7^`Y[q`h n�e!r!v!^ t2Z`Y[Z���d[Z`Z"	2v!r!d �4Z`Y[Z���r!v!gi^`h[_ar:n

^`Y[q`h n�e!^`gi^`Zan�Zln�e:kmd[v!r f`r!d��`_ah�� n�^ln#d���h[Y[h[j`_ar!j`Z���^an�Z`h[v:o
t2r �!^`v!h[jlkm_ah[j`^ln * z�� os^lnxr c h[Y[r!j`^%t6� �4Z`d[rAt2q`Z`_ahut n�Zlo
^`Y[q`h n�e!^`gi^`r t2Z`Y���^ln v!Z`r c h[Y[r!j`Z"	Gt=k n�Zln�e:kmd[v!r f`r!d��lo
_ah�� n�^lnxd���h[Y[h[j`_ar!j`Z �+* z4z4z4z c r!_aZ`v!^ �!^`v:n
�

$'� y *4�:d k1��^ln ��h[_  Zln�^#^`j`h��4v!h[j`Z $ z�� os^`Z`Y[^Cn�Z���h[d[r:n�Z`q`_ar �4Z c Zlo
n�Z���Z c ^%t6�6v!Zln k c v!^ln d k1��^ln ��h[_  Zln�^"	#t=k ^��4^ ��h[_6+�h
^��!h[jln�$ * z c r!_aZ`v:n��

$'� y &4�:Y[h c _a^2n�r!f`r ��h[^`giZ`qlnGt2Z`q`^ln�^!\�r!Y[^ln6& z�� \ �[Z`_�n
	�d���v!Z`_a^
f`^ , $ y � \ �[Z`_�n
�:v!Z`d c h[Y[^ f`^`_ar��4v!Z`d[^ d���v!Z`_a^-n�r!f`r
d[^`^��!h[j`Z $'$
f��7Y[h c _a^#n�r!f`r:n�Z��4Z`Y �

$'� |4z �:v!h n�e!r!v!Z`Y���^ ��h n�q`_a^ln�Z%t2q`^ln7t2^%t2r f`Z`g +�h  ^�� n�^`v!h[jlkm_a^
�4Z c Zln�Z���Z c ^`Z $ z c r!_aZ`v!^"	�d[r!d n�Z��`kmv!h[j`^ln�Z%t2q`^ln �4Z c Zln�Zlo
��Z c ^
f`^ ��h[Z c �4h[Y n c Z`Y[Z���Z`v��C^ln |�� opn
��h��[qln�d[Z'd[h��4r!j`Z`v!d[Z
�4Z c Z]\ �[q`^`e!Zx^`q`Z�����d[r:n�v!h n�e!r!v!Z`Y���^"� v!Z�t2Z`Y���Z ��h k��[_a^lo
Z%t c Z���Z`v��Cr!Y�d[h��4r!j`v!h[j`d[Z n�Z`q`Z�����d[r c 	�t=kId[Z%t Z��[q%t
d���r!_ar c |4z4z c r!_aZ`v!^��

$'� | $'�:dut2Z`q`v!r!j`^ln c Z c �4h[Y[^`_ah[j`^%t \�Z`v!d[r!h[jlkm_a^ �`v!r c k��[gi^`Z
^`j`h��4v!h[j`Z $ z�� os^`Z`Y[^ �4Z c Zln�Z���Z c ^%t6�
 Z�( �4Z`Y n�Z.+/�!q`v!hut �4Z c Zln�Z���Z c ^"	{t=k �`v!r c k��[gi^`^lnGdut2_a^lo

Z`Y[^ �!^`v!h[jlkm_ah[j`Z`Z y{|4z4z c r!_aZ`v!^"�
 j�(�v!Z t2Z`Y���^ln �4Z c Z�� c Z d[r:k�\�h[q%t d[r!d���d[Z`v!h[j`_ah[jln Z`d

�`v!r c k��[gi^`^ln ��h n�Z��[h[Y[Z c �



���

$'� |�y �:h[vAt \�h[_a^]\�Z c ��^  ^`v!d[^ln q`Z`w`v!r!j`^ln c r!Y[h �`v!r c k��[gi^lo
^ln � z4z4z4z h[vAt2h km_a^ c Z`Y �4Z`^.+�Z`v!Z c Z � y{z4z4z h[vAt2h km_aZ`d c h��
�4Z`d[r:n�Z���hut h n +�v c Z �`v!r!gih[Y[e!r!j`^%t6�

$'� |4| �
A

 ^`v!d[^ln \�_a^lkmv!^ ��h[d[r:n�Z`q`Z`_a^ ��h[Z c �4h[Y n B
 ^`v!d[^ln

\�_a^lkmv!^���h[d[r:n�Z`q`_a^ln $ y{z�� � �4Z`Y n�Z.+/�!q`v!hut
B

 ^`v!d[^ln
��h[d[r:n�Z`q`Z`_a^"	at=k

A
 ^`v!d[^ln���h[d[r:n�Z`q`Z`_a^`Z � y{z4z4z4z c r:o

_aZ`v!^"�
$'� | #1�:d[h[q`Z�����h n n`kmv:n c Z`Z`j`Z`Y c r:n y{z4z4z4z c r!_aZ`v!^ , Y[Z]\�^`_a^

# � os^`Z`Y[^ c Z7Y[Z]\�^`_a^ % � os^`Z`Y[^-\�_a^lkmv!^��4Z`Y[Z`f`q`hut2^%t6�:v!Z
v!Z`r c h[Y[r!j`^ln-t2Z`Y���Z
kmY c Z c Z`Z��4^`v!Z`q`r:n�d[Z`Y % � osZ c 	mv!r!d
d[r��4h[j`Z`d �4Z c Z`Z`w`Z`v!j`r:n & y{z c r!_aZ`v:n��

$'� | % �:j`^.+�Y[h n�d[h[Y n-h n�Z`w`^`v!r!h[j`Z � z4z4z c r!_aZ`v!^xh[vAt2^V\�_a^%t6� d[Zln
��h k��[_a^`Z

A
j`Z`Y[f`^ c Z`YCZ`^��!r:n � z4z4z c r!_aZ`v!^ln
n�h n���^#n�Z`v:o

�4h[j`_a^ln \�_a^lkmv!^ % � os^`Z`Y[^��4Z`Y[Z`f`q`hut2^%t Z`Y
B

j`Z`Y[f`^ c Z`Y
* z4z4z c r!_aZ`v!^�n�Z`v��4h[j`_a^ln7\�_a^lkmv!^ #1	&% � os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^%t6�
 Z�(�v!r!d[h[_a^ j`Z`Y[f`^ c Z`Y�k  v!r d[^.+�Z`Y���h \�r!Y[^`_a^`Z j`^.+�Y[h n`o

d[h[Y[^ln�Z%t2q`^lnVn�h n���^lnxZ��!h[j`Z��
 j�(�d[r �[q`Z`Y[^`_a^ n�h n���h[j`^ln!��h[dut ��q`h[q`Z���^ v!r!d[h[_a^ j`Z`Y[f`^

^��!h[jln!k  v!r d[h[e d[r��4h[j`Zln c Z!v!Z`d c h[Y[^��`v!r!gih[Y[e!^%t �
$'� | �4�:v!Z ��h[dut ��q`h[q`Z���^ d[^`^��!h[jln k  v!rEd[h[e ��h[d[r:n�Z`q`Z`_�n�h[vAt2^

\�_a^ln ��h[d c h���d[h[q`Z�����h�	 v!r!d[h[_�n�Z`g �4Z`Z$![Y[^`Z $ z4z�z4z4z c r:o
_aZ`v!^ c Zln�Z`j`Z`Y c h[j`_aZ c )
 Z�( * zVz4z4z c r!_aZ`v!^ln6n�Z`v��4h[j`_a^ln#\�_a^lkmv!^ % � os^`Z`Y[^ �4Zlo

Y[Z`f`q`hut2^%t c Z y{z4z4z4z c r!_aZ`v!^ln \�_a^lkmv!^ |�� os^`Z`Y[^
�4Z`Y[Z`f`q`hut2^%t c Z`j`Z`Y c h[j`^ln�Zln
	+t=k



� �

 j�( � z z4z4z c r!_aZ`v!^ln \�_a^lkmv!^ % � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t
c Z # z4z4z4z c r!_aZ`v!^ln
\�_a^lkmv!^ |�� os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t
c Z`j`Z`Y c h[j`^ln�Zln��

v!Z`d c h[Y c r!_aZ`v:n ��h[Z c �4h[Y n d[h[q`Z�����^ln d[r��4h[j`Z t2^%t2r!h km_
��h[dut ��q`h[q`Z���^��

$'� | � �:j`Z`Y[f`d[Z��4Zln�giZCn�h n���^ln#n�Z���^%t |4z4z4z4z c r!_aZ`v!^"�Uh[vAt2^K\�_a^ln
��h[d c h��'j`Z`Y[fln c Zlkmj`v:kmY c Z | � z4z4z c r!_aZ`v!^"�4v!Z`d c h[Y��`v!r:o
gih[Y[e:n ��h[Z c �4h[Y n�j`Z`Y[f`^lnxd[r��4h[j`Z��

$'� | *4�:v!Z v!Z`r c h[Y[r!j`^ln n�h n���^ ^��[Y[Z Z��!h[jlkm_a^�j`Z`Y[f`^ c Z`Y�n�Z`v��4h o
j`_a^lna\�_a^lkmv!^ % � os^`Z`Y[^6�4Z`Y[Z`f`q`hut2^%t6	4t=k-h[vAt2^�\�_a^ln6��h[d o
c h��-j`Z`Y[f`^lnxd[r��4h[j`Z`d6��h[Z c �4^`Y[Z |4z4z4z c r!_aZ`v!^��

$'� | &4�0n�Z`f`r!r!v c ^`Y[Z`e!r n�^`j`v!e �[h,+�h�Z`Z��4hut ��h[d c h��4^a\�h[v!e!^`_ah[j`^")

A(−2; 2), B(0;−7), C(3; 0),

D(4; 1), E(−3; 1), F (2; 5).
$'� # z �0n�Z`f`r!r!v c ^`Y[Z`e!r n�^`j`v!e �[h,+�h�Z`Z��4hut ��h[d c h��4^ \�h[v!e!^`_a^ln

n�^`d[h[e!v!^lkm_a^V\�h[v!e!^`_a^
Ox

�!h[v��[^ln�d[^`d[Z`vAt6)

A(−3; 2), B(2; 1), C(0; 3),

D(4; 5), E(1; 1), F (0;−2).
$'� #1$'�0n�Z`f`r!r!v c ^`Y[Z`e!r n�^`j`v!e �[h,+�h�Z`Z��4hut ��h[d c h��4^ \�h[v!e!^`_a^ln

n�^`d[h[e!v!^lkm_a^V\�h[v!e!^`_a^
Oy

�!h[v��[^ln�d[^`d[Z`vAt6)

A(2; 1), B(−1; 0), C(−1; 3),

D(2; 0), E(1; 3), F (4; 2).
$'� # y �0n�Z`f`r!r!v c ^`Y[Z`e!r n�^`j`v!e �[h,+�h�Z`Z��4hut ��h[d c h��4^ \�h[v!e!^`_a^ln

n�^`d[h[e!v!^lkm_a^#\�h[v!e!^`_a^6n�Z`f`r!r!v c ^`Y[Z`e!r n�^ln�e!h[d[^ln#n�Z%t2Zlo
q`^lnxd[^`d[Z`vAt6)

A(2; 2), B(−1; 1), C(0; 1), D(3; 0).



���

$'� # | ��![Z]\�h[v!hut ^`d#\�v� ^ln-�4Z`Y[e!r!_ah[j`Z"	iv!r!d[h[_a^`g �4Z c ^ln (1; 3)
c Z (−2; 1)

\�h[v!e!^`_ah[j.+�h��
$'� #�#1�:Z`Z��4hut \�v� h�	�v!r!d[h[_a^`g �4Z c ^lnGn�Z`f`r!r!v c ^`Y[Z`e!r n�^ln�e!h[d[^ln

n�Z%t2Z`q`h,+�h c Z A(−2;−3)
\�h[v!e!^`_6+�h���![Z]\�h[v!hut�Z`d!\�v� ^ln

�4Z`Y[e!r!_ah[j`Z"�
$'� # % �%��h[Z c �4^`Y[hut \�v� ^ln �4Z`Y[e!r!_ah[j`Z c Z Z`Z��4hut ��h n�Z`j`Z`d[^ln�^

\�v� h�	�v!r!d[h[_a^`g �4Z c ^ln A(2; 5)
\�h[v!e!^`_6+�h c Z�r!v c ^lo

Y[Z`eAt2Z-�!h[v��,+�h"![Z`d[r!f`q`hut=n
b = 7

n�^��4v��[^ln e!r!_ d[r!Y[Z`flo
q`hut=n
�

$'� # �4�%��h[Z c �4^`Y[hut \�v� ^ln �4Z`Y[e!r!_ah[j`Z c Z Z`Z��4hut ��h n�Z`j`Z`d[^ln�^
\�v� h�	�v!r!d[h[_a^`g �4Z c ^ln (0;−3)

\�h[v!e!^`_6+�h c Z�Z`jln�gi^lo
n�Z%t2Z��!h[v��[^ln c Z c h[j`^%t d[^`d[Z`vAt=km_ah[j`Zln�t2Z`Y�Z c �4h[Y n α =

30◦
os^`Z`YCflk t ��h n
�

$'� # � �:Z`Z��4hut \�v� h�	{v!r!d[h[_a^`g�n�Z`f`r!r!v c ^`Y[Z`e!r��!h[v��[h[j.+�h ![Z`d[r:o
f`q`hut=n

a = 2 c Z b = −4
os^lnxe!r!_ d[r!Y[Z`f`q`hut2h[jln c Z ![Z]\�h o

v!hut Z`d�\�v� ^ln �4Z`Y[e!r!_ah[j`Z��!h[v��ut2Z6d[r!Y[Z`f`q`hut2h[j���^"	�flk t=o
�`kmv!^
f`r!h  ^`gi^`h[Y[e!^%t c Z�+�r��4Z c ^'n�Z���^%t6�

$'� # *4��![Z]\�h[v!hut \�v� hut2Z �4Z`Y[e!r!_ah[j`h[j`^ �!h[v��ut2Z'd[r!Y[Z`f`q`hut2h[j���^")
 Z�(

5x+ 4y + 3 = 0; j�( −3x+ 2y − 7 = 0; � (
4x− 3y + 10 = 0; c ( 3x+ y − 8 = 0.$'� #
&4��![Z]\�h[v!hut \�v� hut2Z��4Z`Y[e!r!_ah[j`h[j`^ flk t �`kmv!^ f`r!h  ^`gi^`h[Y o

e!^%t6)
 Z�(

3x− 2y + 10 = 0; j�( −4x+ 10y − 1 = 0; � (
x+ y − 2 = 0; c ( 3x+ 2y − 1 = 0.



� .
$'�&% z ��![Z]\�h[v!hut \�v� hut2Z �4Z`Y[e!r!_ah[j`h[j`^ +�r��4Z c ^#n�Z���^%t6)

 Z�(
y = 2x− 3;

 j�( x
7
− y

4
= 1;

 � (
y = −3x + 7;

 c ( x
2

+
y

7
= 1.$'�&% $'�:Z`Z��4hut ��h[d c h��4^#\�v� h[h[j`^")

 Z�(
x− 2y + 5 = 0; j�(
2x+ 3y = 0; � (
5x− 2 = 0; c ( 2y + 7 = 0.$'�&% y �%��h[^��[_ah[j`Z t=kEZ`v!Z

20x + 21y = 0
\�v� ^ln �4Z`Y[e!r!_ah o

j`Z ![Z`^]\�h[v!r:n-�!h[v��ut2Z�d[r!Y[Z`f`q`hut2h[j���^��7Z`Z��4hut ��h n�Z`j`Z`d[^ln�^
\�v� h��

$'�&% | �:Z`Z��4hut ��h[d c h��4^#\�v� h[h[j`^")
 Z�( x

3
+
y

2
= 1;

 j�(
y = −3x + 5; � (
y = 4x;

 c ( x

−2
+

y

−1
= 1.

$'�&% #1�%��h[Z c �4^`Y[hut \�v� ^ln �4Z`Y[e!r!_ah[j`Z"	av!r!d[h[_a^`g r!v c ^`Y[Z`eAt2Z
�!h[v��,+�h ![Z`d[r!f`q`hut=n

b = 1
n�^��4v��[^ln�e!r!_Id[r!Y[Z`f`q`hut=n c Z

Z`jln�gi^ln�Z%t2Z �!h[v��[^ln c Z c h[j`^%t d[^`d[Z`vAt=km_ah[j`Zln�t2Z`YVZ c �4h[Y n
$ y{z ◦ os^`Z`Yaflk t ��h n
�

$'�&%�% �:^��`r!q`hut ^`d n�Z`d[flk t ��h c ^ln  Z`vAt2r!j`^"	av!r!d[h[_a^`g ��h[d[r:n�Zlo
+/�!q`v:km_a^`Z

4x + 3y − 36 = 0
\�v� ^%t2Z c Z�n�Z`f`r!r!v c ^lo

Y[Z`e!r �!h[v��[h[j`^%t6�
$'�&% �4�:Z`Z��4hut \�v� h�	mv!r!d[h[_a^`g

(2; 3)
\�h[v!e!^`_6+�h��4Z c ^ln c Z Ox�!h[v��[^ln �`Z`v!Z`_ah[_�kmv!^`Z"� ![Z]\�h[v!hut ��h n�Z`j`Z`d[^ln�^ �4Z`Y[e!r!_ah o

j`Z"�



� �

$'�&% � �:Z`Z��4hut�\�v� h�	�v!r!d[h[_a^`g��4Z c ^ln (−1; 4)
\�h[v!e!^`_6+�h c Z Oy�!h[v��[^ln �`Z`v!Z`_ah[_�kmv!^`Z"� ![Z]\�h[v!hut ��h n�Z`j`Z`d[^ln�^ �4Z`Y[e!r!_ah o

j`Z"�
$'�&%+*4�:^��`r!q`hut flk t ��h�	4v!r!d[h[_�n�Z`g Z c �4h[Y n 2x+2y−5 = 0

\�v� h
Z`jln�gi^ln�Z%t2Z �!h[v��[^ln c Z c h[j`^%t d[^`d[Z`vAt=km_ah[j`Zln�t2Z`Y��

$'�&%"&4�=\�v� h=n�Z`f`r!r!v c ^`Y[Z`e!r��!h[v��[h[j.+�h(![Z`d[r!f`q`hut=nKe!r!_ c Z c h o
j`^%t d[r!Y[Z`f`q`hut2h[jln
��![Z]\�h[v!hut�\�v� ^ln �4Z`Y[e!r!_ah[j`Z c Z�Z`Z��4hut
��h n�Z`j`Z`d[^ln�^-\�v� h�	it=k  Z`vAt2r!j`^-^`d6n�Z`d[flk t ��h c ^ln�Z"	=v!r:o
d[h[_a^`g ��h[d[r:n�Z.+/�!q`v:km_a^`ZVZ��!Y[^���Y km_a^'\�v� ^%t2Z c Z6n�Z`f`r:o
r!v c ^`Y[Z`e!r �!h[v��[h[j`^%t6	6e!r!_a^`Z * f`q`Z c v!Z`e:km_a^ h[vAt2h o
km_a^ln�Z"�

$'� � z �:Z$![q`h[Y[hut6	�v!r!d
f(x) = ax+ b

\�v� ^`q`^  kmY��[gi^`Z +�v c Z c ^`Z
d[Z���^`Y c Z d���r!_ar c d[Z���^`Y�	�v!r!giZ

a > 0 c Z f`_ah[j`Z c ^`Z
d[Z���^`Y c Z
d���r!_ar c d[Z���^`Y�	�v!r!giZ

a < 0
�

$'� �4$'�:Z$![q`h[Y[hut6	�v!r!d

4x− 6y + 7 = 0 c Z 20x− 30y − 11 = 0

\�v� h[h[j`^ �`Z`v!Z`_ah[_�kmv!^`Z"�
$'� � y �:^`f`q`hut2h[j`Z�t=k Z`v!Z���h[d c h��4^#\�v� h[h[j`^")

3x− 2y + 1 = 0 c Z 2x+ 5y − 12 = 0 ?

t2Z`Y[Z`f`q`hut2^ln ��h[dut ��q`h[q`Z���^ ^��`r!q`hut �4Z c Z`f`q`hut2^ln \�h[v!e!^lo
_a^lnxf`r!r!v c ^`Y[Z`e!h[j`^"�

$'� � | �:^��`r!q`hut ��h[d c h��4^7\�v� h[h[j`^ln�t2Z`Y[Z`f`q`hut2^ln \�h[v!e!^`_a^ln f`r:o
r!v c ^`Y[Z`e!h[j`^")

2x− 3y + 4 = 0 c Z x

3
+
y

2
= 1.



� �

$'� �+#1�:Z`Z��4hut
L
\�v� h�	Uv!r!d[h[_a^`g �4Z c ^ln (−1; 2) c Z (3; 4)

\�h[v:o
e!^`_ah[j.+�h c Z
^��`r!q`hut L

\�v� ^ln
y = −2x + 3

\�v� h n�t2Z`Y
�4Z c Z`f`q`hut2^ln�\�h[v!e!^`_a^ln�f`r!r!v c ^`Y[Z`e!h[j`^"�

$'� � % �:Z`d[r*�`n�h[Y[^%t �4v!Z� ^`flkm_aZ c \�v� ^`q kme!r!_ar!j`Z%t2Z ��h[d c h��4^
n�^ln�e!h[d[h[j`^")

 Z�(
{

y < 4

x > −3;

 � (
{

y > 3x+ 4

y < 2x− 1;

 j�(
{

2x+ 4y − 1 < 0

3x− y + 4 > 0;

 c (
{

2x− 3y + 4 > 0

3x+ 4y − 9 < 0.$'� � �4�:h[vAt n�Z]\ �[r!j���^�$ * %-e d[Z`v!^`_a^`Z"	+d[h[r!v!h���^ , y # z e � �`^lo
v!q`h[_a^�n�Z]\ �[r!j`^ �[r!q`h[_ c �!^lkmv!Z c �4Zln�gih[d n # e d[Z`v!^`_�n
	
��r!_ar d[h[r!v!h�f`^ , � e d[Z`v!^`_�n
�av!Z`d c h[Y[^ c �!^ln ��h[d o
c h��
^��[Y[h[j`ZCd[h[r!v!h:n�Z]\ �[r!j���^ y o �Ch[v�d[h[e!^ad[Z`v!^`_a^"	�q`^ c v!h
�`^`v!q`h[_ ��^��

$'� � � �=\�Z`v!d[r!h[j`^ln c Z`Y[Z���Z`v��Ch[j`^ �4Z`v!f`q`h km_a^Kn�Z��[r!Y[_a^ln y{z4z h[v:o
t2h km_a^lnxn�Z]\�Z`v!d[r!h[j`_aZ c ��h[Z c �4h[Y n % z4z c r!_aZ`v:n
	���r!_ar
� z4z h[vAt2h km_a^ln'n�Z]\�Z`v!d[r!h[j`_aZ c , & z4z c r!_aZ`v:n
�/�4Z`Y n�Zlo
+/�!q`v!hut \�Z`v!d[r!h[j`^ln c Z`Y[Z���Z`v��Ch[j`^
n�Z��[r!Y[_a^ln | % z h[vAt2h o
km_a^ln�n�Z]\�Z`v!d[r!h[j`_aZ c 	�t=k�q`^���km_a^ln���d[h[j%t6	4v!r!d c Z`Y[Z���Z`v:o
�Ch[j`^ln  kmY��[gi^`Z#\�v� ^`q`^`Z��

$'� ��*4�:q%t��[q`Z%t6	 h[vAt2^ c Z�^`d[Z`q`h'e!q`^`vAt2^ln-�4Z c Z`e!Z`Y[Z-d[r!gih[d km_a^
�[Z`_aZ��[^ c Z`Y y{z f`d os^%t c Z���r!v!h[jlkm_ �lkmY��[e!Z`d c h �!^`v:n�% z
c r!_aZ`v!^"	6��r!_ar % z f`d os^%t c Z���r!v!h[jlkm_ �lkmY��[e!Z`d c h f`^
, * z c r!_aZ`v!^"� v!Zxh��!^`v!h[j`Z�^`d[Z`q`h'e!q`^`vAt2^ln �4Z c Z`e!Z`Y[Z
x
f`d=d[Z`Y��[^`_6+�h:d[r!gih[d km_a^ �[Z`_aZ��[^ c Z`Y�	{t=k�giY[r!j`^`_a^`Z"	�v!r!d

c Z`d[r!f`^ c h[jlkm_ah[j`Z�d[Z`Y��[^`_�n�Z c Z!e!q`^`vAt2^ln �4Z c Z`e!Z`Y[^ln���Z`v:o
�Ch[jln ��r!v!^lnV\�v� ^`q`^`Z��



� �

$'� �'&4�*�[Z`v*��Y[^ln n�Z]\�Z`v!d[r!r n�^`d��[_aZ`q`v!h ^ln�hut2^`Z"	Gv!r!d�d[Zln���h k�� o
_a^`Z6n�Z`Z%t ��^'Z]\�Z`v!d[r!r:n |4z4z f���Z`v!Z�� Z`Y[^
Z`Y % z4z f�� ��Z`w`r �
�[Z`v*��Z`Y[Zln ��h k��[_a^`Z�h[vAt c v!r:km_aZ c �4Z`d[r:k1��q`Zln7Z`v!Z�� Z`Y[^`g
c Z ��Z`w`r!g�����h[Z c �4^`Y[hut �4Z`Y[e!r!_ah[j`Z"	:v!r!d[h[_a^`g c Z`Z���Zln�^lo
Z%t2h[jln �[Z`v*��Y[^ln n�Z]\�Z`v!d[r!r n�^`d��[_aZ`q`v!h n
	at=k c Z`d[r!f`^ c h o
jlkm_ah[j`Za\�Z`v!d[r!h[jlkm_a^CZ`v!Z�� Z`Y[^ln�Z c Z ��Z`w`r:n6v!Z`r c h[Y[r!j`h[jln
��r!v!^lnV\�v� ^`q`^`Z"�

$'��� z �:q%t��[q`Z%t6	�v!Z`^`d[h2\�Z`v!d[r!h[j`Zln6Z��[qln y{z4z e�Y[h c _ah km_a^"	�v!r!d[h o
_a^`g kmY c Z c Z`^���Z`v��Cr:n y % c �!^ln��4Z`Y[d[Z`q`_ar!j`Z���^"��^��`r!q`hut
f`Z`q���^`v!^ c Zln�Z���Z`v��C^�Y[h c _ah km_a^ln�Z c Z��4Z`Y[q`_a^`_a^ c �!h o
h[j`^ln7v!Z`r c h[Y[r!j`Zln ��r!v!^ln
	it=k h n c Z`d[r!f`^ c h[jlkm_ah[j`Z-\�v:o
 ^`q`^`Z"�

$'��� $'�:giY[r!j`^`_a^`Z"	4v!r!d=\ �[Z`_a^G^	�[^`Y[h[j`Z
0◦ C

o +�h  gih[_�n�^lk�n�^lnGn�f`Zlo
_a^%t�(�	{Z`Y k

32◦ F
o +�h6  Z`v!h[Y��4h[^`e!^lnGn�f`Z`_a^%t�(��4Zln�h[q`h2giY[r:o

j`^`_a^  Z��[e!^`Z"	�v!r!d \ �[_a^ln c k��!^`_a^lnIe!h[d��`h[v!Z`e:kmv!Z`Z
100◦ C

	 Z`Y k
212◦ F

� ^��`r!q`hut c Z`d[r!f`^ c h[jlkm_ah[j`Z�Z`d#r!v!^
n�f`Z`_a^%t �4Z.+�r!d[^`_a^ e!h[d��`h[v!Z`e:kmv!^ln�d[Y[^���q`Y[h[_ar!j`h[jln ��r:o
v!^ln
	�t=k giY[r!j`^`_a^`Z"	�v!r!d�h n c Z`d[r!f`^ c h[jlkm_ah[j`Z'\�v� ^`q`^`Z"�
Z�(

30◦ C
v!Z`d c h[Y[^  Z`v!h[Y��4h[^`e!^`Z��

j�(
77◦ F

v!Z`d c h[Y[^
gih[_�n�^lk�n�^`Z��
$'��� y �*�[Z`_aZ��[^ c Z`Y x f`d os^%t c Z���r!v!h[jlkm_��lkmY��[e!Z`d c hie!q`^`vAt2^ln �4Zlo

c Z`e!Z`Y[^ln ��Z`v��Ch[j`^ �`^`v!q`h[_a^#n�Z���^lnVe!v!Z`Y n��`r!v!e!^%t �4Z`d[r:o
^ln�Z���h[j`Z

y = 4x + 60
 r!v!d km_a^%t6	+d[h[r!v!hKn�Z���^ln e!v!Z`Y n`o

�`r!v!e!^%t f`^ ,
y = 2x+ 90

 r!v!d km_a^%t6�4�4Z`d[r!^`f`q`_a^`hut6	
v!r!d[h[_a^�n�Z���^ln6e!v!Z`Y n��`r!v!e!^%t k  v!r���h[_�n�Z	�[v!h[_a^`ZKe!q`^lo
vAt2^ln �4Z c Z`e!Z`Y[Z��

$'��� | �:j`^.+�Y[h n�d[h[Y[d[Z �4Z c Z]\ �[q`^`e!Z $'$ z4z c r!_aZ`v!^ln c Z���Z`v��Cq`Z't2Zlo
q`^ln�^��`v!r c k��[gi^`^lnAn�Z`e!h[_ah[q`^.+�^`r v!h[f`_aZ`d[Z.+�h��`n�Z`v!h[f`_aZ`d[r



� �

v��4r!_a^ln c Z`d,+�Z c h[j`Z j`^.+�Y[h n�d[h[Y n k/� c h[j`Z�% z4z c r!_aZ`v!^"	
��r!_ar d[^ln�^�n�Z`e!h[_ah[q`^.+�^`r hut2h[v*��^ �4Z`Yut2Z`qln�h[j`ZCt2^%t2r!h km_
�Ch[v�+�h , y{z c r!_aZ`v!^"�+v!Z`d c h[Y,�Ch[v �4Z`q`ZVn�Z`e!h[_ah[q`^.+�^`r
hut2h[v*��^
Z��!Y[^���Y km_a^#n�Z`v!h[f`_aZ`d[r v��4r!_a^��

$'��� #1�:r!v!^Kn�Z���^lnVe!v!Z`Y n��`r!v!e!^%t e!q`^`vAt2q`^ln �4Z c Z.+�^ c q`^ln ��Z`v:o
�Ch[j`^ �4Z`d[r!^ln�Z���h[j`Z  kmY��[gi^`h[j`^%t6)
Z�(
y = 20x+ 260 c Z y = 16x+ 360,j�(
y = 6x+ 100 c Z y = 9x+ 40,n�Z c Z`g x d[Z`Y��[^`_a^`Z"	 ��r!_ar y c Z`Y[Z���Z`v��Ch[j`^"�4v!r c ^ln�Z`ZAk  ov!r h[f`r!Y[r!d[^lkmv!^ d[h[r!v!h#n�Z���^ln e!v!Z`Y n��`r!v!e!^ln �4Z`d[r �[h[Y[h o

j`Z��
$'����% �=\�Z`v!d[r!h[j`Z���^ c Zln�Z`Y[h[v��4Z c �4Z`d[r:n�giZ c h n�r!v!^7f`r!Y[q`h[^`h[v!^"�

r!v!^`q`hif`r!Y[q`h[^`h[v!^lnGd k1��Z`r!j`^ln�v!h�� ^`d[^!^ln�hut2^`Z"	�v!r!d c Z���Z`v:o
�Gkm_a^ Y[h c _ah km_a^ln x

v!Z`r c h[Y[r!j`Zln�Z c Z �4Z`d[r*��q`h[jlkm_a^
�`v!r c k��[gi^`^ln y v!Z`r c h[Y[r!j`Zln���r!v!^ln c Z`d[r!f`^ c h[jlkm_ah[j`Z
\�v� ^`q`^`Z"�2f`h[v��[r c 	 �`^`v!q`h[_a^ln�d k1��Z`r!j`^ln v!h�� ^`d[^�Z��!^]\�h o
v!h[j`Z  r!v!d km_a^%t

y = 5x + 50
	Gd[h[r!v!^ln�Z f`^ ,

y =

6x+10
��v!r!d[h[_a^Kf`r!Y[q`h[^`h[v!^ln c Z`Y[h[v��4q`Z`Zak  v!r ��h[_�n�Z	� o

v!h[_a^#n�Z]\�Z`v!d[r:n�Z%t2q`^ln��
$'��� �4�� ^`v!d[^ln�t2Z`Y[Z`d���v!r!d[h[_a^ q`Z`_ c h[jlkm_a^`Z ^`d k1��Z`r:n f`q`^`v!Z���^

# %-n�Z`Z%t2^"�0t=k d[^ln�^xn�Z`d k1��Z`r n�Z`Z%t2h[j`^ln�v!Z`r c h[Y[r!j`Z�f`q`^lo
v!Z���^ �4Z c Z`Z`w`Z`v!j`h[jln # % n�Z`Z%t=n
	!d[Z���^`Y�d[Zln �[r!q`h[_ +�h[Y[r:o
v!d[Z`e!^lkm_Ln�Z`Z%t ��^ k1� c ^`Z`Y y o �Ch[v d[h[e t2Z`Y���Zln
�'v!r��4r:o
v!^`ZKt2Z`Y[Z`d���v!r!d[_a^lnKn�Z`Z%t2r!j`v!^`q`^6Z`Y[Z.+/�!Zlkmv!h[j`Z"	�t=k�h[vAt
f`q`^`v!Z���^%�%Vn�Z`Z%t2^lnxd k1��Z`r!j`^ln�Z%t2q`^lnxd[Z`YCd[^`^��!r � % z c r:o
_aZ`v!^��



� �

$'��� � �:h[vAt n�Z`d[f`h[v!q`Z`_ar*��^�e!Z`Y n�Z`gid[_a^ln7h[vAt2^�f`r!d��`_ah��[e!^ln ��h o
f`h[v!q`Z �!^`v:n |4z c r!_aZ`v!^ c ZKd[r!d n�Z��`kmv!h[j`^ln���Z`v��Ch[j`^ ��h o
Z c �4h[Y n % z c r!_aZ`v:n
	4��r!_ar d[h[r!v!h�n�Z`d[f`h[v!q`Z`_ar*��^Vf`^ ,
y % c r!_aZ`v!^ c ZKd[r!d n�Z��`kmv!h[j`^ln���Z`v��Ch[j`^6f`^6Z`v!^ln * z c r:o
_aZ`v!^"�xv!r!d[h[_ n�Z`d[f`h[v!q`Z`_ar*��^ k  v!rLd[r:n�Z���h[v*��h[j`h[_a^`Z
e!Z`Y n�Z`gid[_a^ln c ^ c ^ �`Z`v!e!^`^ln ��h[f`q`hut2Z��

$'���+*4�:h[vAt2^CgiZ`_a^
A
e!^��`^ln#Z��[gi^`ZC^	�[^ c h[j`Z $'% z c r!_aZ`v!Z c 	'��r:o

_ar
B
e!^��`^ln�Z��[gi^`Z , # % c r!_aZ`v!Z c �0^`Y[q`h n�e!r!v:n�Z��[qln

y{z4z4z4z c r!_aZ`v!^ n�Z`^`Y[q`h n�e!^`gi^`r c �Gd[Zln�n`kmv:n ^	�[^ c r:n %�o
�Ch[v d[h[e!^

A
e!^��`^ln-Z��[gi^`Z

B
e!^��`^ln-Z��[gi^`h[j%t2Z`Y ��h c Z`v!h o

j`^%t6�
 Z�(�v!Z�d[Z�� n�^`d[Z`_�kmv!^ v!Z`r c h[Y[r!j`^ln A c Z B e!^��`^ln Z�� o

gi^`h[j`^ln �[^ c q`Z ��h k��[_a^`Z
^`Y[q`h n�e!r!v:n��
 j�(�v!ZVt2Z`Y���Z c Z`v(![h[j`ZV^`Y[q`h n�e!r!v:n��

$'���"&4�:d[h��[Z`Y[^`flkmv�n�Z`Z`d��[v!r:n'h[vAt2^6t2q`^ln �4Z`Y[d[Z`q`_ar!j`Z���^ ��h k��[_a^`Z
c Z`Z`d,+�Z c r:n A n�Z���^ln7d[Z`Y��[Z`Y[^ln�Z%t2q`^ln�Y[Z]\�^`_ah[j`^ln $ z %7f`r:o
d��`_ah��[e!^"	=Z`Y

B
n�Z���^ln d[Z`Y��[Z`Y[^ln�Z%t2q`^ln , Y[Z]\�^`_ah[j`^ln y $ z

f`r!d��`_ah��[e!^"�4Z`d \ �[r!j�n�Z`Z`d��[v!r:nCh[vAt2^at2q`^ln �4Z`Y[d[Z`q`_ar!j`Z���^
��h k��[_a^`Z Z`Z]\ �[r:n

A
n�Z���^ln y * z Z`Y

B
n�Z���^ln � z d[Z`Y��[Z`Y[Z"�

��h[Z c �4^`Y[hutIr!v!^`q`h�n�Z`Z`d��[v!r:n d k1��Z`r!j`^ln �[q`h[_aZ.+�h r��`e!^lo
d[Z`_�kmv!^ c ZGh[f`r!Y[r!d[^`flkmv!^ �`v!r��4v!Z`d[Z"	4t=k t2^%t2r!h km_a^�n�Zlo
Z`d��[v!r:n n�^`d��[_aZ`q`v!h ^ln�hut2^`Z"	Av!r!d

A c Z B n�Z���^ln��4Z`d[r:o
��q`h[jlkm_ �`v!r c k��[e!h[jln ��r!v!^ln c Z`d[r!f`^ c h[jlkm_ah[j`Z \�v� ^lo
q`^`Z"�/ �[q`h[_aZ.+�h!r��`e!^`d[Z`_�kmv!^ c Z�h[f`r!Y[r!d[^`flkmv!^ �`v!r��4v!Z`d[Z
Z`v!^ln7d k1��Z`r!j`^ln7^ln�hut2^�n�Zln`kmv!q`h[_a^ c ZxZ`d[Z`q`h c v!r:n-^ c h o
Z`_�kmv!^Cv!h�� ^`d[^"	4v!r c h n�Z`g d[h��[Z`Y[^`flkmv!^�n�Z`Z`d��[v!r h[vAt t2q`h o
��^-Z]\�Z`v!d[r!h[jln

n
v!Z`r c h[Y[r!j`Zln A n�Z���^ln�Z c Z m v!Z`r c h o

Y[r!j`Zln
B
n�Z���^ln6f`r!d��`_ah��[e!h[jln c ZGZ`d \ �[r!j`^�n�Z`Z`d��[v!r!g h[vAt



� �

t2q`h���^GZ]\ �[r!jln
n
v!Z`r c h[Y[r!j`^ln A n�Z���^ln�Z c Z m v!Z`r c h[Y[r:o

j`^ln
B
n�Z���^ln d[Z`Y��[Z`Y[h[jln
�=h n  Z��[e!r!j`v!^`q`Z c Y[^���Y[Z`qln
	=v!r!d

n�^`d��[_aZ`q`v!hut2Z���h kmgiq`_ah[_aZ c Z`d=r!v!^2n�Z`Z`d��[v!r:nGf`r!d��`_ah�� n�^
kmY[Z���t2r c c Z
d[r!g c h[Y[^ln �4Z`v!h���hCd k1��Z`r!jln
� (

$'� * z �:e!Z�� n���^ ![Z.� c r!d[^ln�Zln� ^�� n�^`v!h[jlkm_a^ �4Z c Zln�Z���Z c ^`Z % c r:o
_aZ`v!^"	 ��r!_ar �[r!q`h[_ �4Z`q`_a^`_ f`^`_ar!d[h[e!v�+�h , % z gih[Y[e!^"�
v!Z
d[Z�� n�^`d[Z`_�kmv d[Z`Y��[^`_6+�h ��h k��[_a^`Z �4Z c Z`Z c �4^`_ah[j`Z�f`_a^lo
h[Y[e:n�e!Z�� n�^%t6	mt=k d[Zln �4Z`Z$![Y[^`ZVd���r!_ar c � % c r!_aZ`v!^��

$'� *4$'�� Z`j`v!^`f`Z7Z]\�Z`v!d[r!h[jln r!v!^
A c Z B n�Z���^ln��`v!r c k��[gi^`Zln
�

A
n�Z���^ln �`v!r c k��[gi^`^ln�h[vAt2^
h[vAt2h km_a^lnx\�Z`v!d[r!h[j`ZlnVn�w`^lo

v c h[j`Z $�n�Z`d k1��Z`r n�Z`Z%t2^ c Z | h[vAt2h km_a^7Y[h c _ah km_a^"	 Bn�Z���^ln �`v!r c k��[gi^`^ln'h[vAt2h km_a^ln#\�Z`v!d[r!h[j`Zln'f`^ , y n�Z`d k�o
��Z`r n�Z`Z%t2^ c Z $'h[vAt2h km_a^
Y[h c _ah km_a^"� c �!^ln �4Z`Y[d[Z`q`_ar:o
j`Z���^ar!v!^`q`h:n�Z���^ln �`v!r c k��[gi^`^lnK\�Z`v!d[r!h[j`^ln�Z%t2q`^ln��4Z`Y[flk�o
t2q`Y[^`_a^`Z Z`v!Z�kmd[h[e!h n $'$�n�Z`d k1��Z`r n�Z`Z%t2^ln�Z c Z * h[vAt2h o
km_a^xY[h c _ah km_a^ln�Z"� d[r��4h[j`Z A n�Z���^ln �`v!r c k��[gi^`^ln7h[vAt2h o
km_6+�hxZ`v!^ln $ z c r!_aZ`v!^"	 ��r!_ar B

n�Z���^ln �`v!r c k��[gi^`^ln
h[vAt2h km_6+�h , y{z c r!_aZ`v!^"� v!r��4r!v kmY c Z
\�Z`v!^`d[Z`vAt2r:n
\�Z`v!d[r!h[j`Z"	mv!r!dad[r��4h[j`Z
^	�[r:n�d[Z�� n�^`d[Z`_�kmv!^��

$'� * y �� ^`v!d[Z Z]\�Z`v!d[r!h[jln r!v!^ n�Z���^ln f`r!d��`^lkme!h[v!h[jln
�
A
n�Z���^ln

h[vAt2^�f`r!d��`^lkme!h[v!^ln \�Z`v!d[r!h[j`Z.+�hV^���Z`v��Ch[j`Z # z4z c r!_aZlo
v!^"	 ��r!_ar

B
n�Z���^lnKf`r!d��`^lkme!h[v!^lnK\�Z`v!d[r!h[j`Z.+�h2f`^ , � z4z

c r!_aZ`v!^"�� ^`v!d[Zln f`r!d��`^lkme!h[v!h[j`^ln n�Z]\�Z`v!d[r!h[j`_aZ c f`q`^lo
v!Z���^ �4Z`d[r �[r� ^`_a^7Z��[qln y # z4z4z c r!_aZ`v!^ c Z7f`q`Z`_a^� ^lo
gi^lkmv!^ ^`Y�� ^`Y[v!h[j`^ln n�^`d[gi^`v!^ln �4Z`d[r ��h k��[_a^`Z Z]\�Z`v!d[r!r:n
Z`v!Z'kmd[h[e!h n % z giZ`_a^Vf`r!d��`^lkme!h[v!^"�

A
n�Z���^ln-t2^%t2r!h km_a^

f`r!d��`^lkme!h[v!^  ^`v!d[ZlnxZ��[_ah[qln $'$ z c r!_aZ`v!^ln-e!r!_ d[r��4h o
j`Zln
	1��r!_ar

B
n�Z���^ln-t2^%t2r!h km_a^Vf`r!d��`^lkme!h[v!^�f`^ , $'% z



� �

c r!_aZ`v:n
��v!r��4r!v kmY c Z'Z`Z]\ �[r:n  ^`v!d[Z`d�\�Z`v!d[r!h[j`Z"	�v!r!d
d[^ln�^
d[r��4h[j`Z
^	�[r:nxd[Z�� n�^`d[Z`_�kmv!^��

$'� * | �:Z`Z��4hut d[rAt ��r!q`Y[^lnV\�^`v!^"	�t=k d[rAt ��r!q`Y[^ln  kmY��[gi^`Z#d[r!gih o
d km_a^`Z ��h[d c h��4^6n�Z���^%t

P = gD(Q) = −4Q+ 100.

 Z�(�v!Zln
k c v!^ln  Zln�^"	 t=k�d[rAt ��r!q`Y[Z`Z $ z �
 j�(�v!Zln
k c v!^ln�d[rAt ��r!q`Y[Z"	mv!r c h n�Z`g� Zln�^`Z # z �
 � (�v!r��4r!v�^`giq`_ah[j`Z  Zln�^Kd[rAt ��r!q`Y[^ln#r!v!^Ch[vAt2h km_a^%t

��h[d[gi^`v!h[j`^ln�Zln��
$'� *+#1�:^��`r!q`hut d[rAt ��r!q`Y[^ln  kmY��[gi^`Z c Z7Z`Z��4hut d[rAt ��r!q`Y[^ln�\�^lo

v!^"	+t=k giY[r!j`^`_a^`Z"	+v!r!dKv!r!giZ �`v!r c k��[gi^`^ln-h[vAt2h km_a^ln
 Zln�^ Z`v!^ln y{z c r!_aZ`v!^"	�d[Z���^`Y7d[rAt ��r!q`Y[Z`Z |4z c Z v!r:o
giZ  Zln�^`Z $ z c r!_aZ`v!^"	Ad[Z���^`Y�d[rAt ��r!q`Y[Z | % h[vAt2h km_a^ln
e!r!_a^`Z"��giY[r!j`^`_a^`Z"	�v!r!dad[rAt ��r!q`Y[^ln  kmY��[gi^`Z#\�v� ^`q`^`Z"�

$'� * % �:Z`Z��4hut d[rAt ��r!q`Y[^lnV\�^`v!^"	�t=k d[rAt ��r!q`Y[^ln  kmY��[gi^`Z#d[r!gih o
d km_a^`Z ��h[d c h��4^6n�Z���^%t

P = −3Q + 120.

 Z�(�v!Zln
k c v!^ln  Zln�^"	 t=k�d[rAt ��r!q`Y[Z`Z |4z �
 j�(�v!Zln
k c v!^ln�d[rAt ��r!q`Y[Z"	 t=k  Zln�^`Z � z �
 � (�v!r��4r!v ^`giq`_ah[j`Z d[rAt ��r!q`Y[Z  Zln�^ln | h[vAt2h km_a^%t

�4Z.+�v c ^ln�Zln��
 c (�v!r��4r!v ^`giq`_ah[j`Z6 Zln�^�d[rAt ��r!q`Y[^ln-#6h[vAt2h km_a^%t ��h o

d[gi^`v!h[j`^ln�Zln��
$'� * �4�:d[rAt ��r!q`Y[^ln  kmY��[gi^`Z'd[r!gih[d km_a^`Z ��h[d c h��4^6n�Z���^%t

P = −5Q + 250.

 Z�(�v!Z#n�Z.+/�!q`v!h[j���^V^`giq`_ah[j`ZVd[rAt ��r!q`Y[Z��



� �

 j�(�v!Z#n�Z.+/�!q`v!h[j���^V^`giq`_ah[j`Z  Zln�^��
�4Z`Z`Z`Y[Z`_a^.+�hut d[^��!h[jlkm_a^ ��h c h��4h[j`^"�

$'� * � �:Z`Z��4hut d[^]\�r c h[j`^ln�\�^`v!^"	 t=k d[^]\�r c h[j`^ln  kmY��[gi^`Z�d[r!gih o
d km_a^`Z ��h[d c h��4^6n�Z���^%t

P = gS(Q) = 4Q+ 10.

 Z�(�v!Zln
k c v!^ln�d[^]\�r c h[j`Z"	mv!r!giZ  Zln�^
Z`v!^ln & z �
 j�(�v!Zln
k c v!^ln  Zln�^"	 t=k�d[^]\�r c h[j`Z`Z � �

 � (�v!r��4r!v ^`giq`_ah[j`Zad[^]\�r c h[j`Z  Zln�^ln ##h[vAt2h km_a^%t��4Zlo
+�v c ^ln ��h[dut ��q`h[q`Z���^��

$'� *�*4��![Z]\�h[v!hut d[^]\�r c h[j`^ln  kmY��[gi^`Z c Z Z`Z��4hut���h n�Z`j`Z`d[^ln�^�d[^lo
\�r c h[j`^ln \�^`v!^"	�t=k giY[r!j`^`_a^`Z"	�v!r!d v!r!giZ  Zln�^�Z`v!^ln
# z4z c r!_aZ`v!^"	Gd[Z���^`Y  ^`v!d[Z��4h��4d[Z`qln �`v!r c k��[gi^`^ln $ z4z
h[vAt2h km_a^ln���h[e!Z`Y[Zln j`Z.+�Z`v�+�h�	���r!_ar v!r!giZ� Zln�^�Z`v!^ln
�+# z c r!_aZ`v!^"	id[Z���^`Y  ^`v!d[Z ��h[^`e!Z`Y n j`Z.+�Z`v�+�h �`v!r c k�� o
gi^`^ln $ * z h[vAt2h km_�n
�  ^���km_a^ln���d[h[j`Z"	�v!r!d�d[^]\�r c h[j`^ln  k�o
Y��[gi^`Z'\�v� ^`q`^`Z�(��

$'� *'&4�:d[^]\�r c h[j`^ln  kmY��[gi^`Z
d[r!gih[d km_a^`Z���h[d c h��4^6n�Z���^%t

P = gS(Q) =
1

5
Q + 20.

 Z�(�Z`Z��4hut ��h n�Z`j`Z`d[^ln�^Vd[^]\�r c h[j`^ln�\�^`v!^"�
 j�(�v!Z#n�Z.+/�!q`v!h[j���^V^`giq`_ah[j`ZVd[^]\�r c h[j`Z��
 � (�v!Z�n�Z.+/�!q`v!h[j���^ ^`giq`_ah[j`Z  Zln�^����4Z`Z`Z`Y[Z`_a^.+�hut d[^lo

�!h[jlkm_a^���h c h��4h[j`^"�
$'� & z �:Z`Z��4hut d[^]\�r c h[j`^ln�\�^`v!^"	 t=k

P = gS(Q) = 6Q+ 120.

 Z�(�v!Zln7k c v!^ln�d[^]\�r c h[j`Z"	=v!r!giZ  Zln�^7Z`v!^ln $ * z c r:o
_aZ`v!^��



� �

 j�(�v!Z  Zln�^ln ��h[dut ��q`h[q`Z���^`ZVd[^]\�r c h[j`Z y{z os^lnVe!r!_a^��
 � (�v!r��4r!v ^`giq`_ah[j`ZCd[^]\�r c h[j`Z  Zln�^ln �#h[vAt2h km_a^%t���h o

d[gi^`v!h[j`^ln�Zln��
 c (�v!r��4r!v ^`giq`_ah[j`Z  Zln�^ d[^]\�r c h[j`^ln $ y h[vAt2h km_a^%t

��h[d[gi^`v!h[j`^ln ��h[dut ��q`h[q`Z���^��
$'� &4$'�:^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln  Zln�^ c Z'\�r!Y[Zln%\�r!v!r!j`^ln�n�^ c ^lo

c h�	+t=k�d[rAt ��r!q`Y[^ln�Z c Zxd[^]\�r c h[j`^ln- kmY��[gi^`h[j`^xd[r!gih[d k�o
_a^`Z ��h[d c h��4^6n�Z���^%t6)
 Z�(

P = gD(Q) = −3Q + 60,

P = gS(Q) = 2Q+ 10
�

 j�(
P = gD(Q) = −6Q + 100,

P = gS(Q) =
1

2
Q + 22

�

 � (
P = gD(Q) = −4Q + 80,

P = gS(Q) =
1

2
Q + 17.

$'� & y �:d[rAt ��r!q`Y[^ln�Z c Zxd[^]\�r c h[j`^ln� kmY��[gi^`h[j`^xd[r!gih[d km_a^`Z ��h[d o
c h��4^#n�Z���^%t6)

P = gD(Q) = −3Q+ 100,

P = gS(Q) =
1

2
Q+ 30,

n�Z c Z`g �`^`v!q`h[_ �4Z`Y[e!r!_ah[j`Z���^
Q
Z`v!^lnCd[rAt ��r!q`Y[Z"	4d[h[r!v!h o

��^
f`^ , d[^]\�r c h[j`Z"�
 Z�(�^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln  Zln�^ c Z \�r!Y[Zln%\�r!v!r!j`^ln

n�^ c ^ c h��
 j�(�dut2Z`q`v!r!j`Z`d �4Z c Z]\ �[q`^`e!Z c Z`Z]\�h n�r:n  ^�� n�^`v!h[jlkm_a^

�4Z c Zln�Z���Z c ^ � c r!_aZ`v!^ln�r c h[Y[r!j`^%t �`v!r c k��[gi^`^ln
�[r!q`h[_ �4Z	�[^ c km_ h[vAt2h km_6+�h���v!r��4r!v Y[Z]\�^`_ c h[j`Z6h n



� .
�4Z c Zln�Z���Z c ^�d[r!d���d[Z`v!h[j`h[_�n�Z c Z7d[^`d \�r c h[j`h[_�n���r:o
v!^ln��

$'� & | �:^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln  Zln�^ c Z'\�r!Y[Zln%\�r!v!r!j`^ln�n�^ c ^lo
c h[h[j`^ t2^%t2r!h km_a^ �`v!r c k��[e!^ln�Z%t2q`^ln
	Vt=kId[rAt ��r!q`Y[^ln�Z
c Z6d[^]\�r c h[j`^ln  kmY��[gi^`h[j`^#r!v:n�Z��[r!Y[_a^`Z`Y[^'j`Z.+�v!^ln�Z%t2q`^ln
	
��h n�Z`j`Z`d[^ln�Z c 	 �4Z`Y[^ln�Z.+/�!q`v!h[j`Z�e!r!_ar!j`h[j`^%t6)
Z�(
Q1 = 60− 6P1 − P2

 d[rAt ��r!q`Y[^ln  kmY��[gi^`Z�(�	
Q1 = −2 + 3P1

 d[^]\�r c h[j`^ln  kmY��[gi^`Z�(�	
Q2 = 50− 5P1 − P2

 d[rAt ��r!q`Y[^ln  kmY��[gi^`Z�(�	
Q2 = −4 + 2P2

 d[^]\�r c h[j`^ln  kmY��[gi^`Z�(��
j�(
Q1 = 52− 10P1 + P2

 d[rAt ��r!q`Y[^ln  kmY��[gi^`Z�(�	
Q1 = −2 + 5P1

 d[^]\�r c h[j`^ln  kmY��[gi^`Z�(�	
Q2 = 30 + P1 − 4P2

 d[rAt ��r!q`Y[^ln  kmY��[gi^`Z�(�	
Q2 = −8 + 3P2

 d[^]\�r c h[j`^ln  kmY��[gi^`Z�(��
$'� &+#1�:^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln

P0
 Zln�^ c ZC\�r!Y[Zln%\�r!v!r!j`^ln Q0n�^ c ^ c h�	 t=k d[rAt ��r!q`Y[^ln�Z c Z�d[^]\�r c h[j`^ln  kmY��[gi^`h[j`^�d[r:o

gih[d km_a^`Z���h[d c h��4^  r!v!d km_ah[j`^%t6)

P = gD(Q) = −4Q+ 120,

P = gS(Q) =
1

2
Q+ 30.

�4Z`d[rAt2q`Z`_ahut \�r!Y[Zln%\�r!v!r!j`^ln'Z���Z`_a^
P ′0

 Zln�^ c ZC\�r!Y[Zln`o
\�r!v!r!j`^ln�Z���Z`_a^

Q′0
n�^ c ^ c h�	at=k dut2Z`q`v!r!j`Z`d c Z`Z]\�h n�Z

�4Z c Zln�Z���Z c ^ & c r!_aZ`v!^ln�r c h[Y[r!j`^%t �`v!r c k��[gi^`^ln �[r:o
q`h[_ �4Z	�[^ c km_ h[vAt2h km_6+�h���v!r��4r!v Y[Z]\�^`_ c h[j`ZVZ��!Y[^���Y k�o
_a^ �4Z c Zln�Z���Z c ^ d[r!d���d[Z`v!h[j`h[_�n�Z c Z d[^`d \�r c h[j`h[_�n���r:o
v!^ln��



� �

$'� & % �:d[rAt ��r!q`Y[^ln  kmY��[gi^`Z'd[r!gih[d km_a^`Z ��h[d c h��4^'e!r!_ar!j`^%t

Q = 200− P + 3Y +
1

2
A,

n�Z c Z`g Q
d[rAt ��r!q`Y[Z`Z"	

P
 Zln�^`Z"	

Y
, d[r!d���d[Z`v!h[j`h[_Ct2Z

 n�Z��4kmZ`_ar (���h[d[r:n�Z`q`Z`_a^"	 ��r!_ar
A
v!h[f`_aZ`d[Z.+�h c Z���Z`v:o

�Gkm_a^�t2Z`Y���Z`Z"�
 Z�(�giY[r!j`^`_a^`Z"	Gv!r!d

P = 20
	
Y = 30 c Z A = 10

�
�4Z`d[r!^%t2q`Z`_ahut ��h n�Z`j`Z`d[^ln�^Vd[rAt ��r!q`Y[Z"�

 j�(�q%t��[q`Z%t
P = 10

	
Y = 40 c Z A = 20

��^��`r!q`hut
��h n�Z`j`Z`d[^ln�^Vd[rAt ��r!q`Y[Z"�

 � (  Zln�^ c Z ��h[d[r:n�Z`q`Z`_a^#^��4^`q`h[Z"	�v!Z`g  j�(��lkmY��[e*��^"� �4Zlo
d[rAt2q`Z`_ahut v!h[f`_aZ`d[Z.+�h c Zln�Z���Z`v��C^�t2Z`Y���Z"	�v!r!d[h[_a^`g
d[rAt ��r!q`Y[Zln �4Z.+�v c ^ln# % z h[vAt2h km_aZ`d c h��

 c ( �[q`h[_aZ2n���q`Z  ^�� n�^`v!h[jlkm_��`^`v!r!j`h[j���^"	�^]\�q`h[qlnat=k�Z`v!Z
Y
��h[d[r:n�Z`q`_a^ln +�v c Z
d[rAt ��r!q`Y[^ln +�v c Zln��

$'� & �4�:d[rAt ��r!q`Y[^ln�Z c Z!d[^]\�r c h[j`^ln  kmY��[gi^`h[j`^"	.��h n�Z`j`Z`d[^ln�Z c 	 �4Z`Y o
n�Z.+/�!q`v:km_a^`Z ��h[d c h��4^'e!r!_ar!j`h[j`^%t6)

P = gD(Q) = −3Q+ 150,

P = gS(Q) =
1

2
Q+ 45.

 Z�(�^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln  Zln�^ c Z \�r!Y[Zln%\�r!v!r!j`^ln
n�^ c ^ c h  �4v!Z� ^`flkm_aZ c c Z
Z`_ �4h[j`v:km_aZ c (��

 j�(�dut2Z`q`v!r!j`Z`d c Z`Z]\�h n�Z  ^�� n�^`v!h[jlkm_a^ �4Z c Zln�Z���Z c ^�$ #
c r!_aZ`v!^ln�r c h[Y[r!j`^%t �`v!r c k��[gi^`^ln �[r!q`h[_��4Z	�[^ c km_
h[vAt2h km_6+�h��:^��`r!q`hutEZ`d �!r!Y[^ln��[^`h[j`^ln �4Z`q`_ah[Y[Z j`Z.+Uo
v!^lnV\�r!Y[Zln%\�r!v!r!j`Z.+�h��



� �

$'� & � �:d[rAt ��r!q`Y[^ln�Z c Zxd[^]\�r c h[j`^ln� kmY��[gi^`h[j`^xd[r!gih[d km_a^`Z ��h[d o
c h��4^
e!r!_ar!j`h[j`^%t6)

P = gD(Q) = −5Q+ 150,

P = gS(Q) =
1

2
Q+ 40.

 Z�(�^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln  Zln�^ c Z \�r!Y[Zln%\�r!v!r!j`^ln
n�^ c ^ c h  �4v!Z� ^`flkm_aZ c c Z
Z`_ �4h[j`v:km_aZ c (��

 j�(�^��`r!q`hut \�r!Y[Zln%\�r!v!r!j`^ln Z���Z`_a^  Zln�^ c ZV\�r!Y[Zln%\�r:o
v!r!j`^ln�Z���Z`_a^!n�^ c ^ c h�	�t=k �`v!r c k��[gi^`^ln �[r!q`h[_ �4Z	�[^lo
c km_�h[vAt2h km_6+�h c Z`Z]\�h n�h n6�4Z c Zln�Z���Z c ^� j`h��4Z`v!Z�(  Zlo
n�^ln-$ z�� os^ln�r c h[Y[r!j`^%t6�

$'� &�*4�:^��`r!q`hut h[v!r!q`Y km_a^���h[d[r:n�Z`q`_a^ln�Z
(Y ) c ZAd[r*��d[Z`v!h[j`^ln (C)\�r!Y[Zln%\�r!v!r!j`^%t2^ c r!Y[h�	it=k d[r*��d[Z`v!h[j`^ln  kmY��[gi^`Zln7Z��[qln

n�Z���h
C = 0, 6Y + 45,

��r!_ar c Z��4h��4d[^`_a^x^`Y[q`h n�e!^`gi^`Z`Z I = 23
� v!r��4r!v giq`_a^lo

_ah[j`Zln �4Z`Y[^`g c ^lnC\�r!Y[Zln%\�r!v!r!j`^%t2^ c r!Y[h�	�t=k c Z��4h��4d[^`_a^
^`Y[q`h n�e!^`gi^`Z �4Z`^.+�Z`v c Z y h[vAt2h km_a^%t �

$'� &'&4�:d[r*��d[Z`v!h[j`^ln  kmY��[gi^`Z
d[r!gih[d km_a^`Z
e!r!_ar!j`^%t

C = 0, 2Y + 60,
��r!_ar c Z��4h��4d[^`_a^'n�Z`^`Y[q`h n�e!^`gi^`r t2Z`Y���Z`Z

I = 100
�

 Z�(�^��`r!q`hut h[v!r!q`Y km_a^���h[d[r:n�Z`q`_a^ln
	'd[r*��d[Z`v!h[j`^ln�Z c Z
c Z`Y[Z.+�r��4h[j`^ln�\�r!Y[Zln%\�r!v!r!j`^%t2^ c r!Y[h��

 j�(�v!r��4r!v ^`d[r��[d[h c h[jln�^`Y[q`h n�e!^`gi^`^ln * z h[vAt2h km_a^%t �4Z.+�v c Z
\�r!Y[Zln%\�r!v!r!j`Z.+�h �

$'� $ z4z �:d[r!gih[d km_a^`Z")

G = 50
 n�Z���h[_ad \�^� r c Z`Y[Z���Z`v��Ch[j`^�(�	



� �

I = 60
 ^`Y[q`h n�e!^`gi^`Z�(�	

C = 0, 4Yd + 30
 d[r*��d[Z`v!h[j`^ln  kmY��[gi^`Z�(

,

T = 0, 2Y + 10
 n�Z��4Z c Zln�Z���Z c r
d[r:n�Z`f`v!h[j`_ah[j`^ln  kmY��[gi^`Z�(��

^��`r!q`hut Z`d
d[r c h[_a^%t d[r!gih[d km_a^-h[v!r!q`Y km_a^-h[f`r!Y[r!d[^`f`^ln
\�r!Y[Zln%\�r!v!r!j`^ln�d c �4r!d[Z`v!h[r!j`^ln ��h n�Z`j`Z`d[^ln�^")
 Z�(�h[v!r!q`Y km_a^���h[d[r:n�Z`q`Z`_a^ �
 j�(
n�Z��4Z c Zln�Z���Z c r d[r:n�Z`f`v!h[j`_ah[j`^ �
 � (�d[r*��d[Z`v!h[j`^ln c r!Y[h��
 c ( c Z`Y[Z.+�r��4h[j`^ln c r!Y[h��

$'� $ z $'�*�4Z`Y n�Z.+/�!q`v!hut�\�r!Y[Zln%\�r!v!r!j`^%t2^
Y
��h[d[r:n�Z`q`Z`_a^ c ZC^`Y[q`h o

n�e!^`gi^`^ln n�Z`v��4h[j`_a^ln
r
�4Z`Y[Z`f`q`hut2^"	!t=k d[r!gih[d km_a^`Z-��h[d o

c h��4^
^`Y  r!v!d[Z`gi^`Z#n�Zln�Z��[r!Y[_ar j`Z.+�v!^ln ��h n�Z���h[j")

C = 0, 4Y + 60,

I = −30r + 1400

c Z  km_a^ln�j`Z.+�v!^ln ��h n�Z���h[j")

MS = 400,

L1 = 0, 1Y,

L2 = −20 r + 260.

Z`Z��4hut
Y
os^ln�Z c Z r os^ln c Z`d[Z`f`Z`q���^`v!h[j`h[_a^��4Z`Y[e!r!_ah[j`h[j`^ln��h n�Z`j`Z`d[^ln�^A\�v� h[h[j`^!h[vAt=n�Z c Z!^`d[Z`q`h n�Z`f`r!r!v c ^`Y[Z`e!r n�^lo

j`v!e �[h,+�h��2v!Z �4Z`q`_ah[Y[Zln�Z�� c h[Y n Z`q`e!r!Y[r!d[^lkmv!^ ^`Y[q`h n�e!^lo
gi^`^ln� Z`Y k

d
opn ( +�v c Z�\�r!Y[Zln%\�r!v!r!j`^ln Y h[v!r!q`Y km_ ��h o

d[r:n�Z`q`Z`_6+�h c Z#n�Z`v��4h[j`_a^ln r �4Z`Y[Z`f`q`hut*+�h �



� �

$'� $ z�y �*�!^`Z
h[f`r!Y[r!d[^`f`Z
\�r!Y[Zln%\�r!v!r!j`Z���^`Z"	 v!r c h n�Z`g

Y = C + I + 2G+X −M,

n�Z c Z`g giq`_aZ c h[j`^ Z��!Y[^���Y[Z`q`h[Y t2Z`Y���h[jln
	#v!r!d[_ah[j`^`g!��h o
h n�Z`j`Z`d[h[j`Z7h[v!r!q`Y km_ ��h[d[r:n�Z`q`Z`_�n

(Y )
	id[r*��d[Z`v!h[j`Zln

(C)
	

^`Y[q`h n�e!^`gi^`Zln
(I)

	�n�Z���h[_ad \�^� r���Z`v��Ch[jln
(G)

	�h�� n��`r!v!e:n
(X)

	�^`d��`r!v!e:n
(M)

�
�4Z`Y n�Z.+/�!q`v!hut \�r!Y[Zln%\�r!v!r!j`^%t2^Ch[v!r!q`Y km_a^ ��h[d[r:n�Z`q`Z`_a^"	
t=k d[r!gih[d km_a^`Z"	�v!r!d�)

C = 0, 4Y + 60,

I = 60, G = 100, X = 80,

M = 0, 2Y + 40.

$'� $ z4| �:d[r!gih[d km_a^`Z")
d[r*��d[Z`v!h[j`^ln  kmY��[gi^`Z

C = 0, 6Y + 40
	

^`Y[q`h n�e!^`gi^`Z
I = −20r + 620

	
 km_a^ln�d[^]\�r c h[j`Z MS = 3700

	
 km_6+�hxd[rAt ��r!q`Y[Z �4Z`v!^��4h[j`^ln�Z c Z��4Zlk t2q`Z`_a^ln%\�^`Y[h[j`h[_a^
d[^.+�Y[h[j`^ln�Z%t2q`^ln

L1 = 0, 2Y,

 km_6+�hCd[rAt ��r!q`Y[Z#n��`h[flkm_aZ`gi^lkmv!^xd[^.+�Y[h[j`^ln�Z%t2q`^ln

L2 = −10r + 3600.

�4Z`Y n�Z.+/�!q`v!hut h[v!r!q`Y km_a^
Y
��h[d[r:n�Z`q`Z`_a^ c Z'n�Z`v��4h[j`_a^ln

r
�4Z`Y[Z`f`q`hut2^"	0t=k n�Zln�Z��[r!Y[_ar c Z  km_aZ c ^-j`Z.+�v!h[j`^�\�r:o

Y[Zln%\�r!v!r!j`Z���^`Z"�
$'� $ z #1�:Z`d[r*�`n�h[Y[^%t ��h[d c h��4^'f`q`Z c v!Z`e:km_a^ �4Z`Y[e!r!_ah[j`h[j`^")

 Z�(
x2 + 4x+ 9 = 0;



� �

 j�(
x2 − 2x + 7 = 0; � (
x2 − 4x + 10 = 0; c ( x2 + 3x+ 8 = 0.$'� $ z % �:^��`r!q`hut

z1 + z2 c Z z1 − z2
	mt=k

 Z�(
z1 = 4 + i c Z z2 = 2− 5i; j�(
z1 = 5 c Z z2 = 5 + 3i; � (
z1 = 3i c Z z2 = 7− 6i; c ( z1 = 4 + 9i c Z z2 = 7− 3i.$'� $ z �4�*�4Z`d[rAt2q`Z`_ahut

z1 · z2
	mt=k

 Z�(
z1 = 3 + 5i c Z z2 = 2− 3i; j�(
z1 = 4− i c Z z2 = 1 + 2i; � (
z1 = 2i c Z z2 = 3− i; c ( z1 = 5− 4i c Z z2 = 3.$'� $ z � �*�4Z`d[rAt2q`Z`_ahut

z1 : z2
	�t=k

 Z�(
z1 = 3 + 4i c Z z2 = 7− i; j�(
z1 = 2 + i c Z z2 = 3 + 4i; � (
z1 = −2i c Z z2 = 4− i; c ( z1 = 1 + i c Z z2 = 6− i.$'� $ z *4�%��h[Zln�v:km_ahut d[r��[d[h c h[j`Z`Y[^")

 Z�(
(3 + 2i)(4− 2i) + (2− 5i);

 j�( (4 + 7i)(3− i)

5− i
− i(1− i)(2 + i)

2 + 3i
;

 � (
(1 + 2i)2 − (2− i)2; c ( (3 + 4i)2 + (2− 3i)2.$'� $ z &4�:^��`r!q`hut

z1 · z2
	mt=k

 Z�(
z1 = 2− i c Z z2 = 4 + 2i; j�(
z1 = 3 + i c Z z2 = 2− 5i; � (
z1 = 5 + 8i c Z z2 = 4− 6i; c ( z1 = 7 + 9i c Z z2 = 10 + 5i.



� �

$'� $'$ z �:^��`r!q`hut �4Z`Y[e!r!_ah[j`^lnxY[Z`d c q`^`_a^VZ`d[r!Y[Z��`n�Y[h[j`^")
 Z�(

(2 + i)x+ (3− 2i)y = 4 + 3i; j�(
(5 + i)x− (4 + 2i)y = 7 + 8i; � (
(6 + 2i)x− (2 + i)y = 9− 2i; c ( (4 + 3i)x− (4 + 5i)y = 8 + 6i.$'� $'$'$'�:^��`r!q`hut

Re(z1 · z2)
	�t=k

 Z�(
z1 = 4 + 3i, z2 = 3− 4i; j�(
z1 = 5− 7i, z2 = 6 + 2i; � (
z1 = −6 + 2i, z2 = 9 + 3i; c ( z1 = −7− 2i, z2 = −1 + i.

$'� $'$ y �*�4Z`d[rAt2q`Z`_ahut
Im

(z1

z2

) 	mt=k
 Z�(

z1 = 2 + i, z2 = 3− i; j�(
z1 = −3 + 4i, z2 = 1− i; � (
z1 = 4i, z2 = 2 + 3i; c ( z1 = −5 + 3i, z2 = 3− 2i.$'� $'$ | � c Z`Z`d[e!f`^`gihut �Gk it2h[j`Z%t2Z
v!^`g ��q`^ln ��h[d c h��4^Vt2q`^ln�h[j`h[j`^")

Z�(
Cm

n = Cn−m
n ;j�(

Cm
n + Cm+1

n = Cm+1
n+1 .$'� $'$ #1�%�[kmv!Y[Z`_a^ln % n���q`Z c Zln���q`Z��4q`h[v c +�h�kmY c Z �4Z`Yut2Z`qln c h n %

�4Z`Y n���q`Z`q`h[jlkm_a^An�Z`v!h[f`_aZ`d[r �4Z`Y[g ��Z c h[j`Z"�`n�Z`v!h[f`_aZ`d[r��4Z`Y o
g ��Z c h[j`h[j`^ln �4Z`Y[_aZ��4h[j`^lnxv!Z`d c h[Y[^
q`Z`v!^`Z`Y[e!^�Z`v:n�h[j`r!jln��

$'� $'$'% � $ y c h��lkme!Z`e!^ln�Z��4Z`Y ��h[d c �4Z`v!^'f`r!d[^ln�^`^ln�Z��4Z`YakmY c Z ![Z`d[r:o
�[Z`_a^`j c h n % f`Z`gi^`Z`Y[^��[q`h[f`r!d[^ln�^`Z"���[q`h[f`r!d[^ln�^`^ln ��h��[d[Y[^ln
v!Z`d c h[Y[^
q`Z`v!^`Z`Y[e!^VZ`v:n�h[j`r!jln��

$'� $'$��4�:j`Z`Y[fln6��h k��[_a^`Z6�4Zln�gih n #6h[vAt2Y[Z`^`v!^�n�Z���^lnKf`v!h c ^`e!^"�{f`v!h o
c ^`e!^ln7Z��!h[j`^ln d n`kmv!q`h[_a^`Z $ z r!v��4Z`Y[^.+�Z`gi^`Z"�if`v!h c ^`e!^ln
�4Z`gih[d[^ln�v!Z`d c h[Y[^
q`Z`v!^`Z`Y[e!^VZ`v:n�h[j`r!jln��



. �
$'� $'$ � �:d[^`f`v!r!Z`q`e!r!jlk�n���^ &6Z c �4^`_a^`Z"�4v!Z`d c h[Y0n���q`Z c Zln���q`ZCq`Z`v!^lo

Z`Y[e!Z c ��h[^��[_ah[j`Z c Z`qln���Z%t�&'d��"+�Z`q`v!^ad[^`f`v!r!Z`q`e!r!jlk�n���^��
$'� $'$ *4�:j`Z`Y[fln ��h k��[_a^`Z % �4Z`Y n���q`Z`q`h[jlkm_a^Vn�Z���^ln�f`v!h c ^`e!^ln �4Z`gih o

d[Z"�4f`v!h c ^`e!^ln6Z��!h[j`^lnKd n`kmv!q`h[_Ct2ZCv!^`g ��q`^`Z &4�4f`v!h c ^`e!^ln
�4Z`gih[d[^ln�v!Z`d c h[Y[^
q`Z`v!^`Z`Y[e!^VZ`v:n�h[j`r!jln��

$'� $'$�&4�:e!r!e!Z`_a^.+�Z`e!r!v:n �4Z`Z$![Y[^`Z�#� Z`vAt2r!h[f`v!Z`Y[^`Z`Y[^�e!h[_ah[q`^lo
+�r!v!^ c Z7n�Z��4kmZ`_ah[j`Z Z��[qln d[^`^��!r:n & n��`r!v!e:km_a^ Z`v*��^"�
n��`r!v!e:km_a^AZ`v*��h[j`^ln ![q`h[Y[h[j`^ln�v!Z`d c h[Y[^��4Z`Y n���q`Z`q`h[jlkm_a^�q`Zlo
v!^`Z`Y[e!^GZ`v:n�h[j`r!jln6t=k-q`^���km_a^ln���d[h[j%t6	4v!r!d:h[vAt2^ c Z�^��4^lo
q`h:n��`r!v!e:km_a^Ce!h[_ah[Z`v*��^CZ`v �4Z c Z`^`gih[d[Zah[vAt*+�h!d[h[e!^ae!h o
_ah[q`^.+�r!v!^%t �

$'� $ y{z �0n�Zln�e:kmd[v!r*��^
t2Z`q`^ln`k  Z`_a^`Z"*xh[vAt2Z c �4^`_a^`Z`Y[^'Y[r!d[h[v!^"� %
f`Z`gi^ln�Z��4Z`Y ��h[d c �4Z`v!^6e:kmv!^ln�e:km_a^�� ��k  ^ln �4Z`Yut2Z`qln�h[j`^ln
v!Z`d c h[Y[^ �4Z`Y n���q`Z`q`h[jlkm_a^ ��h n�Z��[_ah[j`_ar!j`Z#Z`v:n�h[j`r!jln
Z��!Y[^lo
��Y km_ n�^`e:kmZ`gi^`Z���^��

$'� $ y $'�:e:kmv!^ln�e:n6n`kmv!q`^`_a^'Z��[qln'h[vAt c �!h n#d[r!^`Y[Z��`km_ar:n �[Z`_aZ�� o
��^6�4Z`Y[_aZ��4h[jlkm_a^ $ z ^ln�e!r!v!^lkm_a^ �[h��4_a^ c Z`Y2v!r!d[h[_a^`d[h #1�
h[vAt2^ c �!^ln�Z%t2q`^ln v!Z`d c h[Y[^ �4Z`Y n���q`Z`q`h[jlkm_a^ d[Z`v*��v:kme!^ln
��hut2Z`q`Z.+�h[j`Z���h k��[_a^`ZAe:kmv!^ln�e!^ln�Z%t2q`^lnad[Zln��`^`Y��[h[_ d���Z`v!h n��

$'� $ y4y �0n�Z c Z.+�q`h[v!q`r � ��k  ��^�r!v!^�r� ^`gih[v!^ c Z �`k t2^��CZ`v!^ln`o
f`Z`gi^`Z"�2v!Z`d c h[Y[^ ��h[v*��^%t ��h[^��[_ah[j`Z Zln�hut2^�� ��k  ^ln ��h c o
�4h[Y[Z �-r� ^`giv!^ln�Z c Z $ # �CZ`v!^ln�f`Z`gi^ln�Z��4Z`Y �



t2Z`q`^ b[b

���
��	���� �� ���������������	��������
������ ��

y � $'�:Z`d[r2\�h[v!hut
A
d[Z`e!v!^`gi^ln ��h[d c h��4^'h[_ah[d[h[Y[e!h[j`^")

Z�(
a13,

j�(
a21,

� (
a33, c ( a42,

h (
a51

	�t=k

A =













1 1 −3
−9 0 11

5 4 −3
7 2 −1
0 −6 2













.

y � y �:Z`Z��4hut
B = [bij]2×3

d[Z`e!v!^`giZ"	 v!r!d[_a^ln +�r��4Z c ^�h[_ah[d[h[Y o
e!^`Z")
Z�(
bij = 3,

j�(
bij = i + j,

� (
bij = j,

c ( bij = max(i; j)
	�h (

bij = i
j
,
q�(
bij = 2i+3j

2
.y � | �:^��`r!q`hut6)mZ�(

A +B,
j�(
A− 2B,

� (
A> + C,

c ( (A−B)> + 2C,
h (

(2B> − C) + 4A>,q�(
(B − 3C>) + 2A

	mt=k

A =





1 −2 0 1
−3 5 1 −1

0 2 4 3



 , B =





−3 1 7 5
0 −1 1 2

−3 −4 6 8



 ,

C =









2 1 −3
1 −1 10
4 2 1
0 1 2









.

. �



. �

y � #1�:Z$![q`h[Y[hut ��h[d c h��4^'e!r!_ar!j`h[j`^ln�d[Z`vAt2h[jlkm_ar!j`Z")
Z�(
A+ (B + C) = (A+B) + C;j�(
(λ+ δ)A = λA+ δA;� (
λ(A+B) = λA+ λB;

c ( (λδ)C = λ(δC)
�

��h[Z`d[r2\�d[hut h nCe!r!_ar!j`h[j`^Gf`r!Y[f`v!h[e:km_ ��h[dut ��q`h[q`Z���^"	{v!r:o
giZ

λ = 3
	
δ = −4

	

A =

[

1 −1
3 4

]

, B =

[

−2 0
1 5

]

, C =

[

1 2
3 1

]

.

y �&% �:^��`r!q`hut
a
	
b
	
c
	mt=k

Z�( [

3 2
1 a

]

=

[

b− 1 4c
1 3

]

�

j�(




a 7
−4 1

8 11



 =





2 + b 7
b 1
8 c + b





�

y � �4�:^��`r!q`hut d[Z`e!v!^`g0t2Z
Y[Z`d[v!Z`q`_a^
$ ( [

2 3
]

[

−2 1
0 3

]

� y (
[

3 1
−1 4

] [

−4 5
3 1

]

�

| (
[

−3 −2
2 1

] [

1 2
−2 −3

]

� # ( [

1 3 4
]





−3
7
2





�

%'(




2
0
1





[

3 −5 6
] � �
(





−3 1 2
0 4 1
3 2 0









1 5 2
0 1 1
2 4 1





�

�'(




1 2 3
2 4 6
3 6 9









−1 −2 −4
−1 −2 −4

1 2 4





�



. .

*
(




5 −1 2
3 5 0
1 4 1









5 9 −10
−3 3 6

7 −21 28





�

&
(




3 1 −1
0 1 4
7 3 5









1 0 0
0 1 0
0 0 1





�

$ z (
[

1 2 3
4 5 6

]





−2 1
0 1
2 −3





[

1 −1
2 −2

]

�

$'$ (




2 1
−1 2

3 3





[

−1 1 −1
2 0 2

]





1
2
3





�

y ��� �:Z$![q`h[Y[hut6	�v!r!d

A =

[

3 1
6 2

]

c Z B =

[

1 −1
0 1

]

d[Z`e!v!^`gih[j`^ln�Z%t2q`^ln
(A+B)2 6= A2 + 2AB +B2 �

y � *4�:Z$![q`h[Y[hut6	�v!r!d

A =

[

2 3
1 2

]

c Z B =

[

1 0
2 −1

]

d[Z`e!v!^`gih[j`^ln�Z%t2q`^ln
A2 − B2 6= (A−B)(A +B)

�
y � &4�

A
	
B c Z C d[Z`e!v!^`gih[j`^ln�Z%t2q`^ln ��h[Z`d[r2\�d[hut e!r!_ar!j`h[j`^ln

d[Z`vAt2h[jlkm_ar!j`Z")
Z�(

(A+B) ·C = AC+BC;
j�(

(AB) ·C = A(BC)
	

n�Z c Z`g

A =

[

2 1
−2 3

]

, B =

[

3 −1
2 2

]

, C =

[

1 −1 1
2 0 2

]

.

y � $ z � c Z`Z`d[e!f`^`gihut6	mv!r!dCt=k AB = BA
	�d[Z���^`Y

Z�(
(A+B)2 = A2 + 2AB +B2;



. �
j�(
A2 − B2 = (A− B)(A+B);� (
(AB)2 = A2B2 �

y � $'$'�
A c Z B d[Z`e!v!^`gih[j`^ln�Z%t2q`^ln ��h[Z`d[r2\�d[hut

(AB)> = B>A>e!r!_ar!j`^lnxd[Z`vAt2h[jlkm_ar!j`Z")

Z�(
A =

[

1 −1 0
2 0 1

]

	
B=





1 5
−2 2

0 1





�

j�(
A =





3 0 1 4
−2 1 3 1

1 0 1 0





	
B=









−1 −3 1
0 1 2
1 0 1
0 2 −2









�

y � $ y �*�4Z`d[rAt2q`Z`_ahut c h[e!h[v!d[^`Y[Z`Y[e!^

$ (
∣

∣

∣

∣

3 5
1 2

∣

∣

∣

∣

� y (
∣

∣

∣

∣

−4 2
−3 1

∣

∣

∣

∣

� | (
∣

∣

∣

∣

−3 2
6 −4

∣

∣

∣

∣

�

# (
∣

∣

∣

∣

1 +
√

3 2−
√

5

2 +
√

5 1−
√

3

∣

∣

∣

∣

� %'(
∣

∣

∣

∣

∣

∣

1 3 4
−1 2 0

1 4 5

∣

∣

∣

∣

∣

∣

�

�
(
∣

∣

∣

∣

∣

∣

−3 1 2
4 2 1

−2 1 5

∣

∣

∣

∣

∣

∣

� �'(
∣

∣

∣

∣

∣

∣

3 0 0
0 5 0
0 0 −2

∣

∣

∣

∣

∣

∣

�

*
(
∣

∣

∣

∣

∣

∣

2 4 5
0 3 −5
0 0 4

∣

∣

∣

∣

∣

∣

� &
(
∣

∣

∣

∣

∣

∣

−2 1 3
3 2 1
4 5 5

∣

∣

∣

∣

∣

∣

�

y � $ | � c Z`Z`d[e!f`^`gihut e!r!_ar!j`h[j`^
Z�(

∣

∣

∣

∣

αa1 + βb1 + γc1 d1

αa2 + βb2 + γc2 d2

∣

∣

∣

∣

=

= α

∣

∣

∣

∣

a1 d1

a2 d2

∣

∣

∣

∣

+ β

∣

∣

∣

∣

b1 d1

b2 d2

∣

∣

∣

∣

+ γ

∣

∣

∣

∣

c1 d1

c2 d2

∣

∣

∣

∣

�



. �

j�(
∣

∣

∣

∣

∣

∣

a1 b1 a1x+ b1y + c1
a2 b2 a2x+ b2y + c2
a3 b3 a3x+ b3y + c3

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

a1 b1 c1
a2 b2 c2
a3 b3 c3

∣

∣

∣

∣

∣

∣

�

� (
∣

∣

∣

∣

∣

∣

1 1 1
a b c

a2 b2 c2

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

1 a a2

1 b b2

1 c c2

∣

∣

∣

∣

∣

∣

= (b−a)(c−a)(c−b) �

y � $ #1�:Z`d[r*�`n�h[Y[^%t �4Z`Y[e!r!_ah[j`Z

Z�(
∣

∣

∣

∣

x− 2 3
x 2

∣

∣

∣

∣

= 0;
j�(

∣

∣

∣

∣

x+ 1 3
1 x− 1

∣

∣

∣

∣

= 5
�

� (
∣

∣

∣

∣

∣

∣

2x −2 1
4 3 x

1 0 1

∣

∣

∣

∣

∣

∣

= 21; c (
∣

∣

∣

∣

∣

∣

x 1 2
−2 x −1
x 2 1

∣

∣

∣

∣

∣

∣

= −12
�

y � $'% �:Z`d[r*�`n�h[Y[^%t kme!r!_ar!j`Z
Z�(

∣

∣

∣

∣

x2 x

3 1

∣

∣

∣

∣

> 0;
j�( ∣

∣

∣

∣

x x+ 1
x− 1 2x

∣

∣

∣

∣

≤ 2
�

� (
∣

∣

∣

∣

∣

∣

−x 2 1
3 −1 4
x 1 x

∣

∣

∣

∣

∣

∣

< 11.

y � $��4�:^��`r!q`hut ��h[d c h��4^'d[Z`e!v!^`gi^ln�v!Z`Y��4^

Z�(
A =





1 −2 3
2 1 1
4 −3 7



 ;

j�(
B =





2 1 −1
1 1 2
3 4 1





�

� (
C =





1 −1 1 2 3
2 1 −1 0 1
5 1 −1 2 5



 ;



. �

c ( D =









1 0 2 1
3 1 0 2

−1 −1 4 0
2 −1 10 3









�

y � $ � �*�4Z`d[rAt2q`Z`_ahut c h[e!h[v!d[^`Y[Z`Y[e!^")

Z�(
∣

∣

∣

∣

∣

∣

∣

∣

1 2 −1 0
0 1 2 3
2 −1 1 −1
3 2 −1 0

∣

∣

∣

∣

∣

∣

∣

∣

� j�(
∣

∣

∣

∣

∣

∣

∣

∣

1 −3 −4 2
2 2 −3 0
0 1 −1 2
1 2 1 3

∣

∣

∣

∣

∣

∣

∣

∣

�

y � $ *4�:Z`Z��4hut d[r!gih[d km_a^
d[Z`e!v!^`gi^ln ��h[j`v:kmY[h[jlkm_a^�d[Z`e!v!^`giZ")

Z�( [

2 1
5 3

]

� j�( [

9 −2
3 −1

]

�

� (




2 2 3
1 −1 0

−1 2 1





� c (




3 −4 5
2 −3 1
3 −5 −1





�

h (




2 7 3
3 9 4
1 5 3





�

y � $�&4�:^��`r!q`hut
X
d[Z`e!v!^`giZ���h[d c h��4^ �4Z`Y[e!r!_ah[j`^ c Z`Y�)

Z�( [

2 5
1 3

]

X =

[

4 −6
2 1

]

�

j�(
X

[

1 2
2 5

]

=

[

1 −1
0 2

]

�

� (




1 −4 −3
1 −5 −3

−1 6 4



X =





1 0 0
0 1 0
0 0 1





�

c ( X




1 1 −1
2 1 0
1 −1 1



 =





1 −1 3
4 3 2
1 −2 5





�



. �

y � y{z �
A c Z B

d[Z`e!v!^`gih[j`^ln�Z%t2q`^ln ��h[Z`d[r2\�d[hut
(AB)−1 =

B−1 ·A−1 e!r!_ar!j`^lnxd[Z`vAt2h[jlkm_ah[j`Z")

A =

[

2 1
3 2

]

, B =

[

−2 1
−5 3

]

.

y � y $'�:Z$![q`h[Y[hut6	�v!r!d�Z`v!Z`Y km_ar!q`Z`Y[^
c
v!^`g ��q`^ln�Z%t2q`^ln c Z A Z`v!Zlo

�4Z c Z��4q`Z`v!h[jlkm_a^ d[Z`e!v!^`gi^ln�Z%t2q`^ln�d[Z`vAt2h[jlkm_a^`Z-��h[d c h��4^
e!r!_ar!j`Z

(cA)−1 =
1

c
A−1 c Z ��h[Z`d[r2\�d[hut ^��4^7f`r!Y[f`v!h o

e:km_ d[Z��4Z`_a^%t*+�h�	mv!r!giZ

Z�(
c = 2, A =

[

1 −1
2 −3

]

�

j�(
c =

1

3
, A =





0 −3 6
9 0 12
3 −6 9





�

y � y4y �0n�Z��`v!h,+�^ c h[Y[e!r Z`v(![h[q`Y[h[j���^Cd[r!Y[Z]\�^`_ah[r!jln6n�Z`d[^Cf`Z`Y c ^ c Zlo
e!^"�!\�^`Y[Zln�Z`Z`v(![h[q`Y[r f`Z`d��`Z`Y[^`^ln�Z%t2q`^ln t2^%t2r!h km_a^�f`Z`Y c ^lo
c Z`e!^#^	�[h[Y[h[jln �`_aZ`f`Z`e!h[jln
	�n�Z`v!h[f`_aZ`d[r v��4r!_ah[jln�Z c ZKn�Zlo
^`Y  r!v!d[Z`gi^`r jlkmf`_ah[e!h[jln
�

b�f`Z`Y c ^ c Z`e!^'kmf`q`hut2Z`qln�$ z4z4z4z �`_aZ`f`Z`e:n
	 y n�t n�Z`v!h o
f`_aZ`d[r hut2h[v:n
	 |4z4z4z4z jlkmf`_ah[e:n
	Ub[b2f`Z`Y c ^ c Z`e!^ , $'% z4z4z
�`_aZ`f`Z`e:n
	�$'	&% n�t n�Z`v!h[f`_aZ`d[r hut2h[v:n
	 y � z4z4z jlkmf`_ah[e:n
	
��r!_ar b[b[b , y{z4z4z4z 	 $'	&% 	�$ z4z4z4z , ��h n�Z`j`Z`d[^ln�Z c �

$ giZ`_a^ �`_aZ`f`Z`e!^ln �!^`v!h[jlkm_ah[j`Z`Z y c r!_aZ`v!^"	 $`\mt
n�Z`v!h[f`_aZ`d[r hut2h[v!^ln , y{z4z c r!_aZ`v!^"	���r!_ar�$�giZ`_a^�jlkmflo
_ah[e!^ln , z 	&% c r!_aZ`v!^"�+v!Z�t2Z`Y���Z`ZVn�Z`w`^`v!r t2^%t2r!h km_a^
f`Z`Y c ^ c Z`e!^ln�Z%t2q`^ln-f`Z`d��`Z`Y[^`^ln ![Zln�Z`e!Z`v!h[j`_aZ c �

Z`d[r!giZ`Y[^ln�Z`d[r:n�Z��`n�Y[h[_aZ c �4Z`d[r!^	�[h[Y[hut d[Z`e!v!^`g+km_a^2n�^`d o
j`r!_a^`f`Z"�



. �

y � y{| �:f`r!d��`Z`Y[^`ZKk1��q`h[jlnKn�Z`d[^
P1
	
P2

c Z P3
n�Z���^ln �`v!r c k��[gi^`Zln
	

��h n�Z`j`Z`d[^ln�Z c 	 $ z4z 	 |4z4z c Z # z4z h[vAt2h km_a^ln#v!Z`r c h[Y[r!j`^%t6�
b �`v!r c k��[gi^`^ln�h[vAt2h km_a^ln �!^`v!h[jlkm_ah[j`Z`Z y{z c r!_aZ`v!^ �
b[b �`v!r c k��[gi^`^ln�h[vAt2h km_a^ln �!^`v!h[jlkm_ah[j`Z`Z $ z c r!_aZ`v!^ �
b[b[b �`v!r c k��[gi^`^ln�h[vAt2h km_a^ln �!^`v!h[jlkm_ah[j`Z`Z |4z c r!_aZ`v!^ �
n�Z`d[^`q`hGn�Z���^ln �`v!r c k��[gi^`^lnV\�Z`v!d[r!h[j`Z.+�hC^���Z`v��Ch[j`ZVrAt ��^
N1

	
N2

	
N3

c Z N4
n�Z���^ln�Y[h c _ah km_a^"	mf`h[v��[r c 	

b'n�Z���^ln��`v!r c k��[gi^`^ln h[vAt2h km_6+�h7Y[h c _ah km_Ct2Z c Z`Y[Zlo
��Z`v��C^ln Y[r!v!d[h[j`^`Z"	 ��h n�Z`j`Z`d[^ln�Z c 	 y 	 | 	*$'	*$  h[vAt2h o
km_a^�(�	

b[b �`v!r c k��[gi^`^ln�h[vAt2h km_6+�hao $'	 z 	 y 	�$- h[vAt2h km_a^�(�	
b[b[b �`v!r c k��[gi^`^ln�h[vAt2h km_6+�hao y 	 $'	 z 	 |  h[vAt2h km_a^�(��
h[vAt2h km_a^6Y[h c _ah km_a^ln �!^`v!h[jlkm_ah[j`Z`Z ��h n�Z`j`Z`d[^ln�Z c y c r:o
_aZ`v!^"	 $ c r!_aZ`v!^"	 y c r!_aZ`v!^"	 | c r!_aZ`v!^"����h[d[r!^��!hut
��h n�Z`j`Z`d[^ln�^�d[Z`e!v!^`gih[j`^ c Z
d[Z%t2^#n�Z��4kmZ`_ah[j`^%t ^��`r!q`hut6)
Z�(�v!h[Z`_a^.+�Z`gi^`^%t d[^��!h[jlkm_a^ ��h[d[r:n�Z`q`Z`_a^ �
j�( c Z���Z`v��Gkm_a^�Y[h c _ah km_a^lnxdut2_a^`Z`Y[^ �!^`v!h[jlkm_ah[j`Z"�

y � y #1�:_�k c ^ln6�[Z`v*��Z`Y[Z!k1��q`h[jlnGrAt ��^2n�Z���^lnG_�k c n
	�v!r!d[h[_Ct2Z�v!h o
f`_aZ`d[ZlnCh \�h[q`ZAn�Z`d[^�e!h[_ah[f`r!d��`Z`Y[^`^lnGn�Z��4kmZ`_ah[j`^%t6�4Z`d[Zln�t2Z`Y
�`^`v!q`h[_a^�r!v!^-n�Z���^ln _�k c ^ln v!h[f`_aZ`d[^ln�Z%t2q`^ln t2^%t2r!h km_
e!h[_ah[Z`v*��+�h2^	�[h[Y[h[jln | \Uk t=n
	{d[h n�Z`d[h c Z�d[h[rAt ��h0n�Z���^lnC_�k�o
c ^lnKv!h[f`_aZ`d[^ln�Z%t2q`^ln'f`^ , ##\Uk t=n
��t2^%t2r!h km_ e!h[_ah[Z`v*�`o
+�hKh[vAt2^
\Uk t2^�e!h[_ah[v!h[f`_aZ`d[^ln �!^`v!h[jlkm_ah[j`Z`Z"	���h n�Z`j`Z`d[^lo
n�Z c 	 y{z 	 |4z c Z # z c r!_aZ`v!^"� ��h[d[r!^��!hut ��h n�Z`j`Z`d[^ln�^'d[Z`e:o
v!^`gih[j`^ c Z
d[Z%t2^ �4Z`d[r �[h[Y[h[j`^%t ^��`r!q`hut6)
Z�(xt2^%t2r!h km_a^2n�Z���^ln �`v!r c k��[gi^`^ln�v!h[f`_aZ`d[^ln�Z%t2q`^ln c Zlo
��Z`v��Gkm_a^�t2Z`Y���Z'n�Z`d[^`q`hKe!h[_ah[Z`v*��+�h��



. �

j�(xt2^%t2r!h km_a^
e!h[_ah[f`r!d��`Z`Y[^`^ln�Z%t2q`^ln �4Z c Z�� c ^`_a^�t2Z`Y o
��Z �

� (�v!h[f`_aZ`d[^ln�Z%t2q`^ln c Z���Z`v��Gkm_a^xdut2_a^`Z`Y[^Vt2Z`Y���Z"�
y � y % �� ^`v!d[Z�k1��q`h[jlnKrAt ��^�n�Z���^ln �`v!r c k��[e:n
	�v!r!d[h[_�n�Z`g �[^ c ^ln

r!v d[r!d���d[Z`v!h[j`h[_6+�h��4Z`d:d[r!d���d[Z`v!h[j`_a^ln6d[^`h[v Y[Z	�[^ c ^6�`v!r:o
c k��[e!h[j`^ln�v!Z`r c h[Y[r!j`h[j`^-�4Z`d[r:n�Z��`km_a^`Z ��h[d c h��4^-d[Z`e!v!^lo
gi^%t

A =

[

3 2 4 1
5 4 1 2

]

.

t2^%t2r!h km_a^#n�Z���^ln �`v!r c k��[e!^ln�h[vAt2h km_a^ln  Zln�^'d[r!gih[d k�o
_a^`ZVd[Z`e!v!^`gi^%t

B =
[

100 200 200 300
]>
.

rAt ��^`q`h
n�Z���^ln �`v!r c k��[e!^ln �4Z`d[r:n�Z���q`h[j`Z c  ^`v!d[Z7^	�[h[Y[h o
jln n�Z`d[^�n�Z���^ln Y[h c _ah km_�n
�aZ`d Y[h c _ah km_a^ln c Z`Y[Z���Z`v��C^ln
Y[r!v!d[h[j`^- e!r!Y[r!j`^%t�(Ct2^%t2r!h km_a^'n�Z���^ln �`v!r c k��[e!^ln�h[v:o
t2h km_a^lnVn�Z]\�Z`v!d[r!h[j`_aZ c �4Z`d[r:n�Z��`km_a^`Z�d[Z`e!v!^`gi^%t

C =









1 2 1
2 1 0
0 1 3
4 0 1









.

n�Z`d[^`q`h:Y[h c _ah km_a^lnKt2^%t2r!h km_a^Ge!r!Y[^ln6�!^`v!h[jlkm_ah[j`Z  c r:o
_aZ`v!r!j`^%t�(ad[r!gih[d km_a^`Z
d[Z`e!v!^`gi^%t

D =
[

10 5 15
]>
.

c Z`d[Z`e!h[j`^%t ��h[d[r!q`^��!rAt
E2 = [1 1]

d[Z`e!v!^`giZ"�
^��`r!q`hut �[q`h[d[rAt d[^%t2^%t2h[jlkm_a^ �[q`h[_aZ!d[Z`e!v!^`giZ c Z c Z`Z c o

�4^`Y[hut d[Z%t2^
h[f`r!Y[r!d[^`flkmv!^ ��^`Y[Z`Z`v:n�^")
Z�(
AB

	 j�(
AC

	 � (
CD

	 c ( ACD 	
h (
E2AB

	 q�(
E2ACD

	 + (
E2AB − E2ACD

�



t2Z`q`^ b[b[b

� 	�� �����
��� �� �	����� �
���������� ���� � �������������� ��

| � $'�:Z`d[r*�`n�h[Y[^%t n�^ln�e!h[d[ZVf`v!Z`d[h[v!^ln�\�h n�^%t6)

Z�(










2x + y − z = 9,

x− y − 3z = 4,

x− 2y + z = −2;

j�(










x + y + z = 3,

4x + 3z = 15,

5y − z = 3;

� (










3x− y + 2z = −8,

2x + y − z = −1,

y − 4z = 0;

c (










x + y − 2z = 0,

x− y + z = 1,

3x− y + 2z = 6;

h (










x− 3y + z = 2,

2x + y − z = 1,

x + 4y − 2z = 5;

q�(










2x + 2y − z = 3,

x + y + 4z = 6,

7x + z = 4.| � y �:Z`d[r*�`n�h[Y[^%t n�^ln�e!h[d[ZVd[Z`e!v!^`g+km_a^���h[v*��^%t6)

Z�(










x + y − z = 0,

2x + 3y − 2z = 2,

y + z = 5;

j�(










2x+ y + z = −2,

3x+ 4z = 7,

2y − z = −4;

� (










2x− 3y + 4z = 80,

x + y + z = 60,

3x + 2y + z = 100;

c (










x + y + z = 0,

3x− 2y − 4z = 5,

5y − 2z = 4.| � | �:Z`d[r*�`n�h[Y[^%t n�^ln�e!h[d[Z
f`v!r!Y[h[f`h[v:osf`Z��`h[_a^lnxt2h[r!v!h[d[^ln �4Z`d[r:o
�[h[Y[h[j`^%t6)

� �



� �

Z�(










3x− 4y + z = 2,

x + y − z = 0,

5x− 9y + 3z = −1;

j�(










x− 2y + z = −1,

2x+ y − 4z = 8,

x+ y + 2z = 5;

� (










x− y − z = 2,

2x + y + 3z = 3,

x + 2y + 4z = 1;

c (










5x− 4y + 3z = 4,

x + 3y − 4z = 0,

9x−11y+10z=8;

h (










x− 3y + z = 2,

−2x+6y−2z=−4,

3x− 9y + 3z = 6;

q�(










x+ 2y + 3z = 0,

2x+ y − z = 0,

3x+ 4y + 2z = 0.
| � #1�0n�Z`d n�Z��[r!Y[_a^`Z`Y[^�j`Z.+�v!^lnGd[rAt ��r!q`Y[^ln6 kmY��[gi^`h[j`^`Z*��h n�Z`j`Z`d[^lo

n�Z c )

Q1 = 8− P1 + P2 − P3,

Q2 = 10 + P1 − P2 − P3,

Q3 = 6 + P1 + P2 − 3P3,

d[^]\�r c h[j`^ln  kmY��[gi^`h[j`^
f`^ ,

Q1 = −3 + P1,

Q2 = −7 + P2,

Q3 = −2 + P3,

n�Z c Z`g P1
	
P2
	
P3

��h n�Z`j`Z`d[^ln�^ �`v!r c k��[e!h[j`^ln7h[vAt2h km_a^ln
 Zln�h[j`^`Z"�m^��`r!q`hut6)
Z�(V\�r!Y[Zln%\�r!v!r!j`^ln  Zln�h[j`^ �
j�(V\�r!Y[Zln%\�r!v!r!j`^ln7n�^ c ^ c h[h[j`^�n�Z`d[^`q`h'n�Z���^ln7n�Z��[r!Y[_a^lo
n�Z%t2q`^ln
�



� �

| �&% �*�!q`^`Y[^lnGd \�Z`v!d[r!h[j`h[_a^�f`r!d��`Z`Y[^`ZAn�Z`q`Z`w`v!r gih[Y[e!v:n�Z]\�q c ^ln
n�Z`d[^ c Zln�Z���h[_ah[j`^ln
n�Z`d[Z`v!f`r �!q`^`Y[r:n
	�v!r!d[h[_Ct2Z#d[rAt ��r!qlo
Y[^ln  kmY��[gi^`h[j`^`Z���h n�Z`j`Z`d[^ln�Z c )

Q1 = 50(2− P1 − P2 + 2P3),

Q2 = 50(4− P1 − P2 + P3),

Q3 = 50(1 + P1 + P2 − P3),

d[^]\�r c h[j`^ln  kmY��[gi^`h[j`^
f`^ ,

Q1 = −50 + 100P1,

Q2 = −100 + 50P2,

Q3 = −100 + 50P3,

n�Z c Z`g P1
	
P2
	
P3

��h n�Z`j`Z`d[^ln�^ �`v!r c k��[e!h[j`^ln7h[vAt2h km_a^ln
 Zln�h[j`^`Z"�m^��`r!q`hut6)
Z�(V\�r!Y[Zln%\�r!v!r!j`^ln  Zln�h[j`^ �
j�(V\�r!Y[Zln%\�r!v!r!j`^ln7n�^ c ^ c h[h[j`^�n�Z`d[^`q`h'n�Z���^ln7n�Z��[r!Y[_a^lo
n�Z%t2q`^ln
�

| � �4�0n�Z]\�Z`v!d[r�k1��q`h[jlnKn�Z`d[^an�Z���^ln
S1
	
S2

c Z S3
n�Z���^ln �`v!r c k�o

�[gi^`Zln
	�v!r!d[_a^ln�t2q`^ln�Z`g ^	�[h[Y[h[jln#Z��4v!hut2q`h2n�Z`d[^
N1

	
N2

c Z
N3

n�Z���^lnxY[h c _ah km_�n
�
S1

n�Z���^ln �`v!r c k��[gi^`^ln�h[vAt2^ h[vAt2h km_a^ln \�Z`v!d[r!h[j`Z
d[r!^%t ��r!qln

N1
	
N2

c Z N3
n�Z���^ln�Y[h c _ah km_a^ln
	 ��h n�Z`j`Z`d[^lo

n�Z c 	 y 	 | c Z y �`^`v!r!j`^%t h[vAt2h km_�n
	 S2
n�Z���^ln �`v!r c k��[gi^lo

^ln�h[vAt2h km_a^lnx\�Z`v!d[r!h[j`Z , y 	 % 	%$ �`^`v!r!j`^%t h[vAt2h km_�n
	
��r!_ar

S3
n�Z���^ln �`v!r c k��[gi^`^ln�h[vAt2h km_a^ln \�Z`v!d[r!h[j`Z ,

y 	 � c Z | �`^`v!r!j`^%t h[vAt2h km_�n
�
n�Z]\�Z`v!d[r:nGY[h c _ah km_a^Ad[^`h \�r c h[j`Z*��h[d c h��4^!r c h[Y[r!j`^%t6)
N1

n�Z���^lnxY[h c _ah km_a^ y{z4z �`^`v!r!j`^%t2^Vh[vAt2h km_a^"	



� .

N2
n�Z���^lnxY[h c _ah km_a^"# * z �`^`v!r!j`^%t2^Vh[vAt2h km_a^"	

N3
n�Z���^lnxY[h c _ah km_a^ $ � z �`^`v!r!j`^%t2^Vh[vAt2h km_a^"�

S1
	
S2

c Z S3
n�Z���^ln-�`v!r c k��[gi^`^ln7v!Zxv!Z`r c h[Y[r!j`ZxkmY c Z

c Z`Z`d,+�Z c r:n n�Z]\�Z`v!d[r!d�	�v!r!d-n�v:km_aZ c Z`^%t2q`^ln�r:n�d[^]\�r:o
c h[jlkm_a^VY[h c _ah km_a^"�

| ��� �:Z`q`e!r��[Z`v*��Z`Y[Zak1��q`h[jlnCn�Z`d[^
S1
	
S2

c Z S3
d[r c h[_a^ln#Z`q`e!r:o

d[r!j`^`_�n
�mn�Z]\�Z`v!d[r!r��`v!r!gih n�^ ��km_a^ln���d[r!jln-b�n�Z`Z`d��[v!r*��^
�[Z`v!^ln6Z]\ �[r!j`Zln
	�b[b0n�Z`Z`d��[v!r*��^6��h��!h[j`q`Zln c Zab[b[b0n�Z`Z`d��[v!r:o
��^
Z`q`e!r!d[r!j`^`_a^ln�e!h��[Y[^`flkmv �4Z`d[Z`vAt2q`Zln
�

S1
d[r c h[_a^ln-Z`q`e!r!d[r!j`^`_a^ln �4Z`d[r:n�Z���q`h[j`Z c b�n�Z`Z`d�� o

v!r:n h n�Z`w`^`v!r!h[j`Z y n�t6	:b[b#n�Z`Z`d��[v!r:n , | n�t6	:b[b[b
n�Z`Z`d��[v!r:n , %Vn�t6�
S2
d[r c h[_a^ln �4Z`d[r:n�Z���q`h[j`Z c b n�Z`Z`d��[v!r:nKh n�Z`w`^`v!r!h[j`Z

y n�t6	�b[b2n�Z`Z`d��[v!r:n , y n�t6	�b[b[b2n�Z`Z`d��[v!r:n , $#n�t6�
S3
d[r c h[_a^ln �4Z`d[r:n�Z���q`h[j`Z c b n�Z`Z`d��[v!r:nKh n�Z`w`^`v!r!h[j`Z

#�n�t6	�b[b2n�Z`Z`d��[v!r:n , %
n�t6	�b[b[b2n�Z`Z`d��[v!r:n , y n�t6�
n�Z`Z`d��[v!r!h[j`^lnGd k1��Z`r!j`Z c v!r*��^*��h,+/�:k c km_a^`Z")�f`q`^`v!^ln �4Z`Y o
d[Z`q`_ar!j`Z���^�b�n�Z`Z`d��[v!r d k1��Z`r!jln-Z`v!Zlkmd[h[e!h n � y n�Z`Z%t2^ln�Z"	
b[b , * z n�t6	4��r!_ar b[b[b , � $#n�t6�

v!Z`d c h[Y[^GgiZ`_a^ S1
	
S2
c Z S3

d[r c h[_a^lnCZ`q`e!r!d[r!j`^`_a^ln
�4Z`d[r*��q`h[j`Z���h k��[_a^`Z Z`q`e!r��[Z`v*��Z`Y[Zln f`q`^`v!^ln �4Z`Y[d[Z`q`_ar:o
j`Z���^"	�t=k d[Z�� n�^`d[Z`_�kmv!Z c �4Z`d[r!^	�[h[Y[h[jlnan�Z`Z`d��[v!r!h[j`^lnKn�Z`d k�o
��Z`r c v!r:n
�

| � *4�:e!h��[Y[r!_ar��4^lkmv�f`r!h  ^`gi^`h[Y[eAt2Z!d[Z`e!v!^`giZ2n�Z`d[^2kmvAt2^`h[vAt=o
��h k��!_ah[jlkm_a^ c Z`v��4^ln�Z%t2q`^ln�Z`v!^ln

A =





0, 2 0, 4 0, 1
0, 1 0, 2 0, 2
0, 2 0, 2 0, 1



 .



� �

c Z`v��4h[j`^lnVn�Z`j`r!_ar!r �`v!r c k��[e!h[j`^`Z")
q1 = 474, q2 = 948, q3 = 474.�4Z`Y n�Z.+/�!q`v!hut6	�\�Z`v!d[r!h[j`^ln �4h��4d[^ln ��h n�Z`j`Z`d[^ln�^
q`Z`v!^`Z`Y[e!^"�

| � &4�=\�Z`v!d[r!h[j`Z c Z	�[r� ^`_a^`Z6n�Z`d c Z`v��4Z c 	Uv!r!d[_a^lnVe!h��[Y[r!_ar:o
�4^lkmv f`r!h  ^`gi^`h[Y[eAt2Z
d[Z`e!v!^`giZ`Z

A =





0, 4 0, 2 0, 4
0, 3 0, 3 0, 1
0, 1 0, 2 0, 2



 .

h[vAt2h km_ �`v!r c k��[e�+�h gir!g ��Z`_a^���v!r!d[^ln c Z`Y[Z���Z`v��Ch[j`^
c Z`v��4h[j`^ln�d[^���h c q`^%t Zln�hut2^`Z")

z1 = 7
	
z2 = 6

	
z3 = 10

�
n�Z`j`r!_ar!r �`v!r c k��[e�+�hCd[rAt ��r!q`Y[^`_ah[j`^ln�q`Z`v!^`Z`Y[e!^`Z")
q1 = 2000, q2 = 1000, q3 = 2000.Z�( �4Z`Y n�Z.+/�!q`v!hut�t2^%t2r!h km_a^ c Z`v��4^lnA\�Z`v!d[r!h[j`^lnG^ln�d[r:o

g+km_ar!j`Z"	%v!r!d[h[_a^`g�n�Z`w`^`v!r!Z�d[h o y c Z`v��4^ln!n�Z`j`r!_ar!r
�`v!r c k��[e!^ln�h[vAt2^
h[vAt2h km_a^%t �4Z.+�v c ^ln�Z%t2q`^ln
�

j�( �4Z`Y n�Z.+/�!q`v!hut ��v!r!d[^ln'Zlkmgi^`_ah[j`h[_a^#dut2_a^`Z`Y[^ c Z`Y[Zlo
��Z`v��C^"�

| � $ z �:v!h��4^`r!Y[^ln h[f`r!Y[r!d[^`f`Zln �4Z`Y n�Z.+/�!q`v!Z`qln n�Z`d[^�d n���q`^`_a^�n�Zlo
\�Z`v!d[r
$'�2Y[Z`q%t2r!j��4Z c Z`d[Z`d k1��Z`q`h[j`h[_a^ �[Z`v*��Z`Y[Z �
y �!t2j`r!h[_ah��[e!v!r:n�Z c ��kmv!^ �
| �2v!f`^`Y[^��"+�Z"�



� �

n��[h[d[Z`e:kmv!Z c d[r!gih[d km_a^`Z�j`Z.+�v!^ln d[rAt ��r!q`Y[Z t2^%t2r:o
h km_a^ c Z`v��4^ln �`v!r c k��[gi^`Z.+�h c Z�Z��4v!hut2q`h c Z`v��4h[jln ��r:o
v!^ln�d[rAt ��r!q`Y[Zlosd[^]\�r c h[j`Z"�

b c Z`v��4^�$ c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[gi^`^lnan�Zlo
\�Z`v!d[r!h[j`_aZ c d[r!^���d[Z`v:n t2Z`q`^ln�^`q`h �`v!r c k��[gi^`^ln z 	 $
c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[e:n� v!r��4r!v!g Y[h c _ah o
km_�n (�	�Zln�h[q`h�d[h[r!v!h c Z`v��4^ln z 	 y c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln
�`v!r c k��[e:n c ZKd[h n�Z`d[h c Z`v��4^ln z 	 | c r!_aZ`v!^ln �!^`v!h[jlkm_ah o
j`^ln �`v!r c k��[e:n
�'b[b c Z`v��4^ $ c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln
�`v!r c k��[gi^`^ln n�Z]\�Z`v!d[r!h[j`_aZ c d[r!^���d[Z`v:n��`^`v!q`h[_a^ c Z`v:o
�4^ln z 	 | c r!_aZ`v!^ln��!^`v!h[jlkm_ah[j`^ln �`v!r c k��[e:n c Z6t2Z`q`^ln�^lo
q`h*�`v!r c k��[gi^`^ln z 	 $ c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[e:n
 v!r��4r!v!g Y[h c _ah km_�n (�	%��r!_ar b[b[b c Z`v��4^ , �`^`v!q`h[_a^ln
z 	 y c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[e:n c Z�d[h[r!v!h n z 	 y
c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[e:n
�

n��[h[d[Z.+�h#Zln�h[q`h#d[r!gih[d km_a^`Z"	+v!r!d6b c Z`v��4d[Z y{z4z4z c r:o
_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln6�`v!r c k��[gi^`^%t6	�b[b c Z`v��4d[Z $ z4z4z c r:o
_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln
	 ��r!_ar b[b[b c Z`v��4d[Z y{z4z4z c r!_aZ`v!^ln
�!^`v!h[jlkm_ah[j`^ln6�`v!r c k��[gi^`^%t kmY c Z:k/+�v:kmY[q`h[_ �[r!Y0j`Z.+�Z`v!^"�

v!Z �!^`v!h[jlkm_ah[j`^ln �`v!r c k��[gi^`Z-kmY c Z7Z]\�Z`v!d[r!r:n t2^lo
t2r!h km_ad[Z c Z`v��4d[Z�^`d[^ln�Z%t2q`^ln
	!v!r!d
k/+�v:kmY[q`h[_ �[r:n
	2v!r:o
�4r!v!g c Z`v���t2Z���r!v!^ln�^VZln�h[q`hGn�Z`j`Z.+�v!r d[rAt ��r!q`Y[Z"�

| � $'$'�0n��[h[d[Z.+�hCd[r!gih[d km_a^
h[f`r!Y[r!d[^`flkmv!^Vd[r c h[_a^ln�Z%t2q`^ln
)
Z�(![Z]\�h[v!hut d[rAt ��r!q`Y[Zlosd[^]\�r c h[j`^ln  e!h��[Y[r!_ar��4^lkmv f`r:o
h  ^`gi^`h[e!Yut2Z�( d[Z`e!v!^`giZ c Z n�Z`j`Z.+�v!r d[rAt ��r!q`Y[^ln
d[Z`e!v!^`giZ �

j�(�^��`r!q`hut n�Z`h[vAt2r �`v!r c k��[gi^`^ln d[Z`e!v!^`gi^ln d[Y[^���q`Y[h o
_ar!j`Z



� �



t2Z`q`^ b��

� �����
�����	��������������
��������� ���������������� ��

#1� $'��![Z]\�h[v!hut Z`v!^%t2d[h[e!^`flkm_a^6�`v!r��4v!h n�^`^ln6�`^`v!q`h[_a^-%G\�h[q`v!^"	
t=k%)
Z�(
an = 5n− 1;

� (
an = 2n;j�(

an = 2n− 1
� c ( an = 7n+ 8.#1� y � c Z]\�h[v!hut Z`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln +�r��4Z c ^'\�h[q`v!^")

Z�(
1; 4; 7, 10; 13; . . . ;j�(
4; 10; 16, 22; 28; . . . ;#1� | �*�4Z`d[rAt2q`Z`_ahutIZ`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln

a4
	
a5
	
a10

	

a100
\�h[q`v!h[j`^"	mt=k%)

Z�(
a1 = 7, d = 4

� � (
a1 = −2, d = 4

�

j�(
a1 = 8, d = −3; c ( a1 = −4, d = −2.#1� #1�:^��`r!q`hut

a1
	mt=k%)

Z�(
a10 = 1234, d = 15

� � (
a15 = 32, d = 0, 5

�

j�(
a8 = −9, d = −4

� c ( a100 = 0, d = −2
�

#1�&% �:Z`v!^%t2d[h[e!^`flkm_ �`v!r��4v!h n�^`Z���^
a1 = 5

	
d = −2

�+Z`d��`v!r:o
�4v!h n�^`^lnxv!r!d[h[_a^'\�h[q`v!^`Z −13

�

#1� �4�:Z`v!^%t2d[h[e!^`flkm_!�`v!r��4v!h n�^`Z���^
a1 = 1

	
a8 = 15

�+^��`r!q`hut
n���q`Z`r!j`Z"�

#1��� �:^��`r!q`hut Z`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln �`^`v!q`h[_a^G\�h[q`v!^ c Z
n���q`Z`r!j`Z"	+t=k%)
Z�(
a15 = 121, a21 = 400

�

� �



� �

j�(
a10 = 3, a15 = 18

�

� (
a15 = 18, a31 = −14

�

c ( a5 = 15, a15 = −3
�

#1� *4�2t=k h[vAt2^ Z`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln \�h[q`v!h[jln d[^`qlk�o
d[Z`e!h[j%t d[h[r!v!h�Z`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln ��h n�Z`j`Z`d[^ln
\�h[q`v!h[jln
	:d[^��!h[jlkm_a^ d[^`d c h[q`v!r!j`Z�^��[Y[h[j`Z t=k Z`v!Z�Z`v!^%t=o
d[h[e!^`flkm_a^ �`v!r��4v!h n�^`Z��

#1� &4� c Z`Z`d[e!f`^`gihut6	:v!r!dVZ`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln �`^`v!q`h o
_a^

n
\�h[q`v!^ln �CZ`d[^ �4Z`d[r!^%t2q`_ah[j`Z  r!v!d km_a^%t6)

Sn =
2a1 + d(n− 1)

2
n.

#1� $ z �:^��`r!q`hut Z`v!^%t2d[h[e!^`flkm_a^��`v!r��4v!h n�^`^ln �`^`v!q`h[_a^ *'\�h[q`v!^ln
�CZ`d[^"	 t=k%)
Z�(
a1 = 2, d = 3

� c ( a5 = 10, d = −2
�

j�(
a1 = 4, d = 7

� h (
a6 = −3, d = 4

�
� (

a2 = 8, d = 6
�

#1� $'$'�*�[Z`v*��Y[^ln�d[^`h[v \�Z`v!d[r!h[jlkm_a^��`v!r c k��[gi^`^ln�v!Z`r c h[Y[r!j`Z �[r:o
q`h[_G\�_a^lkmv!Z c ^.+�v c h[j`Z-$ z4z4z h[vAt2h km_a^%t6� ^��`r!q`hut d[h��`k�o
t2h�\�h[_�n �4Z`d[r*��q`h[jlkm_a^ �`v!r c k��[gi^`^ln v!Z`r c h[Y[r!j`Z"	
t=k
�[Z`v*��Z`Y[Z`d �`^`v!q`h[_ \�h[_�n �4Z`d[r:k1��q`Z"# % z4z h[vAt2h km_a^"�

#1� $ y � � kmv��[Y[^ln  Zln�^Gj`Z.+�Z`v�+�h �[r!q`h[_G\�_a^lkmv!Z c ^.+�v c h[j`Z $'%Kgih o
Y[e!^%t6�Uv!Z't2Z`Y���Z'^��[Y[h[j`ZKn�Z`w`^`v!r *xe!r!Y[Z � kmv��[Y[^ln���h n�Z��[h o
Y[Z c � \�_a^ln ��h[d c h��1	:t=k Z���_aZ $ f�� � kmv��[h[Y[^ |4z gih[Y[e!^
�!^`v:n��

#1� $ | �:Z`q`e!r!d[r!j`^`_a^7\�h[_a^]\�Z c ��^ r!v��Ch[v ^`Z� c h[j`Z y{z4z c r!_aZlo
v!^%t6�Cv!Z h��!^`v!h[j`Z # % z4z c r!_aZ`v!^`Z`Y[^ Z`q`e!r!d[r!j`^`_a^ d[h o
h��[qln�h'\�h[_�n�� v!Z`d c h[Y[^ �`v!r!gih[Y[e!^%t �4Z`^`Z� c h[j`Z7Z`q`e!r!d[r:o
j`^`_a^��



� �

#1� $ #1� y %�\�_a^`Z`Y[^
n�Z`h�� n��`_�kmZ`e!Z`gi^`r q`Z c ^lnxd��[r!Y[hCh[_ah��[e!v!r n�Zlo
�[r!Y[h[_a^ �!^`v:n $'% z4z c r!_aZ`v!^"� �[r!q`h[_G\�_a^lkmv!Z c d[^`d c ^lo
Y[Z`v!h[r!jln  Zln�^ln t2Z`Y[Z`j`Z`v!^ f`_ah[j`Z c Z n�Z`h�� n��`_�kmZ`e!Z`gi^`r
q`Z c ^ln �4Zln�q`_a^ln���h[d c h�� d[^ln�^� Zln�^ Y km_a^ln e!r!_a^ � c h[j`Z"�
^��`r!q`hut v!Z'h��!^`v!h[j`ZVh n
n�Z��[r!Y[h[_a^Vd[h o $ �V\�h[_�n��

#1� $'% �:j`Z`Y[f`d[Z��4Zln�giZ
K c r!_aZ`v!^`Z`Y[^'f`v!h c ^`e!^Cn�Z`v��4h[j`_a^ln
\�_a^lo

kmv!^ d[Z`v!e!^`q`^
r%

os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6� �4Z`d[rAt2q`Z`_ahutLv!Z
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#1��� $'�� km_a^ln c Z��4v!r!q`h[j`^ln�d[^.+�Y[^%t  ^`v!d[Zln�j`Z`Y[f���^ �[r!q`h[_a^2\�_a^ln
c Zln�Z]\ �[^ln���^6��h[Z��[qlnCh[vAt2^ c ZG^��4^`q`h A t2Z`Y���Z"�{j`Z`Y[f`^lnCn�Z`v:o
�4h[j`_a^ln6\�_a^lkmv!^6vAt=km_a^KY[r!d[^`Y[Z`_�kmv!^ �4Z`Y[Z`f`q`hut2^`Z

r%
 
t�Ch[v!Z c ^ c Z`v!^`g ��q`^%t�(��+^��`r!q`hut n

\�_a^ln ��h[d c h�� c Z��4v!r:o
q`^`_a^�t2Z`Y���Z"�

#1��� y �:^lkmv!^ c ^lkm_ �`^`v:n �[r!q`h[_a^�\�_a^ln c Zln�Z]\ �[^ln���^ j`Z`Y[f���^-��h o
Z��[qln # z4z c r!_aZ`v!^an�Z`v��4h[j`_a^ln#\�_a^lkmv!^6vAt=km_a^ � � os^`Z`Y[^
�4Z`Y[Z`f`q`hut2^%t6� �4Z`Y n�Z.+/�!q`v!hut v!Z t2Z`Y���Z c Z��4v!r!q c h[j`Z %
\�_a^ln ��h[d c h��1�

#1��� | �*�4Z`Y n�Z.+/�!q`v!hut v!Z t2Z`Y���Z7kmY c Z ��h[^`e!Z`Y[r:n d[h[Z`Y[Z`j`v!h[d �[r:o
q`h[_G\�_a^lkmv!Z c j`Z`Y[f���^"	av!r!d � \�_a^ln ��h[d c h�� d[Zln c Zlk���o
v!r!q c h n & z4z4z c r!_aZ`v!^"	 t=k j`Z`Y[f`^ln�n�Z`v��4h[j`_a^ln�\�_a^lkmv!^
vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z |�� �



� �

#1��� #1�:d[h[Z`Y[Z`j`v!h n �[r!q`h[_a^7\�_a^ln c Zln�Z]\ �[^ln���^ Z`Y��4Z`v!^��
+�h ��h[Z��[qln
$ z4z c r!_aZ`v!^ *C\�_a^ln6�4Z`Y[d[Z`q`_ar!j`Z���^"�{v!Z�t2Z`Y���Z c Zlk��4v!r:o
q c h[j`Z�d[h[Z`Y[Z`j`v!h n
	{t=k�j`Z`Y[f`^ln�n�Z`v��4h[j`_a^lna\�_a^lkmv!^�vAt=km_a^
�4Z`Y[Z`f`q`hut2^`Z % � �

#1����% �:^��`r!q`hut n�Z`v��4h[j`_a^ln�\�_a^lkmv!^ vAt=km_a^ � � os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^ln�h[f`q`^`q`Z`_ah[Y[e:kmv!^�vAt=km_a^Vf`q`Z`v!e!Z`_�kmv!^ �4Z`Y[Z`f`q`hut2^"�

#1��� �4�:v!r��4r!v!^`ZAn�Z`v��4h[j`_a^lnKvAt=km_a^
�[r!q`h[_Ct2q`^lkmv!^6�4Z`Y[Z`f`q`hut2^"	
t=k ��h n�Z`j`Z`d[^ln�^
\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z % � �

#1��� � �:^��`r!q`hut n�Z`v��4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv!^�vAt=km_a^ y � os^`Z`Y[^ �4Zlo
Y[Z`f`q`hut2^lnxh[f`q`^`q`Z`_ah[Y[e:kmv!^V\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^"�

#1���+*4�*�4Z`d[rAt2q`Z`_ahut n�Z`v��4h[j`_a^ln
�[r!q`h[_Ct2q`^lkmv!^AvAt=km_a^ |�� os^`Z`Y[^
�4Z`Y[Z`f`q`hut2^lnah[f`q`^`q`Z`_ah[Y[e:kmv!^�\�_a^lkmv!^�vAt=km_a^ �4Z`Y[Z`f`q`hut2^"�

#1���"&4�*�4Z`Y n�Z.+/�!q`v!hut n�Z`v��4h[j`_a^ln �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^ vAt=km_a^
% � os^`Z`Y[^��4Z`Y[Z`f`q`hut2^ln h[f`q`^`q`Z`_ah[Y[e:kmv!^ \�_a^lkmv!^ vAt=km_a^
�4Z`Y[Z`f`q`hut2^"�

#1� * z �:^��`r!q`hut n�Z`v��4h[j`_a^lnV\�_a^lkmv!^VvAt=km_a^ $ z�� os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^ln ��h n�Z`j`Z`d[^ln�^ d[Z`v!e!^`q`^ �4Z`Y[Z`f`q`hut2^�^`d �`^`v!r!j`^%t6	�v!r!d
h[vAt2^ c Za^`d[Z`q`h2n�Z]\ �[^ln�^#t2Z`Y���^ c Z`Y | \�h[_a^]\�Z c ��^ c Z��4v!r:o
q`^`_a^�t2Z`Y���h[j`^V^	�[r:n�e!r!_a^"�

#1� *4$'�:^��`r!q`hut n�Z`v��4h[j`_a^ln�\�_a^lkmv!^ vAt=km_a^�% � os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^ln�h[f`q`^`q`Z`_ah[Y[e:kmv!^�vAt=km_a^Vf`q`Z`v!e!Z`_�kmv!^ �4Z`Y[Z`f`q`hut2^"�

#1� * y �0n�Z`v��4h[j`_a^ln�v!Z`d c h[Y �`v!r!gih[Y[e!^`Z`Y[^Vf`q`Z`v!e!Z`_�kmv!^�vAt=km_a^
�4Z`Y[Z`f`q`hut2^%t kmY c Z�Z`q`^��!rAt n�h n���^"	�v!r!d c Z��4v!r!q c h n�^��4^`q`h
t2Z`Y���Z"	�v!Z`g �[r!q`h[_Ct2q`^lkmv!^VvAt=km_a^ |�� os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^ln
��h[dut ��q`h[q`Z���^"�

#1� * | �:v!r��4r!v!^ c Z`v!^`g ��q`^ln ��h c h��4Z c c Z��4v!r!q c h[j`Z k  v!rId[h o
e!^ t2Z`Y���Z"	:t=k Z`q`^��!h[j%t �[r!q`h[_Ct2q`^lkmv vAt=km_ |�� opn
	=t=k
�[r!q`h[_af`q`Z`v!e!Z`_�kmv vAt=km_ & � opn
�



� �

#1� *+#1�:d[h[Z`Y[Z`j`v!h n�Z`v(![h[q`Z`Y[^ Z��[qln  km_a^ c Z`Z`j`Z`Y c r:n r!v!^-j`Z`Y[f`^lo
c Z`YGh[vAt=osh[vAt ��^"� �`^`v!q`h[_a^#n�t2Z`q`Z.+�r!jln
n�Z`v��4h[j`_a^ln �[r!q`h o
_Ct2q`^lkmv vAt=km_ y � os^`Z`Y n�Z`v��4h[j`h[_�n
	Cd[h[r!v!h�f`^ , �[r:o
q`h[_af`q`Z`v!e!Z`_�kmv vAt=km_ � � os^`Z`Y!n�Z`v��4h[j`h[_�n
��v!r!d[h[_a^6q`Zlo
v!^`Z`Y[e!^`Z'k  v!r d[r!d��4h[j`^`Z`Y[^Vd[h[Z`Y[Z`j`v!^ln�Z%t2q`^ln��

#1� * % �:h[vAt2^Gj`Z`Y[f`^aZ`Y[Z`j`v!h[jlnK^��!h[jlnGn�Z`v��4h[j`_a^lnK\�_a^lkmv!^avAt=km_a^
$ y � os^`Z`Y[^��4Z`Y[Z`f`q`hut2^%t6	�d[h[r!v!h , Y[Z���h[q`Z`v2\�_a^`Z`Y[^�vAt=km_a^
� � os^%t6	!d[h n�Z`d[h , �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^�vAt=km_a^�# � os^%t6	
d[h[rAt ��h , �[r!q`h[_Ct2q`^lkmv!^avAt=km_a^ $ � os^%t6��v!r!d[h[_ j`Z`Y[f���^
n��Cr!jln  km_a^ln c Z`j`Z`Y c h[j`Z��

#1� * �4�:h[vAt2^�j`Z`Y[f`^ n�t2Z`q`Z.+�r!jln d[h[Z`Y[Z`j`v!h n h[vAt2^ \�_a^ln �4Z`Y[d[Z`qlo
_ar!j`Z���^'n�Z`v��4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv vAt=km_ |�� os^`Z`Y �4Z`Y[Z`flo
q`hut=n
	�d[h[r!v!h , n�Z`v��4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv d[Z`v!e!^`q | 	 # � o
^`Z`Y �4Z`Y[Z`f`q`hut=n
�Av!r!d[h[_ j`Z`Y[f���^�k  v!r ��h[_�n�Z	�[v!h[_a^`Z�d[h o
Z`Y[Z`j`v!^ln�Z%t2q`^ln  km_a^ln ��h[e!Z`Y[Z��

#1� * � �:v!r!d[h[_a^ �`^`v!r!j`^%t k  v!r ��h[_�n�Z	�[v!h[_a^`Z h[vAt2^x\�_a^ln�q`Zlo
c ^%t  km_a^ln c Z`j`Z`Y c h[j`Z")�n�Z`v��4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv!^�vAt=k�o
_a^ $ � os^%t6	mt=k d[Z`v!e!^`q`^ �[r!q`h[_Ct2q`^lkmv!^ $'	&% � os^%t6�

#1� *�*4� Z�( �4Z`Y n�Z.+/�!q`v!hut �[r!q`h[_G\�_a^lkmv!^
A c r!_aZ`v!^-�4Z c Zln�Zlo

��Z c ^ln n�^ c ^ c h�	Gt=k S c r!_aZ`v!^ Z��!h[jlkm_a^`Z q`Z`_aZ c
n�Z`v��4h[j`_a^ln�\�_a^lkmv!^ vAt=km_a^

r%
os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t

n
\�_a^lnxq`Z c ^%t6�

j�(�^��`r!q`hut n�Z]\ �[^ln�^
S
t2Z`Y���Z ^`d Z`Y km^`e!h[e!^ln�Z"	'v!r!d[h o

_a^`g �[r!q`h[_a^�\�_a^ln�j`r!_ar:n ^��[_ah[q`Z
A c r!_aZ`v ��h o

d[r:n�Z`q`Z`_�n
n
\�_a^ln �4Z`Y[d[Z`q`_ar!j`Z���^"	at=k n�Z`v��4h[j`_a^ln

\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z
r%

�
�4Z`Z`Y[Z`_a^.+�hut c Z���h[Z c Z`v!hut ��h c h��4h[j`^"�



� �

#1� *'&4�:j`Z`Y[f`^ c Z`Y:Z��!h[jlkm_a^`Z K c r!_aZ`v!^An�^ c ^ c ^lnaf`v!h c ^`e!^!n�Z`v:o
�4h[j`_a^ln \�_a^lkmv!^ vAt=km_a^�Y[r!d[^`Y[Z`_�kmv!^

r%
os^`Z`Y[^ �4Z`Y[Z`flo

q`hut2^%t  �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^ c Z`v!^`g ��q`Z�( c Z d k c d[^`q`^ A
c Zln�Z� Z`v!Z`q`^G\�_a^lkmv!^�Y[r!v!d[^%t6����h[Z c �4^`Y[hut n \�h[_a^]\�Z c ��^q`Z`_a^ln c Z� Z`v!q`^ln �4h��4d[Z"�

#1� & z �*�4Z`Y n�Z.+/�!q`v!hut �[r!q`h[_Ct2q`^lkmv!^ �4Z c Zln�Z���Z c ^ln n�^ c ^ c h
y % z4z4z4z c r!_aZ`v!^ q`Z`_a^ln�Z%t2q`^ln
	!v!r!d[h[_a^`g Z��!h[jlkm_a^`Z y{z
\�_a^%tIn�Z`v��4h[j`_a^ln \�_a^lkmv!^ vAt=km_a^�$ z�� os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^%t6�

#1� &4$'�*�4Z`Y n�Z.+/�!q`v!hut �[r!q`h[_Ef`q`Z`v!e!Z`_ ��^ �4Z c Zln�Z�� c h[_a^7t2Z`Y���^ln
n�^ c ^ c h�	2t=k�* z4z4z4z c r!_aZ`v!^�Z��!h[jlkm_a^`Z $ z \�_a^%t n�Z`v:o
�4h[j`_a^lnV\�_a^lkmv!^
vAt=km_a^
Y[r!d[^`Y[Z`_�kmv!^"* � os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^%t  �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^ c Z`v!^`g ��q`^%t�(��

#1� & y �:v!Z t2Z`Y���Z�kmY c Z �4Z c Z`^���Z c r:n c h[j`^`e!r!v!d[Z �[r!q`h[_G\�_a^lk�o
v!Z c 	Cv!r!d & z4z4z c r!_aZ`v!^ q`Z`_a^"	KZ��!h[jlkm_a^�n�Z`v��4h[j`_a^ln
\�_a^lkmv!^ vAt=km_a^ |�� os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6	 c Z� Z`v!r:n!$ z
\�_a^ln �4Z`Y[d[Z`q`_ar!j`Z���^"�

#1� & | �*�4Z`Y n�Z.+/�!q`v!hut �[r!q`h[_Ct2q`^lkmv!^ �4Z c Zln�Z���Z c ^ � z4z4z c r!_aZ`v!^
q`Z`_a^ln�t2q`^ln
	6v!r!d[h[_a^`gIZ��!h[jlkm_a^`Z � \�_a^%t6	Gn�Z`v��4h[j`_a^ln
\�_a^lkmv!^VvAt=km_a^ % � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6�

#1� &+#1�(% z4z4z c r!_aZ`v!^�Z��!h[jlkm_a^`Z n�h n���Z c n�Z`v��4h[j`_a^ln \�_a^lkmv!^
vAt=km_a^# � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6� v!Z�t2Z`Y���Z
kmY c Z �4Z c Z`^���Zlo
c r:nGd[r!q`Z`_ah[d �[r!q`h[_af`q`Z`v!e!Z`_�kmv!Z c 	�t=k�q`Z`_a^GZ��!h[jlkm_a^`Z
*x\�_a^%t6�

#1� & % �*�4Z`Y n�Z.+/�!q`v!hut �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^��4Z c Zln�Z���Z c ^ln n�^ c ^lo
c h � z!z4z4z c r!_aZ`v!^#q`Z`_a^ln�t2q`^ln
	�v!r!d[h[_a^`g Z��!h[jlkm_a^`Z $'%
\�_a^%t n�Z`v��4h[j`_a^ln�\�_a^lkmv!^�vAt=km_a^ � � os^`Z`Y[^��4Z`Y[Z`f`q`hut2^%t6�



� �

v!Z�t2Z`Y���Z c Zlkmj`v:kmY c h[j`Z�d[h[q`Z`_ah n�� �4Z`d[rAt2q`Z`_ahut�Y[Z]\�^`_ar:o
j`v!^`q`^ c Z� Z`v!q`^ln-�4Z`v!h���h#^`d[Z`q`h �`^`v!r!j`h[j���^ c Z��4v!r!q`^`_a^
t2Z`Y���Z"�

#1� & �4�:f`_a^`Y[^`f`^ln �4Z��`n�Y[^ln�Z%t2q`^ln j`Z`Y[f`^ c Z`Y Z��!h[jlkm_a^`Z f`v!h c ^`e!^
$ z!z4z4z c r!_aZ`v!^lnVr c h[Y[r!j`^%t6��n�Z`v��4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv!^
vAt=km_a^��4Z`Y[Z`f`q`hut2^`Z |�� �%f`v!h c ^`e!^ln c Z� Z`v!q`Z�� c h[j`ZAY[Z]\�^lo
_ar!j`v!^`q`Z c , d[r��4h[j`^ln�n�Z��4kmZ`_ah[j`^%t6�0v!Z c v!r c Zln�w`^`v:o
c h[j`ZKq`Z`_a^ln6n�v:km_ c Z� Z`v!q`Zln
	Ut=k �[r!q`h[_Ct2q`^lkmv!^#d[r��4h[j`Z
��h[Z c �4h[Y n-$'% z4z c r!_aZ`v:n
�

#1� & � �:Z���Z`_a^6n�Z��[d[^ln c Zln�Z]\ �[h[j`Z c  ^`v!d[Zln#n�w`^`v c h[j`Z $ * z4z4z c r:o
_aZ`v!^"�%n�Z`q`Z`v!Zlk c r �[r!q`h[_Ct2q`^lkmv!^�d[r��4h[j`Z���h[Z c �4h[Y n $ y{z4z
c r!_aZ`v:n
�
�!^`v:n6t=k Z`v!Zaf`v!h c ^`e!^ln6Z��!h[j`ZCj`Z`Y[f`^ c Z`Y2n�Z`v:o
�4h[j`_a^ln �[r!q`h[_Ct2q`^lkmv!^KvAt=km_a^-# � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6	�t=k
n�Z��[d[^`Z`Y[r!j`^ln ��Z`Y��4v��[q`^`_ar!j`Z`Z y \�h[_a^  ��h n�Z��[_ah[j`h[_a^`Z
q`Zlo
_a^lnxY[Z]\�^`_ar!j`v!^`q`^ c Z� Z`v!q`Z`g (��

#1� &�*4�0n�e:k c h[Y[e:n#f`r!d��`^lkme!h[v!^ln���h n�Z��[h[Y[Z c n�w`^`v c h[j`Z $'% z4z c r:o
_aZ`v!^"�{d[^ln�^An�e!^��`h[Y c ^`Z ��h[Z c �4h[Y n � % c r!_aZ`v:n
� c Z� Z`v!Z`qln
t=k7Z`v!Z�n�e:k c h[Y[e!^at2Z`q`^ln�^Gn�e!^��`h[Y c ^`^%t j`Z`Y[f`^ c Z`Y:n�Z`v��4h o
j`_a^ln�vAt=km_a^ �[r!q`h[_Ct2q`^lkmv!^ y � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t Z��!h o
jlkm_ q`Z`_�n
	+t=k n%\�Z`q`_a^ln ��Z`Y��4v��[_a^`q`r!j`Z`Z#-\�h[_a^"�

#1� &'&4�*�4Z`Y n�Z.+/�!q`v!hut n�Z]\ �[^ln�^7t2Z`Y���Z�^`d'Z`Y km^`e!h[e!^ln�Z"	iv!r!d[h[_a^`g
^��[_ah[q`Z �[r!q`h[_Ct2q`^lkmv % z4z c r!_aZ`v ��h[d[r:n�Z`q`Z`_�n y \�_a^ln
�4Z`Y[d[Z`q`_ar!j`Z���^"	�t=k
n�Z`v��4h[j`_a^ln�vAt=km_a^AY[r!d[^`Y[Z`_�kmv!^!\�_a^lo
kmv!^ �4Z`Y[Z`f`q`hut2^`Z $ y � �[r!q`h[_Ct2q`^lkmv!^ c Z`v!^`g ��q`^%t6�

#1� $ z4z �:^��`r!q`hut n�Z]\ �[^ln�^Ct2Z`Y���ZG^`d2Z`Y km^`e!h[e!^ln�Z"	�v!r!d[h[_a^`g ^��[_ah[q`Z
�[r!q`h[_Ct2q`^lkmv $ z4z4z c r!_aZ`v ��h[d[r:n�Z`q`Z`_�n %6\�_a^ln#d[Z`Y��[^`_�o
+�h�	it=k j`Z`Y[f`^ln7n�Z`v��4h[j`_a^ln \�_a^lkmv!^7vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z
� � �



� �

#1� $ z $'�*�4Z`Y n�Z.+/�!q`v!hut Z`Y km^`e!h[e!^ln ��Z`Y��4v��[_a^`q`r!j`Z"	 t=k � z4z4z c r:o
_aZ`v!^ c Z`j`Z`Y c h[jlkm_a^`Z7n�Z`v��4h[j`_a^ln vAt=km_a^7\�_a^lkmv!^ % � o
^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t c Z �[r!q`h[_a^'\�_a^lnVj`r!_ar:nV^��[_ah[q`Z $'% z4z
c r!_aZ`v:n
�

#1� $ z�y �:v!Z`d c h[Y[^ \�h[_a^ �4v��[h[_ c h[j`Z Z`Y km^`e!h[e!^"	't=k y $�& z4z c r:o
_aZ`v!^ c Z`j`Z`Y c h[jlkm_a^`Z n�Z`v��4h[j`_a^ln vAt=km_a^ Y[r!d[^`Y[Z`_�kmv!^
* � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t  �[r!q`h[_af`q`Z`v!e!Z`_�kmv!^ c Z`v!^`g ��q`Z�(
c Z �[r!q`h[_a^af`q`Z`v!e!_a^ln#j`r!_ar:n6d[h[Z`Y[Z`j`v!h!^��!h[jln y{z4z4z c r:o
_aZ`v:n
�

#1� $ z4| �:v!Z�d[^`Y[^`d[Z`_�kmv!^at2Z`Y���Z!kmY c Z c Z`Z`j`Z`Y c r!Y:d���r!j`_ah[j`d[Z�j`Z`Y[flo
��^"	 v!r!d6k/+�v:kmY[q`h[_��	�[r!Y ��q`^`_a^ln7n%\�Z`q`_a^ln��4Z c Zln�Z���Z c ^ln
�4Z c Z�� c Z  �[r!q`h[_G\�_a^lkmv!^ y{z4z4z c r!_aZ`v!^�( #a\�_a^ln �4Z`Y[d[Z`qlo
_ar!j`Z���^"	+t=k j`Z`Y[f`^ln�n�Z`v��4h[j`_a^ln-vAt=km_a^V\�_a^lkmv!^ �4Z`Y[Z`flo
q`hut2^`Z |�� �

#1� $ z #1�:j`Z`Y[f`^Cn�h n��`n
^��[_ah[q`ZCn�Z`v��4h[j`_a^ln
giq`_aZ c ^��4Z`Y[Z`f`q`h[q`^%t6��t=k
n�h n���^ Z`v Z��!h[d[Z`e!h[j`Z y{z4z4z c r!_aZ`v:n
	�d[Z���^`Y7n�Z`v��4h[j`_a^ln
vAt=km_a^!\�_a^lkmv!^��4Z`Y[Z`f`q`hut2^`Z * � 	 y{z4z4z c r!_aZ`v!^ c Z`Y�% z4z4z
c r!_aZ`v!Z`d c h , % � 	'% z4z4z c r!_aZ`v!^ c Z`Y�$ z4z4z4z c r!_aZ`v!Z`d o
c h , |�� 	
��r!_ar $ z4z4z4z c r!_aZ`v!^ln +�h[q`^%t , $ � � �4Z`d[r:o
t2q`Z`_ahut c Z��4v!r!q`^`_a^-t2Z`Y���Z % z \�_a^ln ��h[d c h�� $'% z4z c r:o
_aZ`v!^ln�n�h n���^ln�t2q`^ln
	at=k n�h n���^�Z`q`e!r!d[Z`e:kmv!Z c �4Z c Z c ^ln
n�Z`v��4h[j`_a^ln k  v!r c Z`j`Z`_a^��4Z`Y[Z`f`q`hut2^ln�n  h[v!r*��^"	av!r:o
�4r!v!g f`^ c Z��4v!r!q`^`_a^ t2Z`Y���Z �4Z c Z`Z`w`Z`v!j`h[jln n�h n���^ln ��h o
n�Z`j`Z`d[^ln +/�!q`v:km_ c r!Y[h n
�

#1� $ z % �:f`v!h c ^`e!^lnCv!Z`r c h[Y[r!j`^lnad[^���h c q`^%t j`Z`Y[flnaZ��[qln�n�Z`v��4h[j`_a^ln
�4Z`Y n���q`Z`q`h[jlkm_a^6�4Z`Y[Z`f`q`hut2h[j`^"�{t=kxf`v!h c ^`e!^�Z`v Z��!h[d[Z`e!h[j`Z
$ z4z4z c r!_aZ`v:n
	�d[Z���^`Y+n�Z`v��4h[j`_a^ln�\�_a^lkmv!^�vAt=km_a^��4Z`Y[Z`flo
q`hut2^`Z � � 	�$ z4z4z c r!_aZ`v!^ c Z`Y # z4z4z c r!_aZ`v!Z`d c h , # � 	



� .
# z4z4z c r!_aZ`v!^ c Z`Y $'% z4z4z c r!_aZ`v!Z`d c h , y � 	 $'% z4z4z
c r!_aZ`v!^ c Z`Y +�h[d[rAt , $ � �  ^`v!d[Z`d2n�h n���Z c Z`^��!r y % z4z4z
c r!_aZ`v!^"	iv!r!d[h[_�n�Z`g  Z`v!Z`qln Y[Z]\�^`_�osY[Z]\�^`_ �[r!q`h[_G\�_a^lo
kmv!^ y{z4z4z c r!_aZ`v!^%t6��v!Z`d c h[Y0\�h[_a^]\�Z c ��^ c Z� Z`v!Z`qln  ^lo
v!d[Z6j`Z`Y[f`^lnVq`Z`_�n
	�t=k f`v!h c ^`e!^#Z`q`e!r!d[Z`e:kmv!Z c �4Z c Z c ^ln
n�Z`v��4h[j`_a^ln k  v!r c ^ c ^ �4Z`Y[Z`f`q`hut2^ln n  h[v!r*��^"	Av!r��4r:o
v!g f`^ c Z`v(![h[Y[^`_a^�t2Z`Y���Z���h[d[gi^`v c h[j`Z���h n�Z`j`Z`d[^ln�+/�!qlo
v:km_ c r!Y[h[d c h��

#1� $ z �4�0n�Z`^`Y[q`h n�e!^`gi^`r
A

�`v!r!h��[e!^%t d[rAt ��r!q`Y[^`_a^ y{z4z4z4z c r:o
_aZ`v!^ | \�_a^ln ��h[d c h�� �4Z�� c h[j`Z y % z4z4z c r!_aZ`v!^"�m^��`r!q`hut
n�Z`v��4h[j`_a^ln ��^��4Z �4Z`Y[Z`f`q`hut2^"�

#1� $ z � �:v!Z7t2Z`Y���Zln c Zlkmj`v:kmY[h[jln��`v!r!h��[e*��^-d[r!Y[Z]\�^`_ah
d���Z`v!h
^`Y o
q`h n�e!r!v:n y * z4z4z c r!_aZ`v!^lnxn�Z`Y[Z`giq`_ar c 	it=k n�Z`v��4h[j`_a^ln
��^��4Z �4Z`Y[Z`f`q`hut2^`Z�* � 	*��r!_ar �`v!r!h��[e!^ln ��Z`Y��4v��[_a^`q`r!j`Z
, %�\�h[_a^"�

#1� $ z *4�0n�Z`^`Y[q`h n�e!^`gi^`r �`v!r!h��[e!^�d[r!^%t ��r!qln-* z4z4z c r!_aZ`v!^lna^`Y[q`h o
n�e!^`gi^`Zln c Z �4Z`v!Z`Y[e!^`Zln'^��[_ah[q`Z"	�v!r!d #
\�_a^ln ��h[d c h��V^`Y o
q`h n�e!r!v:n c Zlkmj`v:kmY[h[jln-$�� z4z4z c r!_aZ`v:n
��giY[r!j`^`_a^`Z"	�v!r!d
t2Z`Y���^ln c Z`j`Z`Y c h[j`Z n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h ��h n�Z��[_ah[j`h[_a^`Z
n�Z`v��4h[j`_a^ln�\�_a^lkmv!^�vAt=km_a^ |�� os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6�

�4Z`d[rAt2q`Z`_ahut6)
Z�(V\�d[^`Y c Z#n�Z]\ �[^ln�^'n�^ c ^ c h��
j�(
n�Z`v��4h[j`_a^ln ��^��4Z �4Z`Y[Z`f`q`hut2^"�

�4Z`Z`Y[Z`_a^.+�hut6	{n�Zln`kmv!q`h[_a^`Z6t=k Z`v!Z �`v!r!h��[e*��^Gd[r!Y[Z]\�^`_ah o
r!j`Z"�

#1� $ z &4� � \�_a^ln���h[d c h�� ^`Y[q`h n�e!r!v!^ln�Z%t2q`^ln c Z`j`v:kmY[h[jlkm_ad[Z t2Z`Y o
��Z`d ��h[Z c �4^`Y[Z $ z * z4z4z c r!_aZ`v!^"��v!Z't2Z`Y���Z c Z`Z`j`Z`Y c Z'^`Y o
q`h n�e!r!v!d[Z"	 t=k n�Z`v��4h[j`_a^ln ��^��4Z �4Z`Y[Z`f`q`hut2^V^	�[r $ z�� �



� �

#1� $'$ z �0n�Z`v��4h[j`_a^ln ��^��4Z & � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t $ y{z4z4z c r!_aZ`v!^lo
Z`Y[^
^`Y[q`h n�e!^`gi^`^ln �4Z`Y���r!v!gi^`h[_ah[j`^ln ��h c h��4Z c ^`Y[q`h n�e!r!v:n
c Zlkmj`v:kmY c Z $'%�% # z c r!_aZ`v!^"�!v!Z`d c h[Y[^�\�h[_a^ �4v��[h[_ c h o
j`r c Z
^`Y[q`h n�e!^`gi^`Z��

#1� $'$'$'�:q%t��[q`Z%t6	�n�Z`^`Y[q`h n�e!^`gi^`r��`v!r!h��[e!^Vd[r!^%t ��r!qln y % z4z4z c r:o
_aZ`v:n c Z��4Z`v!Z`Y[e!^`Zln�^��[_ah[q`Z"	2v!r!d #�\�_a^ln ��h[d c h�� ^��4^
c Z`Z`j`v:kmY[h[jln |4z4z4z4z c r!_aZ`v:n
��Z`d[Zln�t2Z`Y giY[r!j`^`_a^`Z"	�v!r!d
n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h#n�Z`v��4h[j`_a^ln c r!d[^`Y[Z`Y[e:kmv!^�\�_a^lkmv!^
vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z % � �

^��`r!q`hut6)
Z�(�v!Z#t2Z`Y���Zln
d[^`^��!h[jln
^`Y[q`h n�e!r!v!^ #V\�_a^ln���h[d c h��  k�o
_a^ln
n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h c Z`j`Z`Y c h[j`^%t �

j�(�v!Z�t2Z`Y���Z kmY c Z c Z`Z`j`Z`Y c r:n ^`Y[q`h n�e!r!v!d[Z n�Z� ^`Y[Z`Y o
n�r j`Z.+�Z`v�+�h�	�v!r!d # \�_a^ln���h[d c h�� d[^`^��!r:n |4z4z4z4z
c r!_aZ`v!^ �

� (V\�d[^`Y c Z#n�Z]\ �[^ln�^'n�^ c ^ c h  5�� � ( �
c (
n�Z`v��4h[j`_a^ln ��^��4Z �4Z`Y[Z`f`q`hut2^� b���� (��
d[^��!h[jlkm_a^-��h c h��4h[j`^ln�n�Z� k��[q`h[_6+�h ��h[Z� Zln�hut d[r!d��4h o

j`^`Z`Y[^`Z t=k Z`v!Z ^`Y[q`h n�e!r!v!^ln�t2q`^ln �`v!r!h��[e*��^7d[r!Y[Z]\�^`_ah o
r!j`Z c Z�v!r��4r!v ��h[^`giq`_ah[j`Z�n`kmv!Z%t2^"	4t=k�n�Z`v��4h[j`_a^ln c r:o
d[^`Y[Z`Y[e:kmv!^ \�_a^lkmv!^ vAt=km_a^ �4Z`Y[Z`f`q`hut2^ �4Z�� c h[j`Z # � �

� � �

#1� $'$ y �
A
�`v!r!h��[e!^Vd[r!^%t ��r!qln # % z4z4z c r!_aZ`v:n c Z | \�_a^ln �4Z`Y o

d[Z`q`_ar!j`Z���^!k/+�v:kmY[q`h[_��	�[r� n�d[^ln +�v c ZlnAn�Z`v��4h[j`_a^ln ��^��4Z
$ |�� os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6�

B
�`v!r!h��[e!^�^��4^`q`h't2Z`Y���^ln-d[^��!h o

j`^ln ��h[dut ��q`h[q`Z���^ c Z`Z`j`v:kmY[h[jln %"&�*'& % c r!_aZ`v:n
�
^��`r!q`hut6)



� �

Z�(�v!Z t2Z`Y���Z c Zlkmj`v:kmY c h[j`Z ^`Y[q`h n�e!r!v:n A �`v!r!h��[e!^ln
c Zln�v:km_ah[j`^ln ��h[d c h�� �

j�(
B
�`v!r!h��[e!^lnVn�Z`v��4h[j`_a^ln ��^��4Z �4Z`Y[Z`f`q`hut2^� b���� (

B
�

� (  5�� � (
A
	  5�� � (

B
	mt=k�n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h c r!d[^lo

Y[Z`Y[e:kmv!^'\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z � � �
v!r!d[h[_ �`v!r!h��[e*��^#n��Cr!jln�t2Z`Y���^ln c Z`j`Z`Y c h[j`Z��

#1� $'$ | �:^`Y[q`h n�e!r!v:n�n�Z��4kmZ`_ah[j`Z7Z��[qln7d[r!Y[Z]\�^`_ah[r!j`Z-d[^`^��!r:n7r!v!^
A c Z B n�Z`d \�_a^`Z`Y[^ �`v!r!h��[e!^ c Z`Y�d���r!_ar c h[vAt ��^"�

A�`v!r!h��[e!^�d[r!^%t ��r!qln $ |4z4z4z c r!_aZ`v:n c Z �4Z`v!Z`Y[e!^`Zln ^�� o
_ah[q`Z"	Av!r!d c Z`Z`j`v:kmY[h[jln $ � z4z4z c r!_aZ`v:n
	 B d[r!^%t ��r!qln
y{z4z4z4z c r!_aZ`v:n c Z Z`j`v:kmY[h[jln y % z4z4z c r!_aZ`v:n
��v!r!d[h[_
�`v!r!h��[e*��^�k  v!r d[r!d��4h[j`^`Z`Y[^`Z7d[r!Y[Z]\�^`_ah[r!j`Z"	:t=k n�Z� ^lo
Y[Z`Y n�r j`Z.+�Z`v�+�h0n�Z`v��4h[j`_a^ln c r!d[^`Y[Z`Y[e:kmv!^�\�_a^lkmv!^�vAt=k�o
_a^ �4Z`Y[Z`f`q`hut2^`Z � � �

#1� $'$ #1�%��h[d c h��4^%�\�_a^`Z`Y[^ �`v!r!h��[e!h[j`^ c Z`Y6v!r!d[_a^ln�Z`v(![h[q`Z`Z
k  o
v!r d[r!d��4h[j`^`Z`Y[^�# z4z4z4z c r!_aZ`v!^ln d��[r!Y[h ^`Y[q`h n�e!r!v!^ln�t=o
q`^ln
	2t=k n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h�n�Z`v��4h[j`_a^ln c r!d[^`Y[Z`Y[e:kmv!^
\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z* � �

�`v!r!h��[e!^ln
c Zln�Z���h[_ah[j`Z

n�Z]\ �[^ln�^
t2Z`Y���Z

n�Z`j`r!_ar!r
t2Z`Y���Z d[r��4h[j`Z

A
$'% z4z4z y{|4z4z4z * z4z4z

B
y{|4z4z4z | * z4z4z $'% z4z4z

C
|4z4z4z4z # � z4z4z $ � z4z4z

D
# z4z4z4z � z4z4z4z y{z4z4z4z

#1� $'$'% �:^`Y[q`h n�e!r!v:n Z��[qln Z`v(![h[q`Z`Y[^ c Z`Z`j`Z`Y c r:n � z4z4z c r!_aZ`v!^
r!v!^

A c Z B �`v!r!h��[e!^ c Z`Y:d���r!_ar c h[vAt ��^"��Z`d*�`v!r!h��[e!h o
j`^ln���h[d[r:n�Z`q`_ah[j`^6\�_ah[j`^ln
d[^���h c q`^%t d[r!gih[d km_a^`Z ��h[d c h��4^
g ��v!^`_a^%t6)



� �

Z�( \�_ah[j`^
A
�`v!r!h��[e!^

B
�`v!r!h��[e!^

$
a1 = 3000 b1 = 5000y
a2 = 2000 b2 = 1000|
a3 = 1000 b3 = 1000#
a4 = 5000 b4 = 1000

j�( \�_ah[j`^
A
�`v!r!h��[e!^

B
�`v!r!h��[e!^

$
a1 = 1000 b1 = 5000y
a2 = 2000 b2 = 4000|
a3 = 2000 b3 = 0#
a4 = 6000 b4 = 1000

giY[r!j`^`_a^`Z"	=v!r!d#n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h
n�Z`v��4h[j`_a^ln c r!d[^lo
Y[Z`Y[e:kmv!^2\�_a^lkmv!^�vAt=km_a^��4Z`Y[Z`f`q`hut2^`Z $'% � �%v!r!d[h[_ �`v!r:o
h��[e*��^'d[r!Y[Z]\�^`_ah[r!j`Z`Z'k  v!r d[r!d��4h[j`^`Z`Y[^ ^`Y[q`h n�e!r!v!^ln`o
t2q`^ln��

#1� $'$��4�� ^`v!d[ZlnKZ���Z`_a^ *6\�_a^`Z`Y[^ �`v!r!h��[e!^ln �4Z`Y���r!v!gi^`h[_ah[j`^ln�Z%t=o
q`^lnGn�w`^`v c h[j`Z $ z4z4z4z c r!_aZ`v!^lnK^`Y[q`h n�e!^`gi^`Z"��n�Z`q`Z`v!Zlk c r
�[r!q`h[_G\�_a^lkmv!^�d[r��4h[j`Z���h[Z c �4h[Y n # z4z4z c r!_aZ`v:n
	�v!r!d[_a^ln
% z�� �[r!q`h[_G\�_a^lkmv!Z c c Zlkmj`v:kmY c h[j`Z6^`Y[q`h n�e!r!v:n
� c Z`Z`^`Y o
e!h[v!h n�h[jln7t=k Z`v!ZxZ`d �`v!r!h��[e!^%t� ^`v!d[Z�^`Y[q`h n�e!r!v:n
	it=k
n�Z� ^`Y[Z`Y n�r j`Z.+�Z`v�+�h#n�Z`v��4h[j`_a^ln c r!d[^`Y[Z`Y[e:kmv!^�\�_a^lkmv!^
vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z % � �

#1� $'$ � �*�`v!r!h��[e!^#d[r!^%t ��r!qln $ * z!z4z4z c r!_aZ`v!^lnV^`Y[q`h n�e!^`gi^`Zln c Z
\�Z`v!d[Z`e!h[j`^ln ��h[dut ��q`h[q`Z���^)% \�_a^ln ��h[d c h�� c Z`Z`j`v:kmY[h[jln
y $ z!z4z4z c r!_aZ`v:n
	 ��r!_ar \�Z`v:kmd[Z`e!h[j`_ar!j`^ln ��h[dut ��q`h[q`Z���^
d���r!_ar c $�&�* % z4z c r!_aZ`v:n
� ��h[Z� Zln�hut n�^`e:kmZ`gi^`Z"	�t=k-n�Zlo
 ^`Y[Z`Y n�r j`Z.+�Z`v�+�h n�Z`v��4h[j`_a^ln c r!d[^`Y[Z`Y[e:kmv!^ \�_a^lkmv!^
vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z y � �



� �

#1� $'$ *4�:^lkmv!^ c ^lkm_ �`^`v:n Z��[qln�%�% z4z4z c r!_aZ`v!^ c Z t2Z`Y���^ln ^`Y o
q`h n�e!^`v!h[j`Z���h n�Z��[_ah[j`h[_a^`Z

A c Z B �`v!r!h��[e!^ c Z`Y d���r:o
_ar c h[vAt ��^"� A �`v!r!h��[e!^6^%t ��r!qln#n�Z]\ �[^ln#n�Z`^`Y[q`h n�e!^`gi^`r
t2Z`Y���Zln % z4z4z4z c r!_aZ`v:n c Z # \�_a^ln���h[d c h�� Z`j`v:kmY[h[jln
�+# z4z4z c r!_aZ`v:n
	%��r!_ar B

�`v!r!h��[e!^ f`^ ^%t ��r!qln n�Z]\ �[^ln
n�Z`^`Y[q`h n�e!^`gi^`r t2Z`Y���Zln�%�% z4z4z c r!_aZ`v:n c Z�# \�_a^ln ��h o
d c h�� Z`j`v:kmY[h[jln � z4z4z4z c r!_aZ`v:n
�=giY[r!j`^`_a^`Z"	=v!r!d#n�Z� ^lo
Y[Z`Y n�r j`Z.+�v!^ln�\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z |�� �
Z�( �4Z`d[rAt2q`Z`_ahut ��^��4Z �4Z`Y[Z`f`q`hut2^
r!v!^`q`h �`v!r!h��[e!^ln�Z%t=o
q`^ln ,  b���� (

A
c Z- b���� (

B
�

j�(�^��`r!q`hut�\�d[^`Y c ZCn�Z]\ �[^ln�^Kn�^ c ^ c h[h[j`^ ,  5�� � (
A
c Z

 5�� � (
B
�

� (�v!r!d[h[_ �`v!r!h��[e*��^:k  v!r d[r!d��4h[j`^`Z`Y[^`Z  km_a^ln c Z`j`Z`Y o
c h[j`Z- �4Z`Z`f`hut2hut ��h n�Z`j`Z`d[^ln�^ c Zln�f`q`Y[h[j`^�(��



t2Z`q`^ �

	���������� ����������������	��� ��� ���� �����
�����
������� ��� �������
���
���
����� ����������������	��� �� � ��� �����������
	������������

� ��� �	��������� � �

% � $'� +�r��4Z c ^7\�h[q`v!^ln d[^���h c q`^%t Z`d[r2\�h[v!hut d[^`d c h[q`v!r!j`^ln �`^lo
v!q`h[_a^VrAt ��^'\�h[q`v!^")
$ (
an =

n

n+ 1

� y (
an =

2n− 1

n3

�

| (
an =

(

−1

3

)n
� # (

an = (−1)n(4n+ 1)
�

%'(
an =

(−1)n · n
3n

� �
(
an =

(−1)n−1

n2(n + 1)

�

�'(
an =

2n

(n+ 2)!

� *
(
an =

(2n− 1)!

(n!)2

�
% � y �:^��`r!q`hut d[^`d c h[q`v!r!j`^ln +�r��4Z c ^'\�h[q`v!^")

$ ( 1

2
,
1

4
,
1

6
,
1

8
, . . .

� y (
1,−1

3
,
1

5
,−1

7
, . . .

�

| ( 1

4
,
2

7
,

3

10
,

4

13
, . . .

� # ( 3

4
,
5

8
,

7

12
,

9

16
, . . .

�

%'( 1

3
,−1

9
,

1

27
,− 1

81
, . . .

� �
(
1,

3

2
,
5

4
,
7

8
, . . .

�

�'( 5

4
,

9

11
,
13

18
,
17

25
, . . .

� *
( −5

7
,
10

13
,−15

19
,
20

25
, . . .

�
% � | �:d[^`d c h[q`v!r!j`^ln +/�!q`v!^ln �4Z`Y[d[Z`v!e!h[j`^ln n�Z� k��[q`h[_6+�h Z$![q`h o

Y[hut6	�v!r!d�)
� �



� �

$ (
an =

1

n

d[^`d c h[q`v!r!j`^ln�+/�!q`Z`v!^"	av!r!giZ
n → ∞ 	

Z`v!^ln
0
��^��`r!q`hut

n0(ε)
	�t=k

ε = 0, 1
�

y (
an =

(

2 +
1

n

) d[^`d c h[q`v!r!j`^ln +/�!q`Z`v!^"	 v!r!giZ

n → ∞ 	 Z`v!^ln y � ^��`r!q`hut
n0(ε)

	it=k Z�(
ε = 0, 01

	
j�(
ε = 0, 001

�

| (
an =

3n+ 2

n + 1

d[^`d c h[q`v!r!j`^ln +/�!q`Z`v!^"	 v!r!giZ

n→∞ 	�Z`v!^ln | ��^��`r!q`hut
n0(ε)

	�t=k
ε = 0, 1

�

# (
an =

n+ (−1)n

n

d[^`d c h[q`v!r!j`^ln +/�!q`Z`v!^"	-v!r!giZ

n→∞ 	�Z`v!^ln�$'��^��`r!q`hut
n0(ε)

	�t=k
ε =

1

4

�
% � #1�*�4Z`d[rAt2q`Z`_ahut +/�!q`v!h[j`^")

$ (
lim

n→∞

4n+ 2

7n+ 6

�

y (
lim

n→∞

2− 5n

n + 3

�

| (
lim

n→∞

n2 + 8n− 1

n2 − 7n+ 3

�

# (
lim

n→∞

4n2 + 7n− 10

9n2 + 13n+ 2

�

%'(
lim

n→∞

(n− 2)2 + (n + 5)2

(n+ 1)2 + (n− 3)2

�

�
(
lim

n→∞

(2n+ 1)2 − 4n2

(2n+ 3)2 − 4n2

�

�'(
lim

n→∞

4n3 + 5n2 + 2n + 1

3n2 − 2n+ 1

�

*
(
lim

n→∞

6n2 − 2

3n3 + 1

�



� �

&
(
lim

n→∞

n4 + n2 + 9

n2 + 9

�

$ z (
lim

n→∞

n2 + 5n+ 3

n5 − n4 + n2

�

$'$ (
lim

n→∞

(

2n+ 1

5n+ 3
− 5 + 2n

2 + 3n

)

�

$ y (
lim

n→∞

(n+ 1)4 + (n+ 2)4

(n− 1)4 + 5n4

�

$ | (
lim

n→∞

(n+ 1)(n + 2)(n+ 3)

n3 + 1

�

$ # (
lim

n→∞

(2n− 1)(1− 3n)(n+ 1)

(2n+ 1)(3n+ 2)(3n+ 1)

�

$'%'(
lim

n→∞

(n3 + 1)2 + (3n3 + 2)2

(n2 + 1)3 + (n2 − 2)3

�

$��
(
lim

n→∞

(n+ 2)(n2 + 4)(n3 − 1)

(n2 − 3)(n3 + 4)(n4 − 5)

�

$ �'(
lim

n→∞

√
n2 + 1 + 2n

n− 1

�

$ *
(
lim

n→∞

√
n2 − n+ 2√
n2 + 2n− 3

�

$�&
(
lim

n→∞

√
9n4 + 2n3 − 1

n2 +
√
n + 1

�

y{z (
lim

n→∞

3
√

27n9 − 2n6 + 3√
n4 + n2 − 2

�

y $ (
lim

n→∞

2n+1 + 3n+1

2n + 3n

�

y4y (
lim

n→∞

6n+1 + 2 · 4n

7 · 4n+1 − 6n

�



� �

y{| (
lim

n→∞

(n+ 1)!

(n+ 1)!− n!

�

y # (
lim

n→∞

(n+ 2)!− (n+ 1)!

(n+ 1)! + (n + 2)!

�

y %'(
lim

n→∞

n!

(n+ 1)! + (n + 2)!

�

y �
(
lim

n→∞

(n+ 1)! + (n + 3)!

(n+ 2)! + n!

�

y �'(
lim

n→∞

(n+ 4)!− (n+ 2)!

(n+ 4)! + (n + 2)!

�

y *
(
lim

n→∞

n! + (n+ 1)! + (n+ 2)!

n! + (n+ 1)!

�

y &
(
lim

n→∞

(n+ 3)! + n!

(n+ 2)!− n2

�

|4z (
lim

n→∞

(n+ 1)! + 5n

2(n+ 2)!

�

| $ (
lim

n→∞

(n+ 3)! + 4n

3(n+ 3)!− 5 · 6n

�

|�y (
lim

n→∞

(3n− 2)!− 2n

7n − (3n− 2)!

�

|4| (
lim

n→∞

(

1 + 2 + · · ·+ n

2n
+ 3n

)

�

| # (
lim

n→∞

(

1 + 2 + · · ·+ n

n
− n

)

�

| %'(
lim

n→∞

1 + 3 + 5 + · · ·+ (2n− 1)

n2 + 5

�

| �
(
lim

n→∞

1 + 4 + 7 + · · ·+ (3n− 2)

1 + 6 + 11 + · · ·+ (5n− 4)

�



� �

| �'(
lim

n→∞

(

2 + 4 + 6 + · · ·+ 2n

n
− n

3

)

�

| *
(
lim

n→∞

1− 2 + 3− · · ·+ (2n− 1)− 2n

n+ 5

�

| &
(
lim

n→∞

1 +
1

3
+ · · ·+ 1

3n

1 +
1

7
+ · · ·+ 1

7n

�

# z (
lim

n→∞

1 +
1

4
+ · · ·+ 1

4n

1 +
1

5
+ · · ·+ 1

5n

�

#1$ (
lim

n→∞

(√
3n− 1−

√
2n+ 5

)

�

# y (
lim

n→∞

(√
n2 + 2− n

)

�

# | (
lim

n→∞

(√
n2 + 5−

√
n
)

�

#�# (
lim

n→∞

(

6n−
√

7n2 + 1
)

�

# %'(
lim

n→∞

(√
n2 + n−

√
n2 − n

)

�

# �
(
lim

n→∞

(√
n2 + 4n+ 3−

√
n2 − n+ 2

)

�

# �'(
lim

n→∞

(

1 +
1

n

)4n
� # *
(

lim
n→∞

(

1 +
4

n

)n
�

#
&
(
lim

n→∞

(

1 +
1

2n

)6n+2
� % z (

lim
n→∞

(

3n+ 5

3n

)n
�

% $ (
lim

n→∞

(

1 +
7

n

)n−3
� % y (

lim
n→∞

(

1 +
3

7n

)14n
�



� .

% | (
lim

n→∞

(

n− 3

n+ 2

)n+4
� % # (

lim
n→∞

(

1 +
1

n+ 1

)n
�

%�%'(
lim

n→∞

(

n

n− 1

)2n
� % �
(

lim
n→∞

(

n+ 12

n + 2

)
n

4
−1

�

% �'(
lim

n→∞

(

3n+ 8

3n

)n+2
� %+*
(

lim
n→∞

(

1+
1

n2 + 1

)
2

3
n
�

%"&
(
lim

n→∞

(

n2 + 3

n2 + 2

)
n+2

3 � � z (
lim

n→∞

(

n2 + 3n

n2 + 2

)5n+2
�

�4$ (
lim

n→∞

(

n2 + 2n+ 5

n2 + 2n+ 4

)n2+2n+4
�

� y (
lim

n→∞

(

n2 + 5n+ 8

n2 + 5n+ 5

)n2+n
�

� | (
lim

n→∞

(

3n2 − n+ 1

3n2 + 2n− 1

)n+1
�

�+# (
lim

n→∞

(

4n2 + 5n+ 3

4n2 − n + 1

)n−2
�

� %'(
lim

n→∞

(

3n3 + 2

3n3 − 5

)n3+1 �
% �&% �:d[Z%t2h[d[Z`e!^`flkmv!^�^`Y c k��[gi^`^ln�d[hut2r c ^ln �4Z`d[r �[h[Y[h[j`^%t c Z`Z`d[e:o

f`^`gihut ��h[d c h��4^  r!v!d km_ah[j`^lnxd[Z`vAt2h[jlkm_ar!j`Z")
$ (�Z`v!^%t2d[h[e!^`flkm_a^ �`v!r��4v!h n�^`^ln�Z%t2q`^ln

Z�(
an = a1 + d(n − 1)

 +�r��4Z c ^�\�h[q`v!^ln �4Z`d[r:o
n�Z%t2q`_ah[_a^  r!v!d km_aZ�( �

j�(
Sn =

a1 + an

2
· n  �`^`v!q`h[_a^

n
\�h[q`v!^ln �CZ`d[^ln

�4Z`d[r:n�Z%t2q`_ah[_a^  r!v!d km_aZ�(��
y ( �4h[r!d[h[e!v!^lkm_a^ �`v!r��4v!h n�^`^ln�Z%t2q`^ln



� �

Z�(
bn = b1q

n−1  +�r��4Z c ^x\�h[q`v!^ln-�4Z`d[r:n�Z%t2q`_ah o
_a^  r!v!d km_aZ�( �

j�(
Sn =

b1(q
n − 1)

q − 1

 �`^`v!q`h[_a^
n
\�h[q`v!^ln �CZ`d[^ln

�4Z`d[r:n�Z%t2q`_ah[_a^  r!v!d km_aZ�( �
% � �4�:d[Z%t2h[d[Z`e!^`flkmv!^�^`Y c k��[gi^`^ln�d[hut2r c ^ln �4Z`d[r �[h[Y[h[j`^%t c Z`Z`d[e:o

f`^`gihut6	%v!r!d �[r!q`h[_a^AY[Z`e:kmv!Z`_�kmv!^
n
v!^`g ��q`^ln�Z%t2q`^lnad[Z`v:o

t2h[jlkm_a^`ZVe!r!_ar!j`h[j`^")
$ (

1 + 2 + 3 + · · ·+ n =
n(n + 1)

2

�

y (
1 + 3 + 5 + · · ·+ (2n− 1) = n2 �

| (
1 + 3 + 32 + · · ·+ 3n−1 =

3n − 1

2

�

# (
13 + 23 + 33 + · · ·+ n3 = (1 + 2 + 3 + · · ·+ n)2 �

% ��� �:d[Z%t2h[d[Z`e!^`flkmv!^�^`Y c k��[gi^`^ln�d[hut2r c ^ln �4Z`d[r �[h[Y[h[j`^%t c Z`Z`d[e:o
f`^`gihut6)
$ ( 1√

1
+

1√
2

+ · · ·+ 1√
n
>
√
n
	
n > 1

	
n ∈ N

�

y (�j`h[v!Y km_a^lnVkme!r!_ar!j`Z

(1 + a)n > 1 + na, a > −1, a 6= 0,

n > 1, n ∈ N.

% � *4�:d[r��[Z`_aZ��[h[d�n�h n���Z c Z`^��!r * z4z c r!_aZ`v!^ n�Z`v��4h[j`_a^ln Y[r:o
d[^`Y[Z`_�kmv!^6\�_a^lkmv!^#vAt=km_a^ $'% � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6�U^��`r:o
q`hut6	�v!Z6t2Z`Y���ZakmY c Z �4Z c Z`^���Z c r:n'd[r��[Z`_aZ��[h[d y \�_a^ln ��h o
d c h��1	�t=k c Z`v!^`g ��q`Z
\�Z`v!d[r!h[jlnVk�\ �[q`h[e!Z c �

% � &4�:j`Z`Y[f���^ ��h[e!Z`Y[^`_a^`Z $'$ z4z4z c r!_aZ`v!^ n�Z`v��4h[j`_a^ln Y[r!d[^lo
Y[Z`_�kmv!^ \�_a^lkmv!^ vAt=km_a^�* � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6���4Z`Y n�Zlo
+/�!q`v!hut $ z \�_a^ln �4Z`Y[d[Z`q`_ar!j`Z���^ c Z��4v!r!q`^`_a^Kt2Z`Y���Z"	�t=k
c Z`v!^`g ��q`Z � c h[j`Z")



� �

Z�( �[r!q`h[_G\�_a^lkmv!Z c � j�(
�[r!q`h[_ Y[Z���h[q`Z`v \�h[_a^]\�Z c ��^ �
� ( f`q`Z`v!e!Z`_�kmv!Z c � c ( �[r!q`h[_Ct2q`^lkmv!Z c �

h ( �[r!q`h[_ c �!^lkmv!Z c � q�(�k�\ �[q`h[e!Z c �
% � $ z �� ^`v!d[Z`d�j`Z`Y[f`^ c Z`Y�n�h n���Z c Z`^��!r � z4z4z c r!_aZ`v!^�n�Z`v��4h o

j`_a^ln Y[r!d[^`Y[Z`_�kmv!^ \�_a^lkmv!^ vAt=km_a^�$ y � os^`Z`Y[^ �4Z`Y[Z`f`q`h o
t2^%t6�+v!Z�t2Z`Y���Zln c Zlkmj`v:kmY[h[jln� ^`v!d[Z�j`Z`Y[fln # \�_a^ln ��h[d o
c h��1	�t=k c Z`v!^`g ��q`Z � c h[j`Z")
Z�( �[r!q`h[_G\�_a^lkmv!Z c � j�(
�[r!q`h[_ Y[Z���h[q`Z`v \�h[_a^]\�Z c ��^ �
� ( f`q`Z`v!e!Z`_�kmv!Z c � c ( �[r!q`h[_Ct2q`^lkmv!Z c �

h ( n�Z`Z%t2r!j`v!^`q`Z c � q�(�k�\ �[q`h[e!Z c �
% � $'$'�:v!Z t2Z`Y���Z kmY c Z ��h[q`^`e!Z`Y[rAt j`Z`Y[f���^ k�\ �[q`h[e!^ c Z`v!^`g �`o

q`^ln ��h[dut ��q`h[q`Z���^"	Gv!r!d | \�_a^ln ��h[d c h�� d[^`q`^��!rAt & z4z4z
c r!_aZ`v!^"	+t=k�n�Z`v��4h[j`_a^ln-Y[r!d[^`Y[Z`_�kmv!^�\�_a^lkmv!^�vAt=km_a^
�4Z`Y[Z`f`q`hut2^`Z � � �/�4Z`d[rAt2q`Z`_ahut c ^ln�f`r!Y[e!^"�

% � $ y �:v!Z q`Z c ^%t kmY c Z �4Z`Zln�h n���r:n j`Z`Y[f`d[Z k�\ �[q`h[e!^ c Z`v!^`g �`o
q`^ln6��h[dut ��q`h[q`Z���^ � z4z4z c r!_aZ`v!^�n�Z`v��4h[j`_a^lnKY[r!d[^`Y[Z`_�kmv!^
\�_a^lkmv!^-vAt=km_a^ % � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6	iv!r!d#j`Z`Y[f`^ln�d[r:o
�4h[j`Z
^	�[r:n y{z4z4z c r!_aZ`v!^"�

% � $ | �0n�Z`v��4h[j`_a^ln7Y[r!d[^`Y[Z`_�kmv!^�\�_a^lkmv!^�vAt=km_a^Vn�Z��`v!r!gih[Y[e!r
�4Z`Y[Z`f`q`hut2^%t c Z`j`Z`Y c h[jlkm_a^ * z4z4z c r!_aZ`v!^ %�\�_a^ln ��h[d c h��
�4Z�� c Z $ z4z4z4z c r!_aZ`v!^"�:^��`r!q`hut n�Z`v��4h[j`_a^ln �4Z`Y[Z`f`q`hut2^"	
t=k c Z`v!^`g ��q`Z
\�Z`v!d[r!h[jln
k�\ �[q`h[e!Z c �

% � $ #1�:j`Z`Y[f`d[Z�# \�_a^ln q`Z c ^%t �4Zln�giZ $ y{z4z4z c r!_aZ`v!^ln f`v!h c ^lo
e!^ n�Z`v��4h[j`_a^ln Y[r!d[^`Y[Z`_�kmv!^ \�_a^lkmv!^ vAt=km_a^ # � os^`Z`Y[^
�4Z`Y[Z`f`q`hut2^%t6�'v!Z t2Z`Y���Z kmY c Z c Zlkmj`v:kmY[r:n c h[j`^`e!r!v!d[Z
j`Z`Y[fln
	Kt=k c Z`v!^`g ��q`Z \�Z`v!d[r!h[jln�k�\ �[q`h[e!Z c � �4Z`Y n�Z.+/�!qlo
v!hut j`Z`Y[f`^ln�d[r��4h[j`Z"�



� �

% � $'% �*�4Z`Y n�Z.+/�!q`v!hut * % z4z c r!_aZ`v!^ln ��h n�Z`j`Z`d[^ln�^ c ^ln�f`r!Y[e!^`v!h o
jlkm_a^�t2Z`Y���Z!k�\ �[q`h[e!^ c Z`v!^`g ��q`^ln ��h[dut ��q`h[q`Z���^"	�t=k c v!r:o
^ln �4kmZ`_ah c ^`Z * \�h[_a^"	 ��r!_ar n�Z`v��4h[j`_a^ln Y[r!d[^`Y[Z`_�kmv!^
\�_a^lkmv!^VvAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z & � �

% � $��4�:v!Z c v!r!Z�n�Z`w`^`v!r 	Av!r!dxk�\ �[q`h[e!^ c Z`v!^`g ��q`^ln ��h[dut ��q`h o
q`Z���^6n�Z`v��4h[j`_a^lnxY[r!d[^`Y[Z`_�kmv!^'\�_a^lkmv!^VvAt=km_a^ * � os^`Z`Y[^
�4Z`Y[Z`f`q`hut2^%t c Z`j`Z`Y c h[jlkm_a^xt2Z`Y���Z �4Z`r!v!d[Z�� c h n��

% � $ � �:v!Z`d c h[Y[^K\�_a^%t�kmY c Z ��h[q`^`e!Z`Y[rAt j`Z`Y[f���^Kk�\ �[q`h[e!^ c Z`v!^lo
g ��q`^ln ��h[dut ��q`h[q`Z���^ y $ y{z4z c r!_aZ`v!^Cn�Z`v��4h[j`_a^ln#\�_a^lkmv!^
vAt=km_a^�# � os^`Z`Y[^ �4Z`Y[Z`f`q`hut2^%t6	�v!r!d c Z��4v!r!q c h n � | � z4z
c r!_aZ`v!^��

% � $ *4�� ^`v!d[Z`dGj`Z`Y[f���^ c Z`Z`j`Z`Y c Z $ * z4z4z c r!_aZ`v!^"� y{z \�_a^ln ��h[d o
c h���j`Z`Y[f`d[Z  ^`v!d[Zln c Zlkmj`v:kmY[Z � y{z4z4z c r!_aZ`v!^"� ^��`r!q`hut
n�Z`v��4h[j`_a^lnaY[r!d[^`Y[Z`_�kmv!^�\�_a^lkmv!^�vAt=km_a^ �4Z`Y[Z`f`q`hut2^"	{t=k
c Z`v!^`g ��q`Z
\�Z`v!d[r!h[jlnVk�\ �[q`h[e!Z c �

% � $�&4�*�4Z`Y n�Z.+/�!q`v!hut n�Z]\ �[^ln�^
S(n) t2Z`Y���Z7^`d
Z`Y km^`e!h[e!^ln�Z"	=v!r:o

d[h[_a^`g
n
\�_a^ln �4Z`Y[d[Z`q`_ar!j`Z���^ �[r!q`h[_G\�_a^lkmv!Z c ^��[_ah[q`Z

y # z4z4z c r!_aZ`v ��h[d[r:n�Z`q`Z`_�n
	 t=k n�Z`v��4h[j`_a^ln \�_a^lkmv!^
vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z-$ y � �1�4Z`d[rAt2q`Z`_ahut

S(n) d[^`d c h[q`v!r:o
j`^ln +/�!q`Z`v!^"	mv!r c h n�Z`g n→∞ �

% � y{z � c Z`Z`d[e!f`^`gihut6	4v!r!d:n�Z]\ �[^ln�^Kt2Z`Y���ZC^`d=k�n�Zln�v:km_ar Z`Y km^`e!h o
e!^ln�Z"	4v!r!d[h[_a^`g �[r!q`h[_a^G\�_a^lnCj`r!_ar:nK^��[_ah[q`Z

A c r!_aZ`v
��h[d[r:n�Z`q`Z`_�n
	 �4Z`d[r!^%t2q`_ah[j`Z  r!v!d km_a^%t

S =
100A

r

	+t=k
n�Z`v��4h[j`_a^ln�\�_a^lkmv!^�vAt=km_a^ �4Z`Y[Z`f`q`hut2^`Z

r%
�

% � y $'�:^��`r!q`hut n�Z]\ �[^ln�^�t2Z`Y���Zx^`dak�n�Zln�v:km_ar Z`Y km^`e!h[e!^ln�Z"	+v!r:o
d[h[_a^`g �[r!q`h[_a^ \�_a^ln j`r!_ar:n�^��[_ah[q`Z |�y{z4z c r!_aZ`v ��h o
d[r:n�Z`q`Z`_�n
	at=k n�Z`v��4h[j`_a^ln \�_a^lkmv!^ vAt=km_a^��4Z`Y[Z`f`q`hut2^
* � os^`Z"�



� �

% � y4y �*�4Z`Y[q`^���^`_arAt ��h[d c h��4^�k�n�Zln�v:km_ar Z`Y km^`e!h[e!^") c �!h n  n�Z]\Uo
�[^ln�^ , z \�h[_a^�(=kmY c Z �4Z`^`gih n Y c r!_aZ`v!^"	"��r!_ar �[r!q`h[_
d[r!d c h[q`Y[r \�h[_�n �4Zln�Z`gih[d[^�t2Z`Y���Z�^.+�v c h[j`Z g �`v!r!gih[Y[e!^%t6� h n Y[^���Y[Z`qln
	:d[Z��4Z`_a^%t2Z c 	2v!r!d�$ \�_a^ln ��h[d c h����4Z`^`gih[d[Z
Y (1 + g)

t2Z`Y���Z"� (
r
os^%t Z��!q`Y[^���Y[rAt6	m^`d[Z`q`hCZ.+�v!^%t6	mj`Z`Y[flo

��^Gt2Z`Y���^ln6+�v c ^ln �`v!r!gih[Y[e!^ (r > g)
� c Z`Z`d[e!f`^`gihut6	{v!r!d

Z`d
k�n�Zln�v:km_arEZ`Y km^`e!h[e!^ln�n�Z]\ �[^ln�^ t2Z`Y���Z-�4Z`d[r!^%t2q`_ah[j`Z
 r!v!d km_a^%t

S = Y
(1 + r)

r − g

�
% � y{| �:^��`r!q`hut ��h[d c h��4^'d \�f`v!^`q`h[j`^ln �CZ`d[^")

$ ( ∞
∑

n=1

1

n(n + 1)

� y ( ∞
∑

n=1

1

n(n+ 3)

�

| ( ∞
∑

n=1

1

(n+ 1)(n+ 3)

� # ( ∞
∑

n=1

1

(2n− 1)(2n+ 1)

�

%'( ∞
∑

n=1

2

(5n− 2)(5n+ 3)

� �
( ∞
∑

n=1

5

(6n− 2)(6n+ 4)

�

�'( ∞
∑

n=1

1

3n

� *
( ∞
∑

n=1

3n

7n

�

&
( ∞
∑

n=1

5n + 6n

30n

� $ z ( ∞
∑

n=1

3n + 4n

12n

�

$'$ ( ∞
∑

n=1

4n

9n+2

� $ y ( ∞
∑

n=1

2n−3

5n+1

�

$ | ( ∞
∑

n=1

3
n

4

8
n

2

� $ # ( ∞
∑

n=1

2
n

6

3
n

3

�

% � y #1�%��h[Z`d[r2\�d[hut6	���h n�v:km_ah[jlkm_a^`Z t=k Z`v!Z ��h[d c h��4^ d \�f`v!^`q`h o
j`^ln�Z%t2q`^ln�d \�f`v!^`q`^lnxf`v!h[j`Z c r!j`^ln�Zlkmgi^`_ah[j`h[_a^ �`^`v!r!j`Z")



� �

$ ( ∞
∑

n=1

2n+ 7

3n− 1

� y ( ∞
∑

n=1

10n

100n+ 1

�

| ( ∞
∑

n=1

5

n2 + 1

� # ( ∞
∑

n=1

(

n

n− 1

)2 �

% � y % �%��h c Z`v!h[j`^ln#Y[^���Y[h[j`^ln �4Z`d[r �[h[Y[h[j`^%t �4Z`d[r!^`f`q`_a^`hut ��h[d c h��4^
d \�f`v!^`q`h[j`^ln�f`v!h[j`Z c r!j`Z")

�����������	�	
�� ��h c Z`v!h[j`^ln
Y[^���Y[h[j`^%t n�Z`v��4h[j`_ar!j`^ln�Zlnxd[r:o
��h[v*��h[jlkm_a^`Z �4Z`d[r!q`^	�[h[Y[rAt �4h[r!d[h[e!v!^lkm_a^ �`v!r��4v!h n�^`Z

∞
∑

n=1

aqn−1 (a 6= 0),

v!r!d[h[_a^`g f`v!h[j`Z c ^`Z"	�v!r!giZ |q| < 1 c Z��4Z`Y���_aZ c ^`Z"	�v!r:ogiZ |q| ≥ 1
	 c Z

∞
∑

n=1

1

nα

d \�f`v!^`q`^"	Uv!r!d[h[_a^`g f`v!h[j`Z c ^`Z"	Uv!r!giZ α > 1 c Z �4Z`Y���_aZlo
c ^`Z"	�v!r!giZ α ≤ 1

�
$ (

1 +
1√
2

+
1√
3

+ · · ·+ 1√
n

+ · · · �

y (
1 +

1

2 · 3 +
1

3 · 32
+ · · ·+ 1

n · 3n−1
+ · · · �

| ( 3

7
+

1

2

(

3

7

)2

+
1

3

(

3

7

)3

+ · · ·+ 1

n

(

3

7

)n

+ · · · �

# ( 1√
2 · 1

+
1√
3 · 2

+
1√
4 · 3

+· · ·+ 1
√

n(n− 1)
+· · · �

%'(
2 +

√
3

2
+

√
4

3
+ · · ·+

√
n+ 1

n
+ · · · �



� �

�'( ∞
∑

n=1

n3 + 3√
n7

� *
( ∞
∑

n=1

1
√

n2(n4 + 2)

�

&
( ∞
∑

n=1

1

ln(n + 1)

�

% � y �4� c Z`Z c �4^`Y[hut6	af`v!h[j`Z c ^`Z�t=k Z`v!Z d \�f`v!^`q`^  ^ln�Z`v��4h[j`_ahut
��h c Z`v!h[j`^lnxY[^���Y[h[j`^%t�(�)
$ ( 1

2
+

1

4
+

1

6
+ · · ·+ 1

2n
+ · · · �

y ( 1

7
+

1

12
+

1

17
+ · · ·+ 1

5n+ 2
+ · · · �

| ( 1

3− 1
+

1

32 − 2
+

1

33 − 3
+ · · ·+ 1

3n − n
+ · · · �

# ( 1

12 + 1
+

3

22 + 1
+

5

32 + 1
+ · · ·+ 2n− 1

n2 + 1
+ · · · �

%'( ∞
∑

n=1

2n2 + 7

n3

� �
( ∞
∑

n=1

5n3 − 4

6n4

�

�'( ∞
∑

n=1

6n2 + 9

n4 − 2

� *
( ∞
∑

n=1

√
n+ 1−√n

n

�
% � y � � c Z`_aZ`d[j`h[v!^lnxY[^���Y[^ln �4Z`d[r �[h[Y[h[j`^%t �4Z`d[r!^`f`q`_a^`hut ��h[d c h��4^

d \�f`v!^`q`h[j`^ln�f`v!h[j`Z c r!j`Z")
$ ( ∞

∑

n=1

n

3n

� y ( ∞
∑

n=1

5n

2n

�

| ( ∞
∑

n=1

2n+3

7n

� # ( ∞
∑

n=1

5n

n2 · 4n+1

�

%'( ∞
∑

n=1

4n

n4 · 3n

� �
( ∞
∑

n=1

n5

en

�



� �

�'( ∞
∑

n=1

1

n!

� *
( ∞
∑

n=1

n!

5n

�

&
( ∞
∑

n=1

nn

n!

� $ z ( ∞
∑

n=1

2n · n!

nn

�

$'$ ( ∞
∑

n=1

(2n− 1)!

(n!)2

� $ y ( ∞
∑

n=1

(n+ 1)
√
n

(n+ 1)!

�

% � y *4�:f`r*��^ln�Y[^���Y[^ln �4Z`d[r �[h[Y[h[j`^%t �4Z`d[r!^`f`q`_a^`hut ��h[d c h��4^2d \�f`v!^lo
q`h[j`^lnxf`v!h[j`Z c r!j`Z")
$ ( ∞

∑

n=1

(

n

2n + 1

)n
� y ( ∞

∑

n=1

(

2n− 1

3n+ 5

)n
�

| ( ∞
∑

n=1

(

2n2 + 3

n2 − 6

)n
� # ( ∞

∑

n=1

(

3n2 + 1

7n2 + 8

)
n

2 �

%'( ∞
∑

n=1

1

4n

(

n

n+ 1

)n2

� �
( ∞
∑

n=1

1

2n

(

n + 1

n

)n2

�

�'( ∞
∑

n=1

1

(lnn)n

� *
( ∞
∑

n=1

3n

n · 7n

�

&
( ∞
∑

n=1

(

2n + 4

n− 1

)3n
� $ z ( ∞

∑

n=1

(

n

5n+ 1

)2n
�

$'$ ( ∞
∑

n=1

nn

2n

� $ y ( ∞
∑

n=1

7n−1

3n−1 · nn

�



t2Z`q`^ �#b

�
������� � �� ������ ���
��� � �
	�� ��� � ������� � �� ����
�"���� � ���� ���� �"���� � �������	�����
	���� �"���� � �����

� ��� �������� ��

�4� $'�
f(x) = 3x − 2 c Z g(x) = x − x2  kmY��[gi^`h[j`^ln�Z%t2q`^ln
�4Z`d[rAt2q`Z`_ahut6)
Z�(
f(2)

� j�(
g(5)

� � (
f(2)−g(5)

�

c ( g(3)·f(0)
� h ( g(−2)

f(−2)

� q�( g(−3)

f(2)

�
�4� y �

f(x) = 3x + 2
 kmY��[gi^`^ln�Z%t2q`^ln �4Z`d[rAt2q`Z`_ahut6)

Z�(
f(1)

� j�(
f(a)

� � (
f(a2)

�

c ( f(a+ b)
� h (

f(a− b)
� q�(

f(a2 + b2)
�

�4� | �
f(x) = 3

 kmY��[gi^`^ln�Z%t2q`^ln �4Z`d[rAt2q`Z`_ahut6)
Z�(
f(0)

� j�(
f(−2)

� � (
f(c)

�

c ( f(c+ d)
� h (

f

(

1

x

)

�

�4� #1�:d[r!gih[d km_a^`Z  kmY��[gi^`Z
f(x) =

{

2x− 3, x ≤ 5,

6− 3x, x > 5.�4Z`d[rAt2q`Z`_ahut6)
Z�(
f(0)

� j�(
f(7)

� � (
f(−2)

�

c ( f(5 + h)
	
h > 0

� h (
f(5− h)

	
h > 0

�

� �



� �

�4�&% �:d[r!gih[d km_a^`Z  kmY��[gi^`Z
f(x) =











4x+ 3, x < 0,

1− x2, 0 ≤ x < 2,

7, x > 2.�4Z`d[rAt2q`Z`_ahut6)
Z�(
f(1)

� j�(
f(3)

� � (
f(−1)

�

c ( f(0)
� h (

f(−3)
� q�(

f(2 + h)
	
h > 0

�
�4� �4�

f(x) = e2x+1  kmY��[gi^`^ln�Z%t2q`^ln �4Z`d[rAt2q`Z`_ahut6)
Z�(
f(0)

� j�(
f

(

−1

2

)

� � (
f(−1)

� c ( f(2)
�

�4��� �
f(x) = ln x

 kmY��[gi^`^ln�Z%t2q`^ln �4Z`d[rAt2q`Z`_ahut6)
Z�(
f(1)

� j�(
f(e)

� � (
f(e3)

�
�4� *4�

f(x) = 4x + 3x− 1
 kmY��[gi^`^ln�Z%t2q`^ln �4Z`d[rAt2q`Z`_ahut6)

Z�(
f(0)

� j�(
f(−1)

� � (
f

(

1

2

)

�
�4� &4�:^��`r!q`hut

f(x) = ax + b
 kmY��[gi^`Z"	�t=k

Z�(
f(1) = 3 c Z f(2) = 5

�

j�(
f(3) = 1 c Z f(−1) = 4

�
�4� $ z �:^��`r!q`hut

f(x) = ax2 + bx + c
 kmY��[gi^`Z"	�t=k

Z�(
f(0) = −1

	
f(3) = 14

	
f(1) = 2

�

j�(
f(−1) = 6

	
f(1) = 0

	
f(2) = 3

�

^��`r!q`hut ��h[d c h��4^  kmY��[gi^`h[j`^ln �4Z`Y n�Z.+/�!q`v!^ln�Z`v!h�)
�4� $'$'� Z�(

y =
√
x + 1

� j�(
y = 3

√
x2 + 3

�

� (
y =

√
x3 − 1

� c ( y =
√

9− x2 �
�4� $ y � Z�(

y =
√
x2 − 4

� j�(
y =

1

4− x2

�

� (
y =

x + 1

x2 − 3x− 4

� c ( y =
2

x3 − x

�

�4� $ | � Z�(
y =

x− 4

x2 + 2x− 3

� j�(
y =

√
−x +

1√
2 + x

�



� .

� (
y =

1√
x4 − 16

� c ( y =
√
−x +

√
4 + x

�

�4� $ #1� Z�(
y =

√
x− 1− 3√

5− x

� j�(
y =

√
4x− x2 �

� (
y =

√
x2 − 4x− 12

� c ( y =
√

2 + x− x2 �
�4� $'% � Z�(

y =

√

x− 2

1− 2x

� j�(
y = lg(x2 − 1)

�

� (
y = lg

2 + x

2− x

�
�4� $��4� Z�(

y =
√
x− 2 +

√
2− x+

√
x2 + 4

�

j�(
y =

√
x2 − 3x+ 2 +

1√
3 + 2x− x2

�

��h[Z`d[r2\�d[hut6	�_�k�\�^`Z�t=k f`h[Y[e!^  kmY��[gi^`Z
�4� $ � � Z�(

f(x) = 3x
� j�(

f(x) = 3x− 1
�

� (
f(x) = −x2 + 1

� c ( f(x) = x3 + 2
�

�4� $ *4� Z�(
f(x) =











1,
v!r!giZ

x < 0,

0,
v!r!giZ

x = 0,

−1,
v!r!giZ

x > 0;

j�(
f(x) =

{

3,
v!r!giZ − 2 < x < −1,

−3,
v!r!giZ

1 < x < 2;
�4� $�&4� Z�(

f(x) = x3 − x
� j�(

f(x) = x4 − x2 �

� (
f(x) = x3 − x2 � c ( f(x) = 2x4 + x3 �

�4� y{z � Z�(
f(x) =

x2

2x2 + 1

� j�(
f(x) =

x

x− 1

�

� (
f(x) =

x

x2 + 1

� c ( f(x) = x+
1

x

�

giY[r!j`^`_a^`Z"	�v!r!d
f(x) c Z g(x) _�k�\�^  kmY��[gi^`h[j`^`Z"	"��r!_ar ϕ(x)

c Z ψ(x)
, f`h[Y[e!^  kmY��[gi^`h[j`^"����h[Z`d[r2\�d[hut _�k�\�^`Z7t=k�f`h[Y[e!^ ��h[d o

c h��4^  kmY��[gi^`h[j`^")



� �

�4� y $'� Z�(
f(x) + g(x)

� j�(
ϕ(x) + ψ(x)

�

� (
f(x) · g(x) � c ( ϕ(x) · ψ(x)

�

�4� y4y � Z�(
f(x) · ϕ(x)

� j�( f(x)

ϕ(x)

�
�4� y{| � Z�(

[f(x)]n
� j�(

[ϕ(x)]n
�
n ∈ N

�

Z`Z��4hut  kmY��[gi^`^ln �4v!Z� ^`f`^")
�4� y #1� Z�(

f(x) = 2x
� j�(

f(x) = 2x− 3
�

� (
f(x) = x+ 2

� c ( f(x) = 3x− 1
�

�4� y % � Z�(
f(x) =

1

2
x
� j�(

f(x) =
1

2
x + 2

�

� (
f(x) =

2

3
x
� c ( f(x) =

2

3
x− 2

�
�4� y �4� Z�(

f(x) = x2 � j�(
f(x) = x2 + 1

�

� (
f(x) = x2 − 3

� c ( f(x) = 2x2 �
�4� y � � Z�(

f(x) = 2x2 + 4
� j�(

f(x) = 3x2 − 1
�

� (
f(x) = −x2 � c ( f(x) = −3x2 + 1

�
�4� y *4� Z�(

f(x) = x2 + 2x− 1
� j�(

f(x) = 2 + x− x2 �

� (
f(x) = x2 + 2x+ 3

� c ( f(x) = −x2 + x
�

�4� y &4�:Z$![q`h[Y[hut6	�v!r!d
Z�(
y = ax2 + bx + c (a < 0)

 kmY��[gi^`Z�Z��2\�h[qln-d[Z�� n�^lo
d kmd n
	�v!r!giZ

x = − b

2a
c Z ymax = − b2 − 4ac

4a

�

j�(
y = ax2+bx+c (a > 0)

 kmY��[gi^`Z�Z��2\�h[qlnCd[^`Y[^`d kmd n
	
v!r!giZ

x = − b

2a
c Z ymin = − b2 − 4ac

4a

�

^��`r!q`hut  kmY��[gi^`^ln
k c ^ c h n�^
d[Y[^���q`Y[h[_ar!j`Z")
�4� |4z � Z�(

f(y) = −3x2+6x−4
� j�(

f(x) = 4x− x2 �

� (
f(x) = −x2 − 4x+1

� c ( f(x) = 9− x2 �
�4� | $'� Z�(

f(x) = −3x2 + 18
� j�(

f(x) = 3− 2x2 + 8x
�



� �

� (
f(x) = −x2 + 2x

� c ( f(x) = 4 + 3x− 6x2 �
^��`r!q`hut  kmY��[gi^`^ln
kmd[gi^`v!h n�^
d[Y[^���q`Y[h[_ar!j`Z")
�4� |�y � Z�(

f(x) = x2 + 6x+ 5
� j�(

f(x) = 2x2 + 6x
�

� (
f(x) = 3x2 + 9x− 1

� c ( f(x) = x2 + 9
�

�4� |4| � Z�(
f(x) = 2x2 − 4x + 1

� j�(
f(x) = 4x2 − 9

�

� (
f(x) = x2 − 2x+ 1

� c ( f(x) = 6x+ x2 �
�4� | #1�:d[r!gih[d km_a^`Z
d[rAt ��r!q`Y[^ln  kmY��[gi^`Z

Z�(
P = 6−Q

� j�(
P =

5

Q+ 3

� � (
P = 12− 3Q

�
^��`r!q`hut dut2_a^`Z`Y[^ Z`d[r!Y[Z��4h[j`^ln  kmY��[gi^`Z c Z Z`Z��4hut d[^ln�^
�4v!Z� ^`f`^"�

^��`r!q`hut d[r!gih[d km_a^  kmY��[gi^`^ln ��h��[gih km_a^  kmY��[gi^`Z")
�4� | % � Z�(

y = 2x
� j�(

y = −3x
�

� (
y = 3x+ 2

� c ( y = −2x + 4
�

�4� | �4� Z�(
y =

2

x

� j�(
y = −1

x

�

� (
y = −x3 + 2

� c ( y = −x5 �

c Z`Z c �4^`Y[hut6	4��h��[gih[q`Z c ^`Z�t=k�Z`v!Z  kmY��[gi^`Z")
�4� | � � Z�(

f(x) = x4 	�t=k f : [−1; 1] → [0; 1]
�

j�(
f(x) = x4 	�t=k f : [0; 2] → [0; 16]

�

� (
f(x) = x3 	�t=k f : [−1; 2] → [−1; 8]

�

c ( f(x) = x4 + 1
	�t=k

f : [−1; 2] → [1; 17]
�

�4� | *4� Z�(
f(x) = x2 + 3

	�t=k
f : (−2; 2) → (3; 7)

�

j�(
f(x) = −x3 	mt=k f : (−∞; +∞) → (−∞; +∞)

�
�4� | &4� Z�(

f(x) = ax 	 a > 0
	
a 6= 1

	�t=k
f : (−∞; +∞) → (0; +∞)

�

j�(
f(x) = loga x

	
a > 0

	
a 6= 1

	mt=k
f : (0; +∞) → (−∞; +∞)

�



� �

�4Z`d[rAt2q`Z`_ahut +/�!q`Z`v!^")

�4� # z � Z�(
lim
x→1

x2 + 2x+ 5

x2 + 1

� j�(
lim
x→2

x2 + 4x− 1

x+ 5

�

� (
lim

x→
√

3

x2 − 3

x4 + x2 + 1

� c ( lim
x→−1

x3 + 1

x2 + 1

�

�4� #1$'� Z�(
lim
x→5

x2 − 5x + 10

x2 − 25

� j�(
lim
x→3

2x+ 3

x2 − 9

�

� (
lim
x→1

x2 − 1

x2 − 3x + 2

� c ( lim
x→4

2x2 − 9x+ 4

x2 + x− 20

�

�4� # y � Z�(
lim
x→1

(

3

x3 − 1
− 2

x2 − 1

)

�

j�(
lim
x→1

(

4

x4 − 1
− 1

x− 1

)

�

�4� # | � Z�(
lim
x→∞

3x2 + 4x− 5

6x2 + 2x+ 1

� j�(
lim

x→∞

4x5 − 3x2 + 8

2x5 + 2x− 1

�

� (
lim
x→∞

x2 − 5x+ 1

3x + 7

� c ( lim
x→∞

2x4 − x + 3

x3 − 8x+ 5

�

�4� #�#1� Z�(
lim
x→∞

2x2 − x + 3

x3 − 8x+ 8

� j�(
lim

x→∞

x3 − 2x2 − 4

x4 + 7x− 1

�

� (
lim
x→∞

(5x− 1)(3x+ 7)(2x+ 3)

2x3 + x2 − 9

�

c ( lim
x→∞

(3x+ 2)4(2x− 5)3

27x7 + 4x+ 3

�

�4� # % � Z�(
lim
x→∞

(

x3

x2 + 1
− x

)

�

j�(
lim
x→∞

(

x2

4x + 1
− 8x3

8x2 − 1

)

�

�4� # �4� Z�(
lim
x→∞

2x2 +
√

3x+ 8√
6x− 5− 7x2

� j�(
lim

x→∞

3x2 − 4x+ 11√
x4 − 2

�



� �

� (
lim
x→∞

2x+ 3

x + 3
√
x

� c ( lim
x→3

√
4x− 3− 3

x− 3

�

�4� # � � Z�(
lim
x→4

√
x− 2√

x+ 5− 3

� j�(
lim
x→9

√
2x+ 7− 5

3−√x
�

� (
lim
x→0

3x√
5 + x−

√
5− x

�

�4� # *4� Z�(
lim
x→∞

(√
x+ 3−

√
x+ 2

)

�

j�(
lim
x→∞

(√
x2 + x−

√
x2 − 5x

)

�

� (
lim

x→±∞
x

(√
x2 + 1− x

)

�

c ( lim
x→∞

(

3
√

1− x3 + x
) �

�4� #
&4�
a c Z b �`Z`v!Z`d[h[e!v!h[j`^ln#v!Zad[Y[^���q`Y[h[_ar!j`^ln�Z%t2q`^ln#h��[Y[h[j`ZaZ c o�4^`_a^
e!r!_ar!j`Zln
)

lim
x→∞

(

x2 + 2

x + 2
− ax− b

)

= 0.

�4�&% z �
a
	
b c Z c �`Z`v!Z`d[h[e!v!h[j`^ln�v!Z�d[Y[^���q`Y[h[_ar!j`^ln�Z%t2q`^ln h��[Y[h[j`ZZ c �4^`_a^Ve!r!_ar!j`Zln
)

lim
x→∞

(

x3 + 1

x+ 3
− ax2 − bx− c

)

= 0.

^��`r!q`hut  kmY��[gi^`^lnV\ �[q`h[e!^lnV\�h[v!e!^`_ah[j`^")
�4�&% $'� Z�(

f(x) =
1

x− 5

� j�(
f(x) = 2

1

x−3
�

�4�&% y � Z�(
f(x) = e

1

x−1
� j�(

f(x) =
1

x + 3

�

� (
f(x) =

x + 3

x(x2 − 4)

� c ( f(x) =
x + 1

x2 + 1

�

�4�&% | � Z�(
f(x) =

x− 1

x(x + 1)(x2 − 2)

�



� �

j�(
f(x) =

x

x2 + 3

�

� (
f(x) =

x

x− 4

� c ( f(x) =
x2 − 25

x− 5

�

�4�&% #1� Z�(
f(x) =

1

(x− 1)(x− 5)

�

j�(
f(x) =

x

(x+ 2)(x− 3)

�

v!r!d[h[_a^ �4q`Z`v!^ln�\ �[q`h[e!^ln�\�h[v!e!^`_a^VZ��[qln  kmY��[gi^`Zln
)

�4�&%�% � Z�(
f(x) =

x3 + 1

x+ 1

� j�(
f(x) =

√
5x− x

x− 5

�

�4�&% �4� Z�(
f(x) =







x,
v!r!giZ

x 6= 1,
1

2
,
v!r!giZ

x = 1;

j�(
f(x) =







1

x
,

v!r!giZ
x < −1,

x + 2,
v!r!giZ

x ≥ −1;

� (
f(x) =

{

x2,
v!r!giZ

x ≤ 3,

2x+ 1,
v!r!giZ

x > 3;

c ( f(x) =











x + 2,
v!r!giZ

x ≤ −1,

x2 + 1,
v!r!giZ − 1 < x ≤ 1,

−x + 3,
v!r!giZ

x > 1.

�4�&% � � Z�(
f(x) =











−x2,
v!r!giZ

x ≤ −1,

2,
v!r!giZ − 1 < x ≤ 1,

−2x2,
v!r!giZ

x > 1;

j�(
f(x) =











2x− 1,
v!r!giZ

x < −1,

3x,
v!r!giZ − 1 ≤ x < 1,

x2,
v!r!giZ

x ≥ 1;



� �

� (
f(x) =











3x2,
v!r!giZ

x ≤ 0,

0,
v!r!giZ

0 < x ≤ 1,

−x3,
v!r!giZ

x > 1.
�4�&%+*4�

a
�`Z`v!Z`d[h[e!v!^ln v!Z d[Y[^���q`Y[h[_ar!j`^ln�Z%t2q`^ln ^��[Y[h[j`Z k�\ �[q`h[e!^

 kmY��[gi^`Z")

Z�(
f(x) =

{

ex,
v!r!giZ

x < 0,

a+ x,
v!r!giZ

x ≥ 0;

j�(
f(x) =







x2 − 4

x− 2
,
v!r!giZ

x 6= 2,

a,
v!r!giZ

x = 2;
�4�&%"&4�=\�^��4Y[^"	4v!r!d[_a^ln� Zln�^ $'% c r!_aZ`v!^`Z"	 c �!h���^ % z giZ`_a^a^	�[^lo

c h[j`Z"�Ut=k \�^��4Y[^ln  Zln`n y c r!_aZ`v!^%t���h[q`Z`d[gi^`v!h[j%t6	Ud[Z���^`Y
�4Z`^	�[^ c h[j`Z�$ z giZ`_a^%t d[h[e!^"�=^��`r!q`hut d[Z�� n�^`d[Z`_�kmv!^ Z`d[r:o
Y[Z��4h[j`^lnGn�^ c ^ c h�	{t=k c Z`d[r!f`^ c h[jlkm_ah[j`Z  Zln`n�Z c Z�v!Z`r c h o
Y[r!j`Zln ��r!v!^lnV\�v� ^`q`^`Z"�

�4� � z � | c r!_aZ`v!^ln �!^`v!h[jlkm_ah[j`^ln _aZ`e!Z`v!^`^ln j`^`_ahut2^7f`q`^`v!Z���^
^	�[^ c h[j`Z % z4z4z giZ`_a^"�'j`^`_ahut2^ln $ c r!_aZ`v!^%t �4Z��[q`^`v!h o
j`Z �4Z`d[r!^]\�q`h[qln �4Z	�[^ c km_a^#j`^`_ahut2h[j`^lnVv!Z`r c h[Y[r!j`^ln $ z4z4z
giZ`_a^%t ��h[d[gi^`v!h[j`Zln
� v!Z`d c h[Y[^ j`^`_ahut2^ kmY c Z �4Z`^	�[^ c r:n
	
v!r!d0dut2_a^`Z`Y[^�Z`d[r!Y[Z��4h[j`^�^	�[r:n�d[Z�� n�^`d[Z`_�kmv!^"	{t=k c Z`d[r!f`^lo
c h[jlkm_ah[j`Z  Zln`n�Z c Z��4Z	�[^ c km_a^'j`^`_ahut2h[j`^ln�v!Z`r c h[Y[r!j`Zln
��r!v!^lnV\�v� ^`q`^`Z"�

�4� �4$'�0n�Z]\�Z`v!d[r:n�d[^`h[v �4Z`d[r*��q`h[jlkm_a^��`v!r c k��[gi^`^ln�h[vAt2h km_a^ln
 Zln�^`Z
� z c r!_aZ`v!^ c ZGt2q`h���^�^	�[^ c h[j`Z # z4z giZ`_a^"�" Zln�^ln-#
c r!_aZ`v!^%t ��h[d[gi^`v!h[j`^ln ��h c h��4Z c �4Z	�[^ c km_a^ �`v!r c k��[gi^lo
^ln v!Z`r c h[Y[r!j`Z $ z4z h[vAt2h km_a^%t ^.+�v c h[j`Z"�*�`v!r c k��[gi^`^ln
v!Z
v!Z`r c h[Y[r!j`Z
^��[_ah[q`Z
d[Z�� n�^`d[Z`_�kmv dut2_a^`Z`YCZ`d[r!Y[Z��4h[jln��
v!Zln�k c v!^lnah nad[Z�� n�^`d kmd[^"	{t=k c Z`d[r!f`^ c h[jlkm_ah[j`Z  Zln`n�Z c Z



� �

�4Z`d[r*��q`h[jlkm_a^ �`v!r c k��[gi^`^ln�v!Z`r c h[Y[r!j`Zln ��r!v!^ln-\�v� ^lo
q`^`Z"�

�4� � y �2t=k f`^`Y[rAt2h[Z`e!v!^ln�j`^`_ahut2^ $ z c r!_aZ`v!^ �!^`v:n
	!^	�[^ c h[j`Z
* z4z giZ`_a^"	���r!_ar t=k d[^ln�^  Zln�^�* c r!_aZ`v!^`Z , $ z4z4z
giZ`_a^"�"�4Z	�[^ c km_a^aj`^`_ahut2h[j`^ln6v!ZGv!Z`r c h[Y[r!j`ZG^��[_ah[q`Zad[Z�� o
n�^`d[Z`_�kmv Z`d[r!Y[Z��4h[jln c Z#v!Z#^��[Y[h[j`Z#Z`d ��h[dut ��q`h[q`Z���^#j`^`_ah o
t2^ln  Zln�^"�  c Z`d[r!f`^ c h[jlkm_ah[j`Z  Zln`n�Z c ZAv!Z`r c h[Y[r!j`Zln ��r:o
v!^lnV\�v� ^`q`^`Z�(��

�4� � | �2t=kxh[vAt2^��[kmv!Y[Z`_a^ �!^`v:n � c r!_aZ`v!^"	�d[Z���^`Y0^	�[^ c h[j`Z $ y{z4z
giZ`_a^"�  Zln�^ln y c r!_aZ`v!^%t��4Z��[q`^`v!h[j`Z�^]\�q`h[qln �4Z	�[^ c km_a^
�[kmv!Y[Z`_ah[j`^ln v!Z`r c h[Y[r!j`^ln y{z4z h[vAt2h km_a^%t ��h[d[gi^`v!h[j`Zln
�
c Z`d[r!f`^ c h[jlkm_ah[j`Z �[kmv!Y[Z`_a^ln  Zln`n�Z c Z6v!Z`r c h[Y[r!j`Zln���r:o
v!^ln�\�v� ^`q`^`Z"�=^��`r!q`hut d[Z�� n�^`d[Z`_�kmv!^ Z`d[r!Y[Z��4h[j`^"�=v!Z7^�� o
Y[h[j`Z��[kmv!Y[Z`_a^ln  Zln�^
Z`d6��h[dut ��q`h[q`Z���^��

�4� �+#1�:h[vAt2^C\�^��4Y[^6^	�[^ c h[j`Z |4z c r!_aZ`v!Z c �1 ^�� n�^`v!h[jlkm_a^ c Z`Y[Zlo
��Z`v��C^ y * z c r!_aZ`v!^`Z"	*��r!_ar giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v��C^`Z
y c r!_aZ`v!^"�+v!Z`d c h[Y[^�\�^��4Y[^
kmY c Z �4Z`d[r!^`gih n
	 v!r!d �4Z`d[r:o
d[gih[d[_ar!j`Z`dC^`d k1��Z`r:nxY km_ar!q`Z`Y +/�!q`Z`v�+�h��

�4� � % �:d[rAt ��r!q`Y[^ln  kmY��[gi^`Z`Z
P = −2Q+ 160

��![Z]\�h[v!hut dut2_a^lo
Z`Y[^�Z`d[r!Y[Z��4h[j`^

(TR)
	�v!r��4r!v!g

Q
v!Z`r c h[Y[r!j`^ln  kmY��[gi^`Z"�

^��`r!q`hut ^ln
Q0

v!Z`r c h[Y[r!j`Z"	=v!r!d[h[_a^`g d[Z�� n�^`d[Z`_�kmv d[Y[^lo
��q`Y[h[_ar!j`Zln Z`Y[^`w`h[jln dut2_a^`Z`Y[^ Z`d[r!Y[Z��4h[j`^ln� kmY��[gi^`Zln c Z
Z`Z��4hut Z`d  kmY��[gi^`^ln �4v!Z� ^`f`^"�

�4� � �4�=\�Z`v!d[r!h[j`^ln  ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^`Z % z c r!_aZ`v!^"	
��r:o
_ar giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v��C^ %+* c r!_aZ`v!^"��![Z]\�h[v!hut�n�Z��4k�o
Z`_ar c Z`Y[Z���Z`v��C^ (AC)

	�v!r��4r!v!g
Q
v!Z`r c h[Y[r!j`^ln  kmY�� o

gi^`Z"��Z`Z��4hut Z`d  kmY��[gi^`^ln �4v!Z� ^`f`^"�



� �

�4� � � �=\�Z`v!d[r!h[j`^ln d k c d[^`q`^ c Z`Y[Z���Z`v��C^`Z � z c r!_aZ`v!^"	 ��r!_ar
giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v��C^ , * c r!_aZ`v!^"��d[rAt ��r!q`Y[^ln  kmY o
�[gi^`Z`Z

P = 80 − 2Q
���4Z`d[r:n�Z���hutId[r��4h[j`^ln  kmY��[gi^`Z

Qv!Z`r c h[Y[r!j`^lnVn�Z��4kmZ`_ah[j`^%t6�
Z�(�Z`Z��4hut Z`d  kmY��[gi^`^ln �4v!Z� ^`f`^ �
j�(�^��`r!q`hut�n�Z��[r!Y[_a^lnKv!Z`r c h[Y[r!j`Z"	{v!r!d[h[_a^`g�k/+�v:kmY[q`h o
_ �[r� n�Y km_ar!q`Z`Y +/�!q`Z`v�+�hKd k1��Z`r!j`Zln �

� ( �`v!r c k��[gi^`^ln v!Z v!Z`r c h[Y[r!j`Z ^��[_ah[q`Z d[Z�� n�^`d[Z`_�kmv
d[r��4h[j`Zln��

�4� ��*4�:d[rAt ��r!q`Y[^ln� kmY��[gi^`Z`Z
P = −7Q + 150

	%��r!_arIdut2_a^lo
Z`Y[^ c Z`Y[Z���Z`v��C^ln  kmY��[gi^`Z (TC) = 40 + 10Q

� ![Z]\�h[v!hut
d[r��4h[j`^ln� kmY��[gi^`Z"	Gv!r��4r!v!g

Q
v!Z`r c h[Y[r!j`^ln� kmY��[gi^`Z"�

Z`Z��4hut d[^ln�^ �4v!Z� ^`f`^"�#v!Z v!Z`r c h[Y[r!j`Z k/+�v:kmY[q`h[_ �[r� n
d[Z�� n�^`d[Z`_�kmv d[r��4h[j`Zln c Z�v!r��4r!v!^`Z�Z`d���h[dut ��q`h[q`Z���^6 Zln�^"�

�4� �'&4�� ^`v!d[ZAZ]\�Z`v!d[r!h[jlnaf`Z`v!Z c h[jln
��\�Z`v!d[r!h[j`^lnGgiq`Z`_ah[j`Z c ^ c Zlo
Y[Z���Z`v��C^`Z y % c r!_aZ`v!^"	/ ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^
f`^ ,
|4z4z4z c r!_aZ`v!^"�C^��`r!q`hut n�v:km_a^ c Z`Y[Z���Z`v��C^ c Z Z`Z��4hut
d[^ln�^ �4v!Z� ^`f`^"��v!Z
t2Z`Y���Z c Z`^���Z`v��Ch[j`Z $ z4z f`Z`v!Z c ^ln c Zlo
n�Z`d,+�Z c h[j`_aZ c �

�4��� z ��&Ve r��[v!r:n'd[r:n�Z��`r!q`h[j`_aZ c �4Z]\�h km_a^#dut2_a^`Z`Y[^ c Z`Y[Z���Z`v:o
�C^ ��h[Z c �4h[Y n $'% z4z c r!_aZ`v:n
	 ��r!_ar $'%�e r��[v!r:n d[r:o
n�Z��`r!q`h[j`_aZ c , $ * z4z c r!_aZ`v:n
��^��`r!q`hut  ^�� n�^`v!h[jlkm_a^
c Z`Y[Z���Z`v��C^ c Z giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v��C^  ^���km_a^ln���d[h[j`Z"	
v!r!d c Z`d[r!f`^ c h[jlkm_ah[j`Z��`v!r c k��[gi^`^ln v!Z`r c h[Y[r!j`Zln�Z c Z
dut2_a^`Z`Y c Z`Y[Z���Z`v��Gn ��r!v!^lnV\�v� ^`q`^`Z�(��

�4��� $'�� ^`v!d[^ln  ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^`Z # z4z c r!_aZ`v!^"	=giq`Zlo
_ah[j`Z c ^ c Z`Y[Z���Z`v��C^'f`^ , y c r!_aZ`v!^"�4�`v!r c k��[gi^`^ln
h[v:o
t2h km_a^'^	�[^ c h[j`Z # c r!_aZ`v!Z c � ![Z]\�h[v!hut d[r��4h[j`^ln
\�v� ^`q`^



� �

 kmY��[gi^`Z c Z Z`Z��4hutId[^ln�^ �4v!Z� ^`f`^"�Av!^ln�^�e!r!_a^`Z�d[r��4h o
j`Z"	0t=k��4Z`d[r*��q`h[jlkm_a^ c Z �4Z	�[^ c km_a^ �`v!r c k��[gi^`^ln v!Z`r:o
c h[Y[r!j`Z`Z")mZ�( $ z4z giZ`_a^ �mj�( y{z4z giZ`_a^ ��� ( |4z4z giZ`_a^"�

�4��� y �� ^`v!d[^ln  ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^`Z"% z4z4z c r!_aZ`v!^"	Ugiq`Zlo
_ah[j`Z c ^ c Z`Y[Z���Z`v��C^'f`^ , # c r!_aZ`v!^"�4�`v!r c k��[gi^`^ln
h[v:o
t2h km_a^
^	�[^ c h[j`Z � c r!_aZ`v!Z c �
Z�(�^��`r!q`hut Y km_ar!q`Z`Y +/�!q`Z`v�+�hKd k1��Z`r!j`^lnxv!h�� ^`d[^ �
j�( �`v!r c k��[gi^`^lnCv!ZGv!Z`r c h[Y[r!j`Z`Z �4Z`d[r*��q`h[jlkm_a^ c Z6�4Zlo

�[^ c km_a^"	 t=k� ^`v!d[^lnxd[r��4h[j`Z`Z $ z4z4z c r!_aZ`v!^"�
�4��� | �:dut2_a^`Z`Y[^ c Z`Y[Z���Z`v��C^ln  kmY��[gi^`Z`Z (TC) = 2Q+ 600

�
Z�(�^��`r!q`hut Y km_ar!q`Z`Y�+/�!q`Z`v�+�h d k1��Z`r!j`^ln�v!h�� ^`d[^"	at=k
n�Z��[r!Y[_a^lnxh[vAt2h km_a^ln  Zln�^`Z # c r!_aZ`v!^ �

j�(�giY[r!j`^`_a^`Z"	 v!r!d �4Z`d[r*��q`h[jlkm_a^ c Z �4Z	�[^ c km_a^ �`v!r:o
c k��[gi^`^ln�v!Z`r c h[Y[r!j`Z
Z`v ^��[Y[h[j`Z% z4z giZ`_6+�haY[Z`f`_ah o
j`^"�{v!^ln�^ae!r!_a^�kmY c ZG^	�[r:n �`v!r c k��[gi^`^lnKh[vAt2h km_a^ln
 Zln�^"	�v!r!d  ^`v!d[Z`dCZ`v ^.+�Z`v!Z`_ar:n��

�4��� #1�=\�Z`v!d[r!h[j`^ln�dut2_a^`Z`Y[^ c Z`Y[Z���Z`v��C^`Z (TC) = 2, 5Q+ 300
�

giY[r!j`^`_a^`Z"	�v!r!d �4Z`d[r*��q`h[jlkm_a^ c Z �4Z	�[^ c km_a^ �`v!r c k�� o
gi^`^ln v!Z`r c h[Y[r!j`Z7Z`v ^��[Y[h[j`Z $'% z giZ`_6+�hVY[Z`f`_ah[j`^"�:v!^ln�^
e!r!_a^�kmY c Z ^	�[r:n �`v!r c k��[gi^`^ln�h[vAt2h km_a^ln� Zln�^"	Gv!r!d
 ^`v!d[Z`dCZ`v ^.+�Z`v!Z`_ar:n��

�4����% �:dut2_a^`Z`Y[^ c Z`Y[Z���Z`v��C^ln� kmY��[gi^`Z`Z
(TC) = 5Q + 1000

	
�`v!r c k��[gi^`^lnxh[vAt2h km_a^
f`^
^	�[^ c h[j`Z � c r!_aZ`v!Z c �
Z�(�^��`r!q`hut Y km_ar!q`Z`Y +/�!q`Z`v�+�hKd k1��Z`r!j`^lnxv!h�� ^`d[^ �
j�( ��h n�Z��[_ah[j`h[_a^`Z giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v��C^ln # c r!_aZlo
v!Z`d c h6��h[d[gi^`v!h[j`Z  ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^ln $ y{z4z
c r!_aZ`v!Z`d c h �4Z.+�v c ^%t6� ��h[_�n�Z	�[v!h[_a^`Z�t=k Z`v!Z- ^lo
v!d[^ln�Z%t2q`^ln Z`d��4q`Z`v!^�giq`Z`_ah[j`Z c r!j`Z"	0t=k�giY[r!j`^`_a^`Z"	



� .
v!r!d �4Z	�[^ c km_a^6�`v!r c k��[gi^`^lnCv!Z`r c h[Y[r!j`Z�Z`v ^��[Y[h[j`Z
# z4z giZ`_6+�hKY[Z`f`_ah[j`^"�

�4��� �4�:d[rAt ��r!q`Y[^ln6 kmY��[gi^`Z`Z
P+3Q = 30

	`giq`Z`_ah[j`Z c ^ c Z`Y[Z���Z`v:o
�C^`Z y c r!_aZ`v!^"	
 ^�� n�^`v!h[jlkm_a^ c Z`Y[Z���Z`v��C^Cf`^ , y{z c r:o
_aZ`v!^"��![Z]\�h[v!hut d[r��4h[j`^ln  kmY��[gi^`Z c ZGZ`Z��4hut d[^ln�^6�4v!Z� ^lo
f`^"�
Z�( �`v!r c k��[gi^`^ln�v!Z�v!Z`r c h[Y[r!j`Z�^��[_ah[q`Z�$'$ c r!_aZ`v!^ln
e!r!_ \�Z��4h[j`Zln��

j�( �`v!r c k��[gi^`^ln�v!Z�v!Z`r c h[Y[r!j`Z�^��[_ah[q`Z y # c r!_aZ`v!^ln
e!r!_ d[r��4h[j`Zln��

�4��� � ��![Z]\�h[v!hut d[r��4h[j`^ln  kmY��[gi^`Z c Z
Z`Z��4hut d[^ln�^ �4v!Z� ^`f`^"	 t=k
n�Z��[r!Y[h[_6+�hKd[rAt ��r!q`Y[^ln  kmY��[gi^`Z`Z

P = −Q + 50
	 ��r!_ar

n�Z��4kmZ`_ar c Z`Y[Z���Z`v��C^`Z (AC) =
20

Q
+ 6

�
Z�(
n�Z��[r!Y[_a^ln�v!Z-v!Z`r c h[Y[r!j`Z-^��[_ah[q`Z7d[Z�� n�^`d[Z`_�kmv d[r:o

�4h[j`Zln �
j�(
n�Z��[r!Y[h[_a^ln v!Z v!Z`r c h[Y[r!j`Z ^��[_ah[q`Z �+# c r!_aZ`v!^ln
e!r!_ d[r��4h[j`Zln
�

�4���+*4�0n�Z]\�Z`v!d[r:n�dut2_a^`Z`Y[^AZ`d[r!Y[Z��4h[j`^ln6 kmY��[gi^`Z`Z
(TR)=−Q2+

80Q
	�dut2_a^`Z`Y[^ c Z`Y[Z���Z`v��C^ln�f`^ , (TC) = 6Q+ 640

�
Z�( �4v!Z� ^`flkm_aZ c Z$![q`h[Y[hut �`v!r c k��[gi^`^lna^lnav!Z`r c h[Y[r!j`Z"	
v!r!d[h[_a^`g ^��[_ah[q`Z
d[r��4h[j`Zln �

j�( �4Z`d[rAt2q`Z`_ahut d[Z�� n�^`d[Z`_�kmv!^�d[r��4h[j`Z"�
�4���"&4�� ^`v!d[^ln�dut2_a^`Z`Y[^ c Z`Y[Z���Z`v��C^ln- kmY��[gi^`Z`Z (TC) = 5Q +

357
	�dut2_a^`Z`Y[^IZ`d[r!Y[Z��4h[j`^ln  kmY��[gi^`ZEf`^ ,
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