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adamians praqtikul moRvaweobaSi saqme aqvs ara 

marto uwyvet, aramed diskretul procesebTanac. 

magaliTad, Carxebis, avtomobilebis televizorebis, 

kompiuterebis da a.S. warmoeba marTvis avtomatizebul 

sistemebSi informaciis damuSavebis da marTvis 

procesebi aseve atareben diskretul xasiaTs. aseTnairi 

sistemebis danergva moiTxovs specialur maTematikur 

meTodebs, romelTa safuZvelze aigeba informaciis 

damuSavebis da marTvis modelebi. 

am meTodebisaTvis damaxasiaTebelia is rom maT ar 

gaaCniaT maTematikuri analizis aseTi fundamenturi 

cnebebi, rogoric aris uwyvetoba, gadasvla zRvarze, 

diferencireba, amave dros es meTodebi warmatebiT 

aanalizeben iseT obieqtebs da maT Soris arsebul 

damokidebulebebs, romlebsac ara aqvT ricxobrivi 

(raodenobrivi) warmodgena. swored aseTi saxis 

modelebs miekuTvneba logikuri da grafuli modelebi. 

amJamad logikuri da grafuli modelebi farTod 

gamoiyeneba marTvis avtomatizebuli sistemebis 

informaciuli, algoriTmuli da maTematikuri 

uzrunvelyofis da funqciuri qvesistemebis 

daproeqtebis dros. am saxis modelebi farTod iyeneben 

simravleTa Teoriis ZiriTad cnebebs da gansazRvrebebs. 

amitomac wignSi garkveuli nawili eZRvneba simravleTa 

Teoriis elementebs. 

 9 

I Tavi 
 

simravleTa Teoriis ZiriTadi cnebebi 
 

1.1. simravle. simravlis mocemis xerxebi 
 

samyaroSi arsebobs ara marto calkeuli obieqtebi an 

sagnebi, aramed maTi erTobliobac. magaliTad, saxlebis, 

studentTa, frinvelTa, cxovelTa erToblioba da a. S. 

SeiZleba agreTve warmovidginoT abstraqtuli erTobliobac, 

magaliTad, wertilTa, sibrtyeTa, sivrceTa erToblioba da 

a. S. saganTa yvela CamoTvlili erToblioba anu nakrebi 

warmoadgens simravles. 

simravlis gansazRvra calsaxad SeuZlebelia. 

simravleTa Teoriis fuZemdebelma germanelma maTematikosma 

kantorma mogvca simravlis gansazRvris Semdegi wesi: 

simravle warmoadgens erTmaneTisagan gansxvavebul 

gansazRvrul saganTa erTobliobas (nakrebs), romelic Cvens 

intuiciaSi aRiqmeba, rogorc erTiani mTliani. ase rom, 

simravle aris pirveladi cneba da igi ar ganisazRvreba sxva 

romelime cnebidan gamomdinare. 

simravle iyofa or klasad: sasruli da usasrulo 

simravle. sasruli aris iseTi simravle, romelic Seicavs 

elementTa sasrul ricxvs. amave dros, mniSvneloba ara aqvs 

aris Tu ara cnobili es ricxvi. mTavaria is, rom es ricxvi 

arsebobs. simravle warmoadgens usasrulos, Tu igi ar aris 

sasruli, anu aseTi ricxvi ar arsebobs. usasrulo 

simravlisaTvis elementTa ricxvis cnebas azri ara aqvs. am 

SemTxvevaSi, mis magivrad SemoaqvT simZlavris cneba. 

obieqtebs, romlebic adgens simravles, simravlis elementebi 

ewodeba. simravle iTvleba mocemulad, Tu cnobilia misi 

Semadgeneli elementebi. 

simravle SeiZleba mocemuli iyos misi elementebis 

ubralo CamoTvliT, magaliTad: {a, b, g, e, k, T}. 
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garda amisa, simravle iTvleba mocemulad, Tu cnobilia 

raime kanoni, romlis Tanaxmadac SesaZlebeli iqneba simravlis 

nebismieri elementis gansazRvra. magaliTad, ricxvTa simravle, 

romelic iyofa samze (samze iyofa is da mxolod is ricxvi, 

romlis cifrTa jamic iyofa samze), wrfeTa simravle, romelic 

ganisazRvreba y kx=  gantolebiT da a. S. 

Cveulebriv, simravles aRniSnaven laTinuri anbanis 

didi asoebiT: A, B, C, D, . . . , X, Y, Z.  mis elementebs ki 

aRniSnaven amave anbanis mcire (patara) asoebiT:  

a , b , c , d , . . . , x , y, z. 
Tu x  elementi ekuTvnis X simravles, mas 

Semdegnairad aRniSnaven (Caweren): x X∈ , sadac ∈ aris 

mikuTvnebis simbolo.  

Tu x   elementi ar ekuTvnis X simravles, mas 

aRniSnaven (Caweren) ase: x X∉ an x X∈ . Tu X simravle 

Seicavs x  elements, mas ase aRniSnaven: X={ x }.  Tu A 
simravle Seicavs a , k , x , z   elementebs igi Sesabamisad 

ase Caiwereba: A={ a , k , x , z }. 
simravleTa TeoriaSi SemoaqvT erTelementiani da 

carieli simravlis cneba. simravle, romelic Seicavs erTaderT 

elements, warmoadgens erTelementian simravles. carieli 

simravlis arsebobis aqsiomidan gamomdinareobs, rom arsebobs 

iseTi simravle, romelic arc erT elements ar Seicavs. mas 

ewodeba carieli. cariel simravles aRniSnaven ∅ simboloTi. 

ar SeiZleba carieli simravle agverios nulSi, radgan nuli 

aris cifri  (ise, rogorc 1, 2. . . 9). 
 

1.2. qvesimravle. CarTva 
 

zogierTi simravle warmoadgens sxva ufro farTo 

simravlis nawils an Sedis masSi. magaliTad, jgufis 

studentTa simravle warmoadgens fakultetis studentTa 
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simravlis nawils. aviRoT ori A da B simravle. Tu A simravle 

warmoadgens B simravlis nawils, anu A simravlis yoveli 

elementi amave dros warmoadgens B simravlis elements, maSin 

A-s uwodeben B-s qvesimravles. es Semdegnairad Caiwereba: 

A B⊂ , sadac ⊂  aris mkacri CarTvis simbolo. A B⊂  

gamosaxuleba waikiTxeba Semdegnairad: A aris B-s qvesimravle an 

A CarTulia B-Si. es gamosaxuleba tolZalovania B A⊃  

gamosaxulebis da ase waikiTxeba: B moicavs A –s. xSirad iyeneben 
aramkacri CarTvis niSansac A B⊆ . am SemTxvevaSi A ara marto 
CarTulia B-Si (A qvesimravlea B-si), aramed emTxveva mas. 

waikiTxeba ase: A qvesimravlea an toli B-si. erTmaneTSi ar 
unda avurioT CarTvis da mikuTvnebis simboloebi. magaliTad, 

ar SeiZleba CavweroT ase: .A B∈  carieli simravle nebismieri 

simravlis qvesimravlea A∅ ⊆ . aseve marTebulia: A A⊆ . am 

SemTxvevaSi ∅  da TviT A simravlec warmoadgens A-s 
arasakuTriv qvesimravles, yvela danarCeni A simravlis 

qvesimravle warmoadgens A-s sakuTar qvesimravles.  

simravleTa Teoriis aqsiomatikidan gamomdinareobs, rom 

`arsebobs erTi simravle mainc~ (amas ewodeba arsebobis aqsioma). 

nebismieri X simravlisaTvis arsebobs )(XP  simravlis 

ojaxi, romlis elementebs warmoadgens X simravlis yvela 

SesaZlo qvesimravle (amas xarisxis aqsioma hqvia). am 

SemTxvevaSi, TviT X simravles ewodeba universumi, anu 

universaluri simravle. aRvniSnoT universumi U-Ti. davuSvaT, 
X simravlea: X={1,2,3}. vawarmooT )(XP  simravlis ojaxi, 

amisaTvis visargebloT jufdebadobis kanoniT da miRebul 

simravles davamatoT ∅ -elementi. miviRebT:  

)(XP ={ }{1}; {2}; {3}; {1,2}; {1,3}; {2,3}; {1, 2, 3,};∅ . 

zogad SemTxvevaSi )(XP  simravlis elementTa 

simravle ganisazRvreba rogorc )(XP = )(2 X , sadac X  _ X 

simravlis elemenTa raodenobaa.  
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                                       U                                     
 

 A 
B 

ori A da B simravle tolia an emTxveva erTmaneTs 

(A=B), Tu  A B⊂ da B A⊂  (amas moculobis aqsioma ewodeba). 
 

operaciebi simravleebze 
 

1.3. simravleTa gaerTianeba 
 

 ori A da B simravlis gaerTianeba, anu jami ewodeba 

iseT axal simravles, romlis nebismieri elementi ekuTvnis 

A an B simravles (Tundac orives erTdroulad). simravleTa 

gaerTianeba SeiZleba warmovadginoT eiler-venis diagramiT 

(nax.1). diagramaze universaluri U simravle mocemulia 

marTkuTxedis wertilTa simravliT, xolo misi A da B 
qvesimravleebi _ wrewirebiT.  

ori simravlis 

gaerTianeba Caiwereba aseTnairad: 

A BU , sadac U  aris 

gaerTianebis simbolo. Tu 

gaerTianebis elementi ekuTvnis 

erTdroulad orive simravles, 

maSin es elementi gaerTianebaSi 

mxolod   erTxel  monawileobs.  

magaliTad, A={1, 2, 3}, B={2, 3, 7, 10} A BU ={1, 2, 3, 7, 10}. 
gaerTianebis operacia SeiZleba gavavrceloT 

simravleTa erTobliobazec. simravleTa 1 2, ,..., nA A A  

erTobliobis gaerTianeba anu jami ewodeba axal simravles, 
romlis nebismieri elementi erT-erT simravles ekuTvnis 
mainc mocemuli erTobliobidan. Tu erTobliobaTa 

gaerTianebas aRvniSnavT A-Ti, maSin:  

1 2 ... nA A A A= U U U  an 
1

n

i
i

A A
=

= U , 

Tu simravleTa erToblioba usasruloa, maSin: 

1 2 ... ...nA A A A= U U U U  an   i
i

AA
∞

=
=

1
U  . 

nax. 1 
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 A 
B 

A 
B 

\A B  

A-B 

U 

                                       U               
 

 A 
B 

1.4. simravleTa sxvaoba 
 

 ori A da B simravlis sxvaoba ewodeba iseT axal 

simravles, romlis Semcveli elementi ekuTvnis A-s da ar 

ekuTvnis B-s. sxvaoba 

aRiniSneba Semdegnairad: 

\A B  (A-s sxvaoba B-
sTan). eiler-venis 

diagramaze sxvaoba 

naCvenebia me-2 nax-ze:                      

 Tu A B⊃ , 

maSin sxvaoba Caiwereba 

ase: A-B=C. mxolod am 

SemTxvevaSi sruldeba 

A=BU C toloba. Tu  

AA ⊆ , maSin sxvaoba ∅=− AA . 
 

1.5. simravleTa TanakveTa (gadakveTa) 
  

 ori A da B simravlis  

TanakveTa ewodeba iseT 

simravles, romlis Semcveli 

nebismieri elementi ekuTvnis 

orive simravles erTdroulad. 

ori simravlis TanakveTa  

Semdegnairad Caiwereba: A BI ,   

sadac  I  warmoadgens TanakveTis simbolos. eiler-venis 

diagramaze TanakveTa naCvenebia me-3 nax-ze.  

 Tu A da B simravlis TanakveTa gvaZlevs ∅  

simravles _ A B = ∅I , maSin A da B simravles ewodeba 

araTanakveTadi simravleebi. Tu A B ≠ ∅I , maSin A da B 
TanakveTadi simravleebia. 

nax. 3 

nax. 2 
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                               U                                                                                 
  A 

                                       U                                          
 

 A 
B 

TanakveTis operacia vrceldeba simravleTa 

erTobliobazec, 1 2, ,..., nA A A  simravleTa erTobliobis 

TanakveTa ewodeba iseT simravles, romlis elementi saerToa, 

yvela mocemuli simravlisaTvis. 

davuSvaT, mocemuli simravleTa erTobliobis TanakveTa 

aris A, maSin: 

1 2 ... nA A A A= I I I  anu i

n

i
AA

1=
= I  

Tu simravleTa erToblioba usasruloa, maSin 

1 2 ... ...nA A A A= I I I I   anu i
i

AA
∞

=
=

1
I  

 

1.6. uaryofis operacia 
 

A  simravlis uaryofa ewodeba A -s, 

romelic Semdegnairad ganisazRvreba: 

A =U-A, sadac U aris universaluri 

simravle. eiler-venis diagramaze 

uaryofa naCvenebia me-4 nax-ze. 

 

1.7. ori simravlis simetriuli sxvaoba 

 

 ori A da B simravlis 

simetriuli sxvaoba aRiniSneba 

Semdegnairad: \A B  da 

ganisazRvreba ase:  

\ ( \ ) ( \ )A B A B B A= U . 

eiler-venis diagramaze simetriul 

sxvaoba naCvenebia me-5 nax-ze. 
 

  

 

nax. 4 

nax. 5 
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1.8. simravleTa dekartuli namravli 
 

 ganvixiloT A da B ori simravle. davuSvaT, A={ a }, 
B={b}. mocemuli simravleebis elementebidan vawarmooT 

mowesrigebuli ( a ,b ) wyvili. mas vuwodoT mowesrigebuli 

anu igi ganvasxvaoT (b , a ) wyvilisagan. elementTa (a ,b ) 
mowesrigebul wyvilebs, sadac pirvel adgilze dgas a A∈  

elementi, xolo meoreze b B∈   elementi, ewodeba 

simravleTa dekartuli anu pirdapiri namravli da 

Semdegnairad Caiwereba: A × B . Tu { }1 2 3, ,A a a a=  da 

{ }1 2, ,B b b=  maSin am simravleTa dekartuli namravli iqneba:        

{ } { }
{ }

1 2 3 1 2

1 1 1 2 2 1 2 2 3 1 3 2

, , ,

( , ); ( , ); ( , ); ( , ); ( , );( , ) .

A B a a a b b

a b a b a b a b a b a b

× = × =

=
 

A  da B  simravlis dekartuli namravli SeiZleba 

zogadad ase Caiweros: { }( , ) / , ,A B a b a A b B× = ∈ ∈  sadac 

daxrili xazis marjvena mxares Cveulebriv aRiniSneba 

elementebis Tviseba (a A∈  da b B∈  aris elementebis 

Tviseba). 

 cxadia, Tu A = ∅  an B = ∅ , maSin A B× = ∅ . 

dekartuli namravli vrceldeba simravleTa erTobliobazec. 

vTqvaT, mocemulia simravleTa Semdegi erToblioba 

1 2 3, , ,..., .nA A A A  maSin ∏
=

=×××=
n

i
in AAAAA

1
21 ...  simravles 

ewodeba iA   simravleTa dekartuli namravli. am SemTxvevaSi 

A  simravlis elementi iqneba  1 2( , ,..., ),na a a a=  sadac 

pirvel adgilze dgas 1 1a A∈  elementi, meoreze 2 2a A∈ , 

xolo n-ze n na A∈ . elementTa 1 2( , ,..., )na a a  mimdevrobas, 

sadac yoveli elementi ikavebs Tavis gansazRvrul adgils, 
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ewodeba korteJi. korteJis sigrZe ganisazRvreba masSi 

Semavali elementebis raodenobiT. korteJSi Semaval 

elementebs misi komponentebi ewodeba. Cveulebriv, korteJis 

elementebs aTavseben mrgval frCxilebSi. n erTnairi 

simravlis dekartul namravls: 

n-

...nA A A A= × × ×1442443
jer

 

ewodeba simravlis n-uri xarisxi; amasTan,  1 0; { }.A A A= = ∅  

1

,
n

i
i

A
=

= ∅∏  Tu  1A = ∅  an  2A = ∅ , an    . . . nA = ∅ . 

 

1.9. simravleTa jami 
 

 aviRoT ori X da Y simravle da indeqsTa K simravle, 

romlis ricxvi tolia Sesakreb simravleTa ricxvisa. am 

SemTxvevaSi K={1,2}, maSin X da Y simravleTa jami iqneba X ′  
da Y ′  simravleTa gaerTianeba, sadac {1}X X′ = × , xolo 

YY ×=′ }2{ , anu X+ Y=({1}x X)U ({2} x Y). 

X ′  da Y ′  simravles danomril simravleebsac 

uwodeben. simravleTa jami X+ Y= XU Y, maSin da mxolod 

maSin, rodesac XI  Y=∅ . 
 

1.10. simravleTa operaciis Tvisebebi 
 

 gaerTianebisa da TanakveTis operacia xasiaTdeba 

gadanacvlebadobis TvisebiT (komunikacia): 

,
.

A B B A
A B B A

=
=

U U

I I
 

 aseve jufdebadobis (asociaciuroba) TvisebiT: 

( ) ( ),
( ) ( ).
A B C A B C
A B C A B C

=
=

U U U U

I I I I
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 simravleTa TanakveTis operacias axasiaTebs 

ganawilebis (distribuciuloba) Tviseba rogorc 

gaerTianebis, aseve simravleTa sxvaobis mimarT: 

( ) ( ) ( ),
( \ ) ( ) \ ( ).
A B C A C B C
A B C A C B C

=
=

U I I U I

I I I
 

 gadanacvlebadobisa da jufdebadobis Tviseba 

axasiaTebs agreTve simravleTa simetriul sxvaobasac: 

\ \ ,
\ ( \ ) ( \ ) \ .

A B B A
A B C A B C

=
=

 

 TanakveTis operacias simetriul sxvaobis mimarT aqvs 

ganawilebis Tviseba: 

( \ ) ( ) \ ( ).A B C A B A C=I I I  

 sxvaobis operacia SeiZleba asec Caiweros: 

\ ( ).A B A A B= − I  

 gaerTianebis operacias TanakveTis operaciasTan aqvs 

ganawilebis Tviseba: 

( ) ( ) ( ).A B C A B A C=U I U I U  

 magaliTisaTvis davamtkicoT am ukanasknelis marTebuloba. 

 damtkiceba 

 imisaTvis, rom mocemuli toloba marTebuli iyos, 

unda vaCvenoT, rom: 

a) ( ) ( ) ( )A B C A B A C⊆U I U I U , 

b) ( ) ( ) ( )A B A C A B C⊆U I U U I . 

es gamomdinareobs moculobis aqsiomidan A=B, Tu  A B⊂ da B A⊂ . 

 viwyebT damtkicebas. jer vaCvenoT a) nawili. 

aviRoT nebismieri x  elementi tolobis marcxena 

nawilis simravlidan anu: 

( )x A B C∈ U I . 

gaerTianebis operaciidan gamomdinareobs ori SemTxveva: 
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1. x A∈    an  
2. x B C∈ I   

an SeiZleba erTdroulad ekuTvnodes A–sac da B CI . 

magram es ar aris ganxilvis sagani, radgan es ukanaskneli 

mainc 1) da 2) SemTxvevas moicavs. 

 ganvixiloT 1) SemTxveva, roca x A∈ , maSin x  

ekuTvnis tolobis marjvena mxaris orive nawilis simravles: 

x A B∈ U  da x A C∈ U . Tu es asea, TanakveTis operaciis 

gansazRvris Tanaxmad, x  ekuTvnis mTlianad tolobis 

marjvena nawilis simravles, e. i.: 

( ) ( )x A B A C∈ U I U . 

maSasadame, nebismieri x  elementi, romelic ekuTvnis 

tolobis marcxena nawilis simravles warmoadgens tolobis 

marjvena nawilSi mdgomi simravlis elementebsac. es ki 

niSnavs, rom tolobis marcxena nawilis simravle 

warmoadgens tolobis marjvena nawilis simravlis 

qvesimravles, e.i. 

( ) ( ) ( )A B C A B A C⊆U I U I U . 

 axla vaCvenoT 2) SemTxveva. davuSvaT, 

( ) ( )x A B A C∈ U I U . 

TanakveTis operaciis gansazRvris Tanaxmad SeiZleba 

davweroT, rom x  erTdroulad  ekuTvnis rogorc ( )A BU -s, 

aseve ( )A CU , e.i. x A B∈ U  da x A C∈ U  (erTdroulad). 

Tu x A B∈ U , maSin x A∈  an x B∈ (an orives 

erTdroulad) da Tu x A C∈ U , maSin x A∈  an x C∈ (an 
orives erTdroulad), e.i. gvaqvs: 

  x A∈  da x B∈  da x C∈ ( da e.i. erTdroulad). 

 axla gadavideT analizze (vnaxoT ra moxdeba 

tolobis marcxena mxares). 
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 vTqvaT, x A∈ , maSin ( )x A B C∈ U I . roca x B∈  da 
x C∈ , maSin ( )x B C∈ I  da cxadia, ( )x A B C∈ U I . 

 maSasadame, nebismieri x  elementi, romelic aviReT 

tolobis marjvena nawilSi mdgomi simravlidan, amave dros 

warmoadgens tolobis marcxena nawilSi mdgomi simravlis 

elements. es ki niSnavs, rom tolobis marjvena nawilis 

simravle warmoadgens tolobis marcxena nawilis simravlis 

qvesimravles, e.i. 

( ) ( ) ( )A B A C A B C⊆U I U U I . 

 moculobis aqsiomis Tanaxmad:  

( ) ( ) ( )A B A C A B C=U I U U I . 

 analogiurad mtkicdeba danarCeni Tvisebebic. 

 gaerTianebisa da TanakveTis operaciebs axasiaTebs 

idempotenturobis Tviseba: 

; .A A A A A A= =U I  

U  universaluri da ∅  carieli simravlisaTvis 

marTebulia Semdegi moqmedeba: 

.;
;;

AUAUUA
AAA

==
∅=∅=∅

IU

IU
 

A simravlis ormagi uaryofa gvaZlevs isev A simravles: 

A A= . 

 uaryofisaTvis marTebulia de morganis kanoni: 

;

.

A B A B

A B A B

=

=

I U

U I
 

 amrigad, TanakveTis uaryofa iZleva uaryofaTa 

gaerTianebas da gaerTianebis uaryofa tolia uaryofaTa 

TanakveTis. 
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1.11. simravleTa ekvivalentoba 
 

 ganvixiloT ori sasruli simravle. imisaTvis, rom 

SevadaroT es ori simravle, anu ganvsazRvroT maTgan, 

ricxobrivad romeli ufro meti elementisagan Sedgeba da 

romeli naklebisagan, unda daviTvaloT saTiTaod orive 

simravlis elementi. es gza ar aris xelsayreli Tundac 

sasruli simravleTaTvis, romlebic Seicavs elementTa did 

raodenobas, radgan aseT SemTxvevaSi gaWirdeboda misi Tvlac 

ki. xolo, rac Seexeba usasrulo simravles, maTTvis 

elementTa raodenobis daTvla saerTod kargavs azrs. 

 simravleTa SedarebisaTvis gamoiyeneba simravleTa 

elementebis urTierTcalsaxa SesabamisobaSi dayenebis meTodi. 

ganvixiloT am meTodis arsi Semdeg magaliTze. misaReb 

gamocdebze abiturientebs iwveven calkeul magidebTan. 

davuSvaT, unda ganvsazRvroT aris Tu ara abiturientebisa da 

magidebis raodenoba Tanabari. Tu gamocdis dawyebis win 

yoveli magida dakavebulia (marto zis erTi abiturienti erT 

magidasTan) da arc erTi abiturienti ar darCa magidis 

gareSe, aseT SemTxvevaSi dabejiTebiT SeiZleba iTqvas, rom 

abiturientebisa da magidebis raodenoba Tanabaria. e.i. 

advilad SeimCneva, rom abiturientTa da magidaTa simravle 

daiyo wyvilebad _ (abiturienti, magida) da am dros ar 

dagvrCa arc Tavisufali magida, arc fexze mdgomi (magidis 

gareSe darCenili) studenti. 

 axla ganvixiloT zogadi SemTxveva. davuSvaT, or A da 
B simravles aqvs elementTa erTnairi raodenoba. aviRoT 

nebismieri 1a A∈  elementi da masTan raime kanoniT 

davawyviloT (SevusabamoT) 1b B∈  elementi. Semdeg aviRoT 

2a A∈  da imave kanoniT davawyviloT 2b B∈  elementTan da 

a. S. sabolood, elementTa simravle daiyofa wyvilebad. Tu 

nebismier a A∈  elements raime gansazRvruli kanoniT 
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(dawyvileba, indeqsacia da a. S.) SeiZleba SevusabamoT erTi da 

mxolod erTi b B∈  elementi da amave dros, yoveli b B∈  

elementisaTvis aRmoCndeba SesabamisobaSi erTi da mxolod erTi 

a A∈  elementi da amgvarad, orive simravle daiyofa iseT 

wyvilebad, sadac orive simravlidan Sedis TiTo elementi, maSin 

amboben, rom A  da B simravleebis elementebs Soris damyarebulia 

urTierTcalsaxa Sesabamisoba. 

 simravleebs, romelTa Soris damyarebulia 

urTierTcalsaxa Sesabamisoba, ewodeba ekvivalenturi simravleebi. 

 A da B simravleebis ekvivalentobas aRniSnaven 

Semdegnairad: A ~ B . 

 Tu A da B ar aris ekvivalenturi, es ase Caiwereba A ~ B . 

 simravleTa urTierTcalsaxa SesabamisobaSi dayenebis 

meTodi erTaderTia usasrulo simravleTa SedarebisaTvis. 
 

1.12. simravleTa simZlavre.  

simravleTa simZlavris Sedareba 
 

 ganvixiloT 1 2, ,..., ,...nA A A  simravleTa erToblioba. 

davuSvaT, isini erTmaneTis ekvivalenturi simravleebia. 

urTierTekvivalentur simravleTa erToblioba qmnis 

ekvivalentur klasebs. erTi klasis sazRvrebSi simravleebi 

erTmaneTis ekvivalenturia. sxvadasxva ekvivalenturi klasis 

simravleebi ar iqneba erTmaneTis ekvivalenturi. erTsa da 

imave ekvivalentur klasSi Semaval simravleebs aqvT 

erTnairi simZlavre. 

 simravlis simZlavre _ es aris masSi Semavali 

elementebis raodenobis ganzogadebuli cneba. sasruli 

simravleebis simZlavre emTxveva elementTa raodenobis 

cnebas. usasrulo simravleebisaTvis SeiZleba mxolod mis 

simZlavreze visaubroT (am SemTxvevaSi, elementebis ricxvis 
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cneba uazrobaa). xSir SemTxvevaSi, simravlis simZlavres 

uwodeben kardinalur (Tvlad) ricxvs. simravlis simZlavres 

aseTnairad aRniSnaven: A  Tu 1 2 3, , ,..., nA A A A  simravleTa 

erToblioba warmoadgens ekvivalentur klass, maSin am klass 

SeiZleba mivuweroT erTi da igive kardinaluri ricxvi, 

davuSvaT, es ricxvia α (alfa). am klasSi Semavali 

simravleebi iqneba tolsimZlavriani, e.i. 

1 2, ,..., .nA A Aα α α= = =  

 im SemTxvevaSi, Tu 1 2 3, , ,..., nA A A A  simravleebi ar aris 

ekvivalenturi, maSin miuweren sxvadasxva kardinalur ricxvs: 

1 1 2 2, ,..., .n nA A Aα α α= = =  sadac 1 2 ... nα α α≠ ≠ ≠  am 

dros TviT simravleebic ar aris tolsimZlavriani. 

 vTqvaT, mocemulia A da B sasruli simravleebi. 

SevadaroT maTi simZlavreebi. amisaTvis gamoviyenoT 

urTierTcalsaxa SesabamisobaSi dayenebis meTodi. 

 davuSvaT, roca 1A α= da 2α=B , SesaZlebelia 

Semdegi sami SemTxveva: 

1 2 1 2 1 2; > ; < .α α α α α α=  

 roca A ~ B , maSin 1 2.α α=  

roca A ~B , magram B ~ 1A , sadac  1 ,A A⊂  maSin 1 2> .α α  

 roca A ~B , magram A ~ 1B , sadac 1 ,B B⊂  maSin 

1 2< .α α  

 axla vTqvaT, A da B simravleebi aris usasrulo. 

aRvniSnoT maTi simZlavreebi Sesabamisad A  da B -Ti. aqac 

SesaZlebelia sami SemTxveva A = B ; A > B ; A < B . 

pirveli Sesruldeba, roca A ~ B , sadac 1B B⊂  da B ~ 1A , 
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aq 1A A⊂ . meore SemTxveva Sesruldeba, Tu B ~ 1A , sadac 

1A A⊂ , magram A ar aris ekvivalenturi B-s arc erTi 

qvesimravlis. da bolos, mesame SemTxveva Sesruldeba maSin, 

roca A ~ 1B , sadac 1B B⊂ , magram B ar aris eqvivalenturi 

A-s arc erTi qvesimravlis. 
 

1.13. Tvladi simravleebi 
 

 simravleTa TeoriaSi xSirad ismeba aseTi saxis 

kiTxvebi: romel usasrulo simravles aqvs yvelaze didi 

simZlavre da arsebobs Tu ara yvelaze mcire simZlavris 

usasarulo simravle. 

 Teorema. nebismieri aracarieli X simravlis yvela 

qvesimravlis simZlavre metia TviT X simravlis simZlavreze.  

 aqedan gamomdinareobs, rom ar SeiZleba avagoT 

simravle yvelaze didi simZlavriT. rac Seexeba usasrulo 

simravles yvelaze mcire simZlavriT, igi arsebobs. 

 davuSvaT, X aris nebismieri usasrulo simravle, 

xolo N naturaluri mwkrivis yvela ricxvis simravle _ 

N={1; 2; 3; . . .n; . . .}. 
 aviRoT X simravlidan x  elementi da mivuweroT mas 

N simravlidan indeqsi 1, miviRebT 1x  elements. Semdeg 

aviRoT meore elementi X simravlidan da mivuweroT mas N 

simravlidan indeqsi 2, miviRebT 2x  elements. Tu am process 

gavagrZelebT, X simravleze miviRebT misgan gamoyofil nX  

simravles anu nX X⊆ . radgan N da nX  simravleebs Soris 

damyarebulia urTierTcalsaxa Sesabamisoba, amitom nX ~N. 

simravleTa simZlavreebis Sedarebis safuZvelze vwerT, rom 

nX X≥ . radgan ekvivalentur simravleTa simZlavre 



 24

tolia, amitom nX N= . Tu amas CavsvamT wina utolobaSi, 

miviRebT X N≥ . rogorc vxedavT, nebismieri usasrulo 

simravlis simZlavre metia naturaluri mwkrivis ricxvTa 

simravlis simZlavreze. 

 cxadia, nebismieri usasrulo simravlis simZlavre 

meti iqneba naturaluri mwkrivis ricxvTa simravlis 

ekvivalentur nebismieri simravlis simZlavreze. Sesabamisad, 

yvela usasrulo simravles Soris, yvelaze mcire simZlavre 

aqvs naturaluri mwkrivis ricxvTa simravles. 

 naturaluri mwkrivis ricxvTa simravles da mis 

yvela ekvivalentur simravles, uwodeben Tvlad 

simravleebs. Tvladi simravleebis simZlavres 

Cveulebrivad Tvlad simZlavres uwodeben da aRniSnaven   

0ℵ  (alef-nuli) simboloTi. 

 

1.14. Tanadoba 
  

 ganvixiloT ramdenime mtkiceba. a studenti zis b 
magidasTan; x  Tbomavali imyofeba y  navmisadgomTan, m 

saxls aqvs n nomeri. yvela am mtkicebiT magaliTSi adgili 

aqvs simravlis sxvadasxva elementebs Soris Tanadobas. 

pirvel magaliTSi gvaqvs studentebis da magidebis 

simravles Soris Tanadoba, meoreSi _ Tbomavlebis da 

navmisabmelebis simravleebs Soris, mesameSi _ saxlebis da 

nomrebis simravleTa Soris. rogorc vxedavT, calkeuli 

mtkicebebi gansazRvravs sxvadasxva simravleebs Soris 

Tanadobas. Tu Tanadobas adgili aqvs ori simravlis 

elementebs Soris, maSin aseT Tanadobas ewodeba binaruli. 

 vTqvaT, mocemulia X da Y  simravle. maT Soris 

Tanadoba  aRvniSnoT S -iT, maSin Tanadoba SeiZleba 

warmovidginoT Semdegnairad: 
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( )ГYXS ,,= , 
sadac Γ  aris Tanadobis grafiki, romelic ganisazRvreba 

rogorc X da Y  simravlis dekartuli namravlis 

qvesimravle, e.i. YXГ ×⊆ . X simravles uwodeben 

gamgzavrebis ares, xolo Y  simravles uwodeben S  

Tanadobis Casvlis ares. 

 Tanadoba SeiZleba mocemuli iyos cxrilis an 

grafis saSualebiT. magaliTad, ganvixiloT Tanadoba ` x  

tanmovarjiSes SeuZlia Seasrulos y  varjiSi~. 

tanmovarjiSeTa simravle aRvniSnoT X-iT, xolo varjiSTa 

simravle Y -iT. davuSvaT { }54321 ,,,, xxxxxX = , xolo  

{ }654321 ,,,,, yyyyyyY = , sadac ix  aris i -uri tanmovarjiSe, 
xolo jy  j -uri varjiSi, maSin mocemuli Tanadoba 

SeiZleba gamovsaxoT cxrilis an nax. 1b-ze naCvenebi 

grafis saSualebiT. 

 

 
 

 

 

 

 

 

 

a) 

  

 
 
 
 

 
1Y  

 
2Y  

 
3Y  

 
4Y  

 
5Y  

 
6Y  

1X  
 

*   *   

2X  
 

      

3X  
 

 * *  *  

4X  
 

 *     

5X  
 

  * *   
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Tanadobis grafiki cxrilSi mocemulia varskvlaviani ujrebiT anu:  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }4535245333234111 ,;,;,,,;,;,;,;, yxyxyxyxyxyxyxyxГ =  

 1b nax-ze grafSi X da Y  simravlis elementebi 

mocemulia wertilebiT (grafis mwvervalebi), xolo Tanadobis 

grafi mocemulia isrebiT (grafis rkalebi), anu, Tu  

( ) Гyx ∈, , maSin x  wertilidan miemarTeba isari y  wertilSi. 

amrigad, y   wertils uwodeben S  Tanadobis SemTxvevaSi x  

elementis saxes. TviT x  wertils uwodeben  y -is pirvelsaxes. 

x  elementis saxes S  Tanadobis SemTxvevaSi SeiZleba 

warmoadgendes y  elementTa raime jgufi. magaliTad, 3x  

elementis saxe (nax. 1b) Seicavs sam elements: 2y , 3y , 5y . 

analogiurad y  elementis pirvel saxes SeiZleba warmoadgendes 

x  elementTa raime erTianoba. magaliTad, 2y  elementis 

pirvelsaxe nax. 1b Seicavs or elements 3x , 4x . 

 ganvixiloT nebismieri ( )ГYXS ,,=  Tanadoba. S  Tanadobis 

gansazRvris are ewodeba X simravlis elementebs, romlebsac aqvT 

saxe. S  Tanadobis mniSvnelobaTa are ewodeba Y  simravlis 

elementebs, romlebsac aqvT pirvelsaxe. Tu Tanadobis 

gansazRvris are Seadgens X simravlis yvela elements, maSin 

1x   
 

2x    • 
3x     

 

4x    
 

5x    

• 1y  
 

• 2y  
• 3y  
 

• 4y  
 

• 5y  
• 6y  b) 

nax. 1 
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Tanadobas uwodeben yvelgan gansazRvruls. im SemTxvevaSi, Tu 

Tanadobis gansazRvris ares TiToeuli Xx ∈   elementis saxes 

warmoadgens mniSvnelobaTa simravlis Yy ∈   erTaderTi 

elementi, maSin Tanadobas ewodeba funqciuri anu funqcia. 

 aRvniSnoT funqcia F -iT, maSin SeiZleba CavweroT, rom 

YXF ×⊆  da funqcionaluri TanadobisaTvis ( ) Fyx ∈,  amave 

dros ( ) Fyx ∈,  gamosaxulebis nacvlad SeiZleba visargebloT 

Semdegi ( )xFy =  gamosaxulebiT, sadac x -s ewodeba argumenti, 

xolo  y -s _ funqciis mniSvneloba. 

 im SemTxvevaSi, rodesac Tanadobis gansazRvris ares 

warmoadgens  nXXX ,...,, 21   simravlis dekartuli namravli 

anu nXXX ××× ...21 ,  maSin ( )nxxxFy ,...,, 21= , xolo  F  

funqcias uwodeben n-adgilians. 
 

1.15. simravlis asaxva 
 

 asaxva Tanadobis erT-erTi kerZo SemTxvevaa. vTqvaT, 

mocemulia ( )ГYXS ,,=  Tanadoba. Tu nebismieri Xx ∈  yovel 

elementis saxes warmoadgens Yy ∈   erTadaerTi elementi, maSin 

aseT Tanadobas ewodeba X simravlis asaxva  Y  simravleze.  

 aRvniSnoT asaxva Г-Ti da simbolurad ase CavweroT: 

YX:Г →  an Y→ГX . 

 moviyvanoT asaxvis magaliTi (nax. 2). 

Г asaxvisaTvis aseve adgili aqvs -1Г  ukuasaxvas. 

magaliTad, Yy ∈1  elementisaTvis ukuasaxva (pirvelsaxe)  

warmoadgens Xx ∈1 elements, xolo 2y  elementisaTvis _  

Xxx ∈32 ,   elementebi (nax. 2). Tu x   elementis saxes Г 

asaxvis SemTxvevaSi avRniSnavT Гx -iT, maSin ukuasaxva 

SeiZleba CavweroT Semdegnairad  { }Гxyx ∈= /yГ -1
. 
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   Tu X simravle aisaxeba mTlian Y simravleSi anu 

Гx =Y, maSin aseT asaxvas ewodeba sureqciuli. im SemTxvevaSi 

roca nebismieri Yy ∈  elementis pirvelsaxe Seicavs mxolod 

erT Xx ∈  elements, maSin aseT asaxvas ewodeba ineqciuri. 

ineqciuri asaxvis dros dasaSvebia carieli pirvelsaxis 

arseboba. da bolos, roca asaxva erTdroulad warmoadgens 

sureqciulsac da ineqciursac, aseT asaxvas uwodeben 

urTierTcalsaxas anu bieqciurs. 3 a, b, g nax-ze mocemulia 

sureqciuli, ineqciuri da bieqciuri asaxvebis magaliTebi. 

 
 

1x      
2x   
3x     
4x    
5x    

 

•  1y  
   

• 2y  
• 3y  
• 4y  
  
   

X 

 a) 
 

nax.3 

 Y 

1x      
2x    
3x     
4x    

 

     

 • 1y  
• 2y  
• 3y  
• 4y  
• 5y  

X 

nax. 2 

 Y 
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 vTqvaT, mocemulia YX:Г →  asaxva. davuSvaT,  

X⊂1X , maSin 1X  simravlis saxe iqneba Y simravlis im 

elementTa erToblioba, romelic warmoadgens 1Xx ∈  

elementis Гx  saxes. 1X  simravlis saxe aRvniSnoT 1ГX -iT, 

maSin ГxГX
Xx 1

1
∈

= U . 

 Г asaxva SeiZleba mocemuli iqnas erT simravlezec: 

XX:Г → . 

1x      
2x    
3x     
4x    

 

• 1y  
• 2y  
 • 3y  
• 4y  
• 5y  
• 6y  

X 

b) 

 Y 

1x      
2x    
3x     
4x    

 

     

•  1y  
•  2y  
•  3y  
•  4y  
  
   

X 

g) 

 Y 

nax. 3 
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C  

nax. 4 

cΓ  B  

 Tu X simravleze mocemulia ori Г da F asaxva, maSin 
am asaxvaTa kompozicias uwodeben am ukanasknelTa 

TanamimdevrobiT gamoyenebas: 

( ) ( )FxГxГF = . 

 Tu  FГ = , miviRebT: 
( )ГxГxГ =2

; ( )xГГxГ 23 = ; ( )xГГxГ nn 1−= . 

 vTqvaT, mocemulia B   simravlis mravalsaxa Г  asaxva 
A  simravleze. davuSvaT Гc  aris C  simravlis B  
simravleze asaxva, sadac AC ⊂  (nax. 4). im SemTxvevaSi, Tu 

Гc = Г , Cx ∈∀ –saTvis, maSin Гc  uwodeben Г  asaxvis 

Seviwroebas C  qvesimravleze. am dros TviT Г  asaxvas 
uwodeben Гc  asaxvis gagrZelebas A  simravleze. 

 

 

 

 

                   

 

 

 

              

 

 

1.16. damokidebuleba (mimarTeba).  

damokidebulebis mocemis xerxebi 
 

 Tu Tanadoba sruldeba erT A simravleze, maSin mas 

uwodeben damokidebulebas. ufro gavrcelebulia or obieqts 

Soris damokidebuleba, romelsac binaruli ewodeba. 

magaliTad, davuSvaT A saxlebis simravlea. maSin mtkiceba 

A  
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imisa, rom Aa ∈  saxli ufro maRalia  Ab∈  saxlze, iqneba 

damokidebuleba A simravleze. 

 damokidebuleba iTvleba mocemulad, Tu cnobilia is 

obieqtebi, romelTa Sorisac sruldeba damokidebuleba. 

 ganvixiloT romelime X simravle. mocemuli simravlis 

x X∈  da y Y∈  elementebisagan vawarmooT mowesrigebuli 

wyvilebi ( yx, ). amasTan, ( yx, ) X X∈ × , sadac  X X×   aris 

X simravlis dekartuli namravli Tavis Tavze. ( yx, ) wyvilis 

sawarmoeblad mocemul elementebs Soris dgindeba raime 

binaruli damokidebuleba. aRvniSnoT binaruli damokidebuleba  

R-iT.  R – niSnavs  Relation _ relacia anu qarTulad 

damokidebulebas. maSin X simravleze  R    damokidebuleba 

iqneba R qvesimravle X X×  dekartuli namravlisa: 

 

R X X⊆ ×  

 es niSnavs, rom R damokidebuleba X X×    

simravlidan amoirCevs im ( yx, ) wyvilebs, rac akmayofilebs 

mocemul R  damokidebulebas. is rac or x  da y  obieqts 
Soris damyarda R binaruli damokidebulebiT, Semdegnairad 

Caiwereba: x R y  da ase waikiTxeba: obieqti x  aris R 

damokidebulebaSi obieqt  y -Tan.  X simravle am SemTxvevaSi 

warmoadgens R  damokidebulebis mocemis ares. 

 ganvixiloT damokidebulebis mocemis xerxebi. 

 damokidebuleba SeiZleba mocemuli iyos cxrilebis 

saSualebiT. vTqvaT, mocemulia ori simravle:  

{ }1 2, ,..., nA a a a=   da  { }1 2, ,..., mB b b b= .   

   vipovoT am simravleTa A B×  dekartuli namravli.           



 32

davuSvaT, rom 

A B×    simravleze 

mocemulia R A B⊆ ×    

binaruli 

damokidebuleba. 

gavataroT 

vertikaluri da 

horizontaluri 

wrfeebi, romlebic 

Seesabameba A da B 
simravleTa elementebs. Tu (a,b) wyvili akmayofilebs mocemul 

R damokidebulebas, e. i. (a,b) R∈ ,   maSin mocemuli wrfeebis 

gadakveTa wyvilTa Sesabamisad movniSnoT wertilebiT. 

moviyvanoT magaliTi. vTqvaT, { }1, 2A =  da  { }1, 2,3B =  da 

mocemulia R damokidebuleba: R= 〈 a A∈  warmoadgens b B∈ - s 

gamyofs 〉 .  (SeiZleba iyos ase  R b/a  e. i. b iyofa  a-ze). 

pirvel rigSi vipovoT  A B×  dekartuli namravli: 

{ } { } ( ){ }1,2 1, 2,3 (1,1); (1, 2); (1,3); 2,1 ; (2, 2); (2,3) .A B× = × =  

am simravlidan mocemul damokidebulebas akmayofilebs Semdegi 

wyvilebi: { }(1,1); (1, 2);(1,3); (2, 2) .R =  avagoT am wyvilTa 

Sesabamisi cxrili, miviRebT: 

 binaruli damokidebuleba 

SeiZleba aseve mocemuli iyos 

isrebis saSualebiTac. amisaTvis A 
da B simravleebis elementebs 

gamovsaxavT wertilebis saSualebiT. 

amis Semdeg, mocemuli wertilebi im 

SemTxvevaSi daukavSirdeba erTmaneTs 

    1a      2a      3a  . . . na  

 1b  

 

2b  

 

3b  

. 
 . 
 . 

mb  

     1 
     2 
     3 

  1       2 
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isrebiani xazebiT, Tu Sesabamisi (a,b) wyvili akmayofilebs 

mocemul R damokidebulebas. ganxiluli magaliTisaTvis R 
damokidebulebis Sesabamis sqemas eqneba Semdegi saxe: 
 

     

 
am magaliTebSi A B⊂  naxazi SeiZleba gavamartivoT 

da erTi da igive wertilebi mxolod erTxel moviyvanoT: 
                                                                  

                                 •      2 
               
                         1                • 3 

    

binaruli damokidebulebis mocemisaTvis sargebloben 

agreTve kveTis anu meorenairad erTeulovani radiusis 

midamos xerxiT.  

ganvixiloT A B×  dekartis namravli (a,b) wyvili, 

romelic akmayofilebs mocemul R damokidebulebas. igi 

aRvniSnoT C-Ti. C simravlis kveTa x a= -s mixedviT, ewodeba 

b B∈   elementTa simravles, romelisTvisac sruldeba 
(a,b) C∈ . analogiurad, R damokidebulebis kveTa  x -iT aris 

b B∈  elementTa simravle, ise rom  ( ),x b R∈ . R 

damokidebuleebis kveTebis simravles ewodeba B simravlis 

faqtor simravle R damokidebulebis mimarT. faqtor-

simravles aRniSnaven B/R-iT. is mTlianad gansazRvravs R 

  1 
 
  2 

   •1 
 
   •  2 
   
   •3 
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damokidebulebas. qvemoT moyvanili naxazis mixedviT, R 
damokidebulebis kveTis simravle CavweroT Semdegnairad:  

( ) ( ) ( )
1 2 3 4

1 4 2 3 2 4 5, , , ,
a a a a

b b b b b b b
 
 ∅ 

                                

 kvadratul 

frCxilebSi  moTavsebuli 

gamosaxulebis meore  mwkrivi 

warmoadgens B/R faqtor-
simravles. 

 Tu ,X A⊂  maSin 

( ) ( ).
x X

R X R x
∈

= U  magaliTad, 

Tu  { } ( ) { } ( ) { }1 2 1 1 4 2 2 3, , , , , ,X a a R x a b b R x a b b= = = = =  

maSin ( ) { }1 2 3 4, , , .R X b b b b=       

 

1.17. damokidebulebis Tvisebebi 
 

 aviRoT romelime X simravle. vTqvaT, am simravleze 

mocemulia R damokidebuleba. ganvixiloT binaruli 

damokidebulebis yvela gavrcelebuli Tviseba. 

1. refleqsuroba. Tu x X∈  elementi R 
damokidebulebaSi imyofeba Tavis TavTan, maSin aseT 

damokidebulebas refleqsuroba ewodeba: xRx  
magaliTad, Tu es ricxvia, maSin x x≥  anu 

damokidebulebas 〈 ar aris meti 〉 , 〈 ar aris 

ufrosi 〉 , 〈 aris msgavsi 〉  da a. S. aqvs 

refleqsurobis Tviseba. 

2. antirefleqsuroba. Tu damokidebuleba xRx  ar 

sruldeba arc erT  x X∈ -isaTvis, maSin aseT 

damokidebulebas ewodeba antirefleqsuri. magaliTad, 

    1a     2a     3a    4a  

  

1b  
 

2b  
 

3b  

 

4b  

 

5b  
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x> (5x >5)  ar sruldeba x -is arc erTi 

mniSvnelobisaTvis. 

3. simetriuloba. Tu erTdroulad sruldeba xRy  da 

yRx  damokidebuleba, maSin aseT Tvisebas ewodeba 

simetriuli. magaliTad, perpendikularobis 

damokidebuleba  ( )a b b a⊥ ⊥  an toloba 

( ).a b b a= =  

4. asimetriuloba (arasimetriuloba). Tu xRy  da yRx  

ori damokidebulebidan  sruldeba mxolod erTi, 

maSin damokidebulebis aseT Tvisebas ewodeba 

asimetriuloba. magaliTad, ricxvebisaTvis 

damokidebuleba 〈 metia 〉 : x>y. 

5. tranzituloba. Tu xRy  da yRz   ori 

damokidebulebidan gamomdinareobs, rom xRz , maSin 

damokidebulebis aseT Tvisebas ewodeba 

tranzituloba. magaliTad, paralelobis 

damokidebuleba: //a b   da //b c , maSin  //a c . 

metobis damokidebuleba: x>y da y >z, maSin  x>z.    
 

1.18. mowesrigebis (dalagebis) damokidebuleba 
 

sxvadasxva simravleSi elementebi SeiZleba 

gansxvavdebodes erTmaneTisagan iseTi niSnebiT, rogoricaa: 

ufrosi, maRali, pirveladi da a. S. aseTi niSnebis SemoReba 

simravlis elementebis mimarT ganisazRvreba im kanonzomierebiT, 

romlis Tanaxmad simravlis elementebi dalagdeba erTmaneTis 

mimarT. ansxvaveben mowesrigebis Semdeg damokidebulebas: 

kvazimowesrigeba. mocemuli damokidebuleba 

xasiaTdeba Semdegi TvisebiT: 

a) refleqsuroba; 

b) tranzituloba. 
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romelime simravlis elementebis kvazimowesrigebis 

damokidebulebis dros aRmoCndeba, rom es damokidebuleba 

ar iZleva sxvadasxva x  da y  elementis gansxvavebis 

saSualebas, vinaidan erTdroulad sruldeba xRy  da yRx  

damokidebuleba. moviyvanoT magaliTi. vTqvaT, X aris 

adamianTa simravle: { }1 2 3 4 5, , , ,X x x x x x=  da davuSvaT, rom 

maTi simaRleebia Sesabamisad: 163, 177, 159, 163, 184. vTqvaT 

mocemulia damokidebuleba: < x aris y-ze maRali >. es 

damokidebuleba aris kvazimowesrigebis damokidebuleba 

mocemul simravleze. marTlac, is refleqsuricaa, radgan 

nebismieri x X∈ -saTvis marTebulia. ` x  ar aris Tavis Tavze 
maRali~. es damokidebuleba tranzitulicaa. vinaidan, Tu x  ar 

aris y -ze maRali, xolo y  aris z-ze maRali, maSin x  ar aris 

z-ze maRali, sadac , ,x y z X∈ . garda amisa, sainteresoa isic, 

rom es damokidebuleba ar gvaZlevs saSualebas erTmaneTisagan 

gavarCioT sxvadasxva adamiani, kerZod, 1x  da 4x ; vinaidan maT 

erTi da igive simaRle (163) aqvT, da erTdroulad sruldeba 

1 4x Rx  da 4 1x Rx  damokidebuleba. aqedan Cans, rom mocemuli 

damokidebuleba ar iZleva saSualebas davalagoT 1x  da 4x  

elementebi. swored amitom, am damokidebulebas 

kvazidamokidebulebis damokidebuleba ewodeba. 

mkacri dalagebis (mowesrigebis) damokidebuleba. es 

damokidebuleba xasiaTdeba Semdegi TvisebebiT: 

a) asimetriuloba; 

b) tranzituloba. 

magaliTi. ganvixiloT { }2,5,3,10,7X =  simravle da 

x < y  ( x  naklebia y -ze) damokidebuleba. mocemuli simravle 

SeiZleba x < y   damokidebulebiT iyos dalagebuli 

Semdegnairad: { }2,3,5,7,10X = , anu pirvel adgilze dgas 

 37

elementi 2, vinaidan 2 naklebia yvela danarCenze; Semdeg 

elementi 3 da a. S. mocemuli damokidebuleba SeiZleba 

gamoisaxos wyvilebis saSualebiT, romelTaganac TiToeuli 

gansazRvravs calkeul Sedarebas: 

{ }(2,3); (2,5);(2,7); (2,10);(3,5); (3,7); (3,10);(5,7); (5,10); (7,10) .
 x < y   damokidebuleba mocemul simravleze 

warmoadgens mkacri dalagebis damokidebulebas. arsebiTad, 

mocemuli simravlis nebismieri ori x  da y    
elementisaTvis, Tu x < y , maSin ar iarsebebs y  < x . garda 

amisa, es damokidebuleba aris tranzitulic, vinaidan, Tu 

x < y  da y  < z, maSin x < z, sadac x , y , z  ∈   X. 

aramkacri dalagebis (mowesrigebis) damokidebuleba. 

es damokidebuleba xasiaTdeba Semdegi TvisebebiT: 

a) refleqsuroba; 

b) antisimetriuloba; 

g)  tranzituloba. 

magaliTad, ganvixiloT zemoT moyvanili simravle: 

{ }2,5,3,10,7Χ =  da davalagoT igi x y≥  damokidebulebis 

mixedviT ( x  metia an toli y _ze). 

maSin simravle miiRebs aseT saxes: { }10,7,5,3, 2X = , 

anu pirvel adgilze dgas elementi 10, vinaidan igi metia 

danarCen elementze, meore adgilzea 7 da a.S. es 

damokidebuleba SeiZleba mocemuli iqnas Semdegi wyvilebis 

saSualebiTac: 

{ (1 0 ,1 0 ) ; (1 0 , 7 ); (1 0 , 5 ); (1 0 , 3) ; (1 0 , 2 ); ( 7 , 7 ); (7 , 5 );
(7 , 3) ; (7 , 2 ) ; (5 , 5 ) ; (5 , 3) ; (5 , 2 ) ; (3 , 3) ; (3 , 2 ) ; ( 2 , 2 )} .
rogorc vxedavT, x y≥   damokidebuleba x  simravleze aris 

aramkacri dalagebis damokidebuleba. marTlac, nebismieri 

elementisaTvis x ∈ x : x ≥ x , anu is xasiaTdeba refleqsurobis 
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TvisebebiT. es damokidebuleba antisimetriulia, radgan x y≥  

da y x≥  damokidebuleba erTdroulad sruldeba  mxolod 

erT SemTxvevaSi, roca x = y . mocemuli damokidebuleba 

tranzitulia, vinaidan, Tu x y≥  da y z≥ , maSin ,x z≥  sadac 

, ,x y z X∈ .  

nawilobrivi dalageba. nawilobrivi dalageba arsebobs 

iseT simravleze, roca misi yvela elementi ar SeiZleba 

Sedardes erTmaneTTan. 

magaliTi. vTqvaT, mocemulia { }2,3,5,8,9,11,16X =   

simravle da damokidebuleba: x  aris y _is gamyofi. 

mocemuli damokidebulebiT X  simravle SeiZleba 

nawilobriv iqnes dalagebuli. marTlac, is xasiaTdeba 

refleqsurobis TvisebiT: yvela x A∈ _Tvis x  aris Tavis 

Tavis gamyofi. mocemuli damokidebuleba agreTve xasiaTdeba 

antisimetriulobis TvisebiT: x  aris y _is gamyofi da y  

aris x _is gamyofi. erTdroulad mxolod im SemTxvevaSi, 

roca .x y=  es damokidebuleba tranzitulia, vinaidan, Tu 

x  aris y _is gamyofi da y  aris z _is gamyofi, maSin x  
aris z _is gamyofi, sadac , , , .x y z X∈  amave dros, rigi 

elementebisa am simravlidan ar SeiZleba erTmaneTTan 

Sedardes mocemuli damokidebulebiT. magaliTad: 3 da 11; 5 

da 9 da a.S. amgvarad, mocemuli damokidebuleba X  

simravleze warmoadgens nawilobriv dalagebis 

damokidebulebas. 

 wrfivi dalageba.  nawilobrivi dalagebis  

damokidebulebisagan gansxvavebiT, wrfivi dalagebis 

damokidebuleba sruldeba simravlis nebismieri ori 

elementisaTvis. igi xasiaTdeba mowesrigebis damokidebulebis 

TvisebiT, romelsac emateba kidev sisrulis pirobac: 

 39

nebismieri x  da y  ori elementisTvis yovelTvis sruldeba: 

xRy  an .yRx  

 magaliTi. vTqvaT, gvaqvs { }2,7,3,10,6Χ =  simravle 

da x y≤  damokidebuleba. mocemuli damokidebuleba 

simravles alagebs wrfivad: { }2,3,6,7,10Χ = . 

 ganvixiloT X  simravle. davuSvaT, .Y X⊂  vTqvaT, 

X  simravleze mocemulia mowesrigebis R  damokidebuleba. 

Tu arsebobs iseTi mx ∈ Χ  elementi, rom y Y∈ , yvela 

elementisaTvis sruldeba myRx  damokidebuleba (elementi 

mx  mosdevs yvela y  elements), maSin mx  elements ewodeba 

Y  simravlis maJoranti. 

 Tu arsebobs nx X∈  elementi ise, rom yvela 

y Y∈ _isaTvis sruldeba yRxn  damokidebuleba  nx(  win 

uZRvis yvela y  elements), maSin nx  elements ewodeba Y  

simravlis minoranti. SeiZleba arsebobdes maJorantTa da 

minorantTa simravle. im SemTxvevaSi, Tu maJoranti ,mx Y∈  

maSin mas ewodeba Y  simravlis maqsimumi maxx  (maqsimaluri 

elementi). Tu minoranti ,nx Y∈  maSin mas ewodeba Y  

simravlis minimumi (minimaluri elementi) minx . Tu maJorantTa 

simravle Seicavs maqsimalur elements, maSin mas uwodeben Y  

simravlis zeda zRvars da Ysup -iT. aRniSnaven Tu minorantTa 

simravle Seicavs minimalur elements, mas uwodeben simravlis 

qveda zRvars da infY -iT aRniSnaven. 
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II Tavi 
 

maTematikuri logikis elementebi  
 

2.1. sentenciuri kavSirebi. gamonaTqvamis 

gansazRvra 
 

ganvixiloT Semdegi winadadebebi: sami ar aris luwi 

ricxvi; baRSi izrdeba vaSlis xe da ezo savsea xalxiT; 

onkanSi moedineba wyali an avtobusebi Cerdebian 

gaCerebasTan; Tu 2X2=5, maSin 3-3=10; Sejibri daiwyeba maSin 

da mxolod maSin, roca movlen msajebi. 

pirveli winadadeba SeiZleba iqnas miRebuli 

winadadebidan: `3 aris luwi ricxvi~ sityva `ara~-s 

daxmarebiT. meore magaliTSi ori winadadeba dakavSirebulia 

sityviT `da~, mesame, meoTxe da mexuTe magaliTebSi 

winadadebebi Sesabamisad dakavSirebulia Semdegi sityvebis 

daxmarebiT: `an~, `Tu maSin~, `maSin da mxolod maSin, roca~. 

aq gamoyofil xuT sityvas logikaSi uwodeben sentenciurs 

anu propoziciur kavSirebs. sentenciuri kavSirebis saSualebiT 

SeiZleba SeerTebuli iyos nebismieri Sinaarsis winadadeba. 

Tu winadadeba Sedgenilia sityva `ara~-s daxmarebiT, 

maSin mas uwodeben sawyisi winadadebis uaryofas. ori 

winadadeba, romelic SeerTebulia sityva `da~-s daxmarebiT 

qmnis axal winadadebas, romelsac uwodeben sawyisi 

winadadebis koniunqcias. Tu ori winadadeba SeerTebulia 

sityviT `an~, maSin axal winadadebas ewodeba sawyisi 

winadadebis diziunqcia. ori winadadeba SeiZleba 

dakavSirebuli iqnas erTmaneTTan sityvis `Tu maSin~ 

daxmarebiT, am SemTxvevaSi miRebul winadadebas sawyisis 

implikacias uwodeben. da bolos, Tu ori winadadeba 

dakavSirebulia erTmaneTTan sentenciiT `maSin da mxolod 

maSin, roca~, miRebul axal winadadebas ewodeba ekvivalencia. 
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Tu winadadeba ar Seicavs damakavSirebels, maSin aseT 

winadadebas logikaSi dauSlel anu martiv winadadebas uwodeben. 

winadadebas, romelic Sedgeba erTi an ramdenime kavSirisagan, 

rTul winadadebas uwodeben. gamonaTqvams Cveulebrivad aRniSnaven 

laTinuri anbanis didi asoebiT A, B, . . . , P, Q, . . . , X, Y, . . ., A1, X1, 
Z1. . . am simboloebs uwodeben  cvlad gamonaTqvamebs. 

sentenciur kavSirebs `ara~, `da~, `an~, `Tu maSin~, 

`maSin da mxolod maSin, roca~, maTematikaSi Semdegi 

simboloebiT aRniSnaven: _, .,,, ↔→∨∧    magaliTad:  

.,,,, QAYPQAQPA ↔→∨∧  

gamonaTqvamis aRniSvnaSi simboloebad gamoiyeneba 

agreTve mrgvali frCxilebi: (   ).  

nebismieri winadadeba da maT Soris rTulic SeiZleba 

formalizebulad iqnas aRwerili cvladi gamonaTqvamebis 

simboloebiT, sentenciuri kavSirebisa da mrgvali 

frCxilebis saSualebiT. SeTanxmebulia, rom frCxilebis 

gamoyenebis dros Zlier kavSirad iTvleba ekvivalencia, 

Semdeg implikacia, implikaciis Semdeg koniunqcia da 

diziunqcia, bolos susti kavSiri _ uaryofaa. 

moviyvanoT gamonaTqvamis gansazRvra. gamonaTqvami es 

aris nebismieri winadadeba, an mtkiceba, romelic SeiZleba 

klasificirebul iqnes, rogorc WeSmariti an mcdari da 

araviTar SemTxvevaSi orive erTad. aRvniSnoT gamonaTqvamis 

WeSmariteba aso `W~-Ti, xolo mcdaroba aso `m~-Ti. or 

elementiani simravlis {W,m} elementebs uwodeben 

gamonaTqvamis WeSmaritebis mniSvnelobebs. winadadeba an 

mtkiceba warmoadgens gamonaTqvams maSinac ki, roca araa 

cnobili mcdaria igi Tu WeSmariti,  magram aqvs azri mis 

WeSmaritebaze an mcdarobaze msjelobas. moviyvanoT 

magaliTebi: 4 – luwi ricxvia; parizi italiis dedaqalaqia; 

TbilisSi frinvelTa raodenoba tolia 21376. pirveli 

winadadeba WeSmaritia, meore mcdaria, mesamis mcdaroba an 
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WeSmariteba CvenTvis araa cnobili. Tu X da Y 

gamonaTqvamebia, maSin X, X∧ Y,  X ∨ Y, X → Y da X ↔ Y 

agreTve iqneba gamonaTqvamebi. 

Tu X – WeSmaritia, maSin X  iqneba mcdari da 

piriqiT. SevadginoT uaryofis WeSmaritebis cxrili, 

romelsac aqvs Semdegi saxe: 
 

                    cxrili 1 

X  X  

W 

m 

m 

W 
 

koniunqciisTvis X∧ Y, WeSmaritebis cxrils aqvs 

Semdegi saxe:                                    
 

      cxrili 2 

X, Y X∧ Y 

W W 

W m 

m W 

m m 

W 

m 

m 

m 
 

rogorc cxrilidan Cans, koniunqcia X∧ Y WeSmaritia, 
mxolod erT SemTxvevaSi, roca X da Y erTdroulad WeSmaritia. 

 ganvixiloT diziunqcia: X ∨ Y  
 

            cxrili 3 

X, Y X ∨ Y 

W W 

W m 

m W 

m m 

W 

W 

W 

m 
 

diziunqcia X∧ Y mcdaria mxolod maSin, roca X da 

Y erTdroulad mcdaria. 
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Tu bunebriv enaze, rTuli winadadeba Sedgenilia 

kavSiriT `Tu maSin~ (mag. BA → ), misi Sinaarsis analizis 

dros A -s uwodeben pirobas, xolo B -s romelic 

gamomdinareobs A -dan _ Sedegs.  

logikaSi kavSiri →  aerTebs nebismier winadadebas 

da maTematikaSi miRebul gansazRvraTa safuZvelze 

warmoadgens mcdars erTaderT SemTxvevaSi, roca piroba 

WeSmaritia da Sedegi mcdari. implikacia warmoadgens 

WeSmarits, maSinac, roca mcdaria pirobac da Sedegic, 

magaliTad: Tu 2X3 = 3, maSin 5+6 = 20 mocemuli 

winadadebis orive gamonaTqvami mcdaria, impilikacia ki 

WeSmaritia. WeSmaritebis cxrils aqvs Semdegi saxe: 
 

      cxrili 4 

X, Y X →Y 

W W 

W m 

m W 

m m 

W 

m 

W 

W 
 

ekvivalenciisaTvis X ↔ Y, WeSmaritebis cxrili 

SeiZleba agebuli iqnas, implikaciis WeSmaritebis cxrilis 

safuZvelze, radgan ekvivalencia X ↔ Y    warmoadgens ori 

implikaciis koniunqcias: (X → Y) ∧ (Y → X). 
 

               cxrili 5                       cxrili 6 

X, Y (X → Y) ∧  (Y → X) 

W W 

W m 

m W 

m m 

   W    W    W 

   m    m    W 

   W    m    m 

   W    W    W 
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2.2. sulmarTali formulebi  
 

 SemoviRoT formulis cneba gamonaTqvamis aRricxvaSi. 

ganvixiloT A , B , C , . . .,\, X, Y, Z cvladi 

gamonaTqvamebi. mocemuli gamonaTqvamidan, romelsac sawyis 

gamonaTqvamebs uwodebT, sentenciuri kavSirebisa da 

frCxilebis gamoyenebiT SevadginoT yvela SesaZlo 

gamosaxulebebi, aseTi gziT miRebul gamosaxulebebs 

formulebs uwodeben, moviyvaoT formulebis magaliTi: 

( ) ( ) ( ) ( ) ( )BAXXZXYACBA →→∨→↔∧→∨ ,,  

xSir SemTxvevaSi cvlad gamonaTqvamebs uwodeben 

martivs anu elementarul formulebs, xolo formulebs, 

romlebic Sedgenilia sentenciuri kavSirebiT – Sedgenils, 

martiv formulebs Sedgenil formulebSi uwodeben mis martiv 

komponentebs, nebismier martiv formulas SeuZlia miiRos erT-

erTi mniSvneloba ori `W~ da `m~ – mniSvnelobidan. Sedgenili 

formulebis WeSmarituli mniSvnelobebi ganisazRvreba misi 

Semadgeneli martivi komponentebis WeSmaritebis 

mniSvnelobidan. Tu Sedgenili formula Seicavs  n  _ martiv 
komponents, maSin misi WeSmaritebis cxrili Sedgenili iqneba  

2n raodenobis - striqonisagan. 

ganvixiloT gamonaTqvamebis aRricxvis raime formula. 

Tu mocemuli formulis WeSmaritebis mniSvneloba Rebulobs  

W-s tol mniSvnelobas, misi martivi komponentebis WeSmaritebis 

mniSvnelobis nebismieri ganawilebisaTvis, maSin aseT formulas 

uwodeben sulmarTal formulas an tavtologias. 

X formulis sulmarTlobas aRniSnaven Semdegnairad: ╞X . 

nebismieri formulis sulmarTloba SeiZleba 

ganisazRvros uSualod misi WeSmaritebis cxrilidan. 

formulebi: ( ) ( )( ) ( )BABABA →→∧→∨  da ( ) BBA ∨∨   

W W 

W m 

m W 

m m 

W 

m 

m 

W 
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warmoadgenen tavtologias. vaCvenoT igi cxrilebis 

saSualebiT. 
                             cxrili 7                    cxrili 8 

A , B  ( ) ( )( ) ( )BABABA →→∧→∨  

 W   W 

 W   m 

 m   W 

 m   m 

   W   W   W   W    W 

   W   W   m   W    m 

   W   m   m   W    W 

   m   W   m   W    W 

  

axla ganvixiloT formula ( ) ( ) ( )( )BACBBA ∧∧→↔∨ . igi ar 

warmoadgens tavtologias, marTlac, 
                                   

cxrili 9  
 

 

 

 

 

 

 

 

 

 
   

2.3. formulaTa ekvivalentoba 
 

or A   da B  formulas ewodeba ekvivalenturi anu 

tolZalovani, Tu maTi yvela martivi komponentebis 

WeSmaritebis mniSvnelobis nebismieri ganawilebisaTvis, isini 

Rebuloben erTi da igive WeSmaritul mniSvnelobas. 

sxvagvarad rom gamovxatoT, ekvivalenturi formulebi 

erTdroulad mcdari an erTdroulad WeSmaritia. A  da B  

formulis ekvivalentoba aRiniSneba Semdegnairad       

A ~ B . moviyvaniT ekvivalenturi formulebis magaliTebi:    

A , B   ( ) BBA ∨∨  

 W   W 

 W   m 

 m   W 

m   m 

   W   W  

   W   W  

   m   W  

   W   W  

A , B , C  ( ) ( ) ( )( )BACBBA ∧∧→↔∨  

 W   W   W 

 W   W   m 

 W   m   W 

 W   m   m 

 m   W   W 

 m   W   m 

 m   m   W 

 m   m   m 

   W   W    W    W   W 

   W   m    m    m    W 

   W   m    W    m    m 

   W   m    W    m    m 

   W   m    W    m    m 

   W   m    m    m    m 

   m   W    W    m    m 

   m   W    W    m    m 



 46

AAABABABABA ∨∨→∨→ ~,~,~  marTlac, 

                cxrili 10                      cxrili 11  

         

              

 

 

 

 
 

            cxrili 12  

 

 

 

 

miuxedavad imisa, rom WeSmaritebis cxrilidan 

SesaZlebelia formulaTa sulmarTalobis dadgena, am 

meTodis gamoyeneba Sedgenil formulebSi Semavali didi 

raodenobis martivi komponentebis dros praqtikulad 

Znelad gansaxorcielebelia. amitom, arsebobs meTodi, 

romelic iZleva saSualebas miRebuli iqnes tavtologiidan 

tavtologia. am meTodis Tanaxmad, ramdenime sawyisi 

tavtologiidan, romlebic gamoiyeneba aqsiomis saxiT, 

specialuri wesis gamoyenebiT miiReba axali tavtologia. 

ZiriTadad aqsiomis saxiT iReben Semdeg tavtologiebs: 

1. ( ) AAA →∨ ;      

2. ( ) ( )ABBA ∨→∨ ; 

3. ( )BAA ∨→ ;    

4. ( ) ( )CABACB ∨→∨→→ . 

moviyvanoT Teoremis saxiT tavtologiidan 

tavtologiis gamoyvanis wesi. 

Teorema 1. (Casmis wesi). vTqvaT P  aris A  

formulis martivi komponenti, xolo formula B  Seqmnilia 

A , B   BABA ∨→ ,  

 W   W 

 W   m 

 m   W 

m   m 

   W     W  

   W     W  

   W     W 

   m     m  

A , B   BABA ∨→ ,  

 W   W 

 W   m 

 m   W 

m   m 

   m     m  

   W     W  

   W     W 

   W     W  

A  AAA ∨,  

 W   
 m   

  W     W  
  m     m     
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A  formulidan masSi Semavali P  martivi komponentis 

SecvliT formula C -Ti. maSin, Tu A  formula 

sulmarTalia, sulmarTali iqneba formula B . 

davamtkicoT B  formulis WeSmaritebis mniSvneloba. 

aRvniSnoT ( )Bv -Ti B  formulis WeSmaritobis mniSvneloba 

misi martivi komponentebis WeSmaritebis nebismieri 

ganawilebisaTvis. cxadia, formula C  miiRebs raime ( )Cv  

WeSmaritul mniSvnelobas. dauSvaT ( )Av  warmoadgens A  

formulis WeSmaritul mniSvnelobas, romelic miiReba 

mocemuli WeSmarituli mniSvnelobis miweriT mis martiv 

komponentebisa da maT Soris ( )Cv -sadmi. vinaidan C  cvlis 

P –s A  formulaSi yvelgan, amitom ( )Av = ( )Bv . pirobis 

mixedviT ╞ A  e. i. ( )Av =W da, radgan ( )Av = ( )Bv  amitom 

( )Bv =W. aqedan gamomdinareobs, rom ╞ B . 

moviyvanoT magaliTi. Tu ( ) ( )ABBA ∨→∨  aqsiomaSi 

A –s magier CavsvamT formulas DC →  maSin miviRebT axal 

tavtologias ( )( ) ( )( )DCBBDC →∨→∨→  

Teorema 2. (Casmis wesi ekvivalenturi 

formulebisaTvis). A  da B  formulis ekvivalencia 

sulmarTalia maSin da mxolod maSin, roca A ~ B . 
damtkiceba. davuSvaT A  da B  Sedgenili 

formulebia. davadginoT maTi WeSmaritebis mniSvnelobebi 

maTSi Semavali martivi komponentebis WeSmaritebis yvela 

mniSvnelobisaTvis. ekvivalenciis WeSmaritebis cxrilidan 

gamomdinare A ↔ B  iqneba WeSmariti im SemTxvevaSi, roca 

A  da B  formulebi erTdroulad Rebuloben erTnair 

WeSmaritul mniSvnelobebs, anu isini ekvivalenturia. aqedan 

╞ A ↔ B  roca A ~ B . 
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Teorema 3. (daskvnis anu implikaciis wesi). Tu A  

da A → B  formulebi aris tavtologia, maSin B –c 

iqneba tavtologia. 

damtkiceba. Tavidan ganvsazRvroT A  da B  

formulebis WeSmarituli mniSvnelobebi maTi martivi 

komponentebis yvela CamonaTvalisaTvis. radgan Teoremis 

pirobis Tanaxmad ╞ A  da ╞ A → B ,  amitom A → B –

saTvis WeSmaritebis cxrilidan gamomdinareobs rom ╞ B –m 

unda miiRos W-mniSvneloba. aqedan ╞ B . 

 

2.4. orgvari formulebi 
 

ganvixiloT formulebi, romlebic Sedgenilia mxolod 

_, ∨ , ∧  operaciiT. aviRoT raime A  formula; SevcvaloT 

masSi yvela Semavali diziunqcia koniunqciiT da piriqiT. garda 

amisa, yvela Semavali martivi iP  komponenti SevcvaloT misi 

uaryofiT iP  da piriqiT. Sedegad miRebuli formula 

aRvniSnoT αA -Ti. am SemTxvevaSi A  da αA  formulebs 

uwodeben orgvar formulebs anu urTierTorgvar formulebs. 

αA  formulas, agreTve ewodeba A  formulis 

negativi. magaliTad, ( ) CBA ∧∨  formulis negativi iqneba 

( ) CBA ∨∧  xolo ( ) 




 ∨∧∧∨





 ∧ CDCBBA  negativi iqneba 

( ) 




 ∧∨∨∧





 ∨ CDCBBA . 

orgvarobis Tvisebebis gamoyenebiT moviyvanoT kidev 

erTi Teorema tavtologiis misaRebad. 

Teorema 4. Tu A formula miRebulia mxolod _, ∨ , 

∧  operaciebiT da αA  formula warmoadgens A  formulis 

orgvar formulas, maSin ╞ ↔A αA . 
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moviyvanoT cnobili tavtologiebis CamonaTvali. 
 

tavtologiuri implikaciebi 
 

1. ( ) BBAA →→∧            8.  ( ) ( )( )CBACBA →→→→∧  

2. ( ) ABAB →→∧            9.  ( )( ) ( )CBACBA →∧→→→  

3. ( ) BBAA →∨∧             10. ( ) ABBA →∧→  

4. ( )BABA ∧→→            11. ( ) ( )CBCABA ∨→∨→→  

5. ABA →∧                  12.  ( ) ( )CBCABA ∧→∧→→  

6. BAA ∨→                 13. ( ) ( ) ( )( )CACBBA →→→→→  

7. ( ) ( ) ( )CACBBA →→→∧→   14. 

( ) ( ) ( )CACBBA ↔→↔∧↔  
 

tavtologiuri ekvivalencia 

15. AA ↔         

16. AA ↔         

17. ( ) ( )ABBA ↔↔↔         

18. ( ) ( ) ( )BCABCBA →∨↔→∧→         

19. ( ) ( ) ( )CBACABA ∧→↔→∧→  

20. ( ) ( )ABBA →↔→  

21. ABBA ∨↔∨              21/. ABBA ∧↔∧  

22. ( ) ( )CBACBA ∨∨↔∨∨     22/. ( ) ( )CBACBA ∧∧↔∧∧  

23. ( ) ( ) ( )CABACBA ∨∧∨↔∧∨  23/. ( ) ( ) ( )CABACBA ∧∨∧↔∨∧  

24. AAA ↔∨                   24/. AAA ↔∧  

25. ( ) BABA ∧↔∨               25/. ( ) BABA ∨↔∧  
 

kavSiris gamoricxvis tavtologia 

26. BABA ∨↔→              30. 




 →↔∧ BABA  

27. ( )BABA ∧↔→           31. 




 ∨↔∧ BABA  
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28. BABA →↔∨              32. 

( ) ( ) ( )ABBABA →∧→↔↔  

29. ( )BABA ∧↔∨  

2.5. logikuri gamoyvana 
 

logikis erT-erT ZiriTad amocanas warmoadgens 

mtkicebebisa da gamonaTqvamebis gamoyvanis principebis ageba 

sxva gamonaTqvamebidan. sxva sityvebiT rom vTqvaT, Tu 

mocemulia gamonaTqvamTa raime Tanamimdevroba, logikis 

amocana mdgomareobs daskvniTi gamonaTqvamis gamoyvanis 

dasabuTebaSi, mocemuli Tanamimdevrobis im danarCeni 

gamonaTqvamidan, romlebsac pirobebi ewodeba. xSirad 

daskvniT gamonaTqvams uwodeben logikur Sedegs danarCen 

sawyis gamonaTqvamebisas. vTqvaT, mocemulia gamonaTqvamTa 

Tanamimdevroba mAAA ,...,, 21 , B . B  gamonaTqvams uwodeben 

mAAA ,...,, 21  gamonaTqvamTa logikur Sedegs, Tu B  

Rebulobs `W~ mniSvnelobas im SemTxvevaSi, roca TiToeuli 

iA  Rebulobs `W~ mniSvnelobas. zogad SemTxvevaSi 

mAAA ,...,, 21 , B  Sedgenili formulebia, romlis martiv 

komponentebs miewereba nebismieri WeSmarituli 

mniSvnelobebi. amitom gansazRvridan gamomdinare B  miiRebs 

`W~ mniSvnelobas, roca mAAA ,...,, 21  Sedgenili formulebis 

martivi komponentis WeSmaritebis nebismieri 

ganawilebisaTvis es ukanasknelni erTdroulad Rebuloben W-

s tol WeSmaritul mniSvnelobas. is faqti, rom B  aris 

mAAA ,...,, 21 -is logikuri Sedegi, Caiwereba ase: 

mAAA ,...,, 21 ╞ B  mocemuli gansazRvridan gamomdinareobs, 

rom mAAA ,...,, 21 ╞ iA , sadac ( )mii ,= . 

axla ganvixiloT zogierTi pirobebi Teoremebis 

saxiT romlis drosac arsebobs gamoyvanis SesaZlebloba. 
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Teorema 1. B  warmoadgens A -s logikur Sedegs, 

maSin da mxolod maSin, roca ╞ BA →  

damtkiceba. dauSvaT A╞ B  ganvixiloT implikaciis 

_ BA →  WeSmaritebis cxrili, saidanac gamomdinareobs, rom 

implikacia mcdaria, roca A  WeSmaritia, xolo B  mcdari. 

magram daSveba A╞ B  gamoricxavs aseT variants Sesabamisad 

╞ BA → . axla dauSvaT, rom samarTliania ╞ BA →  da A  

Rebulobs WeSmaritul `W~ mniSvnelobas, maSin  BA →  

gamomdinareobs, rom B  Rebulobs W-s tol WeSmaritul 

mniSvnelobas. e. i. A  B . 

Teorema 2. B  aris logikuri Sedegi mAAA ,...,, 21 -is 

maSin da mxolod maSin, roca mAAA ∧∧∧ ...21 ╞ B , an maSin, 

roca  mAAA ∧∧∧ ...21 B→ . 

damtkiceba. visargebloT koniunqciis WeSmaritebis 

cxriliT. cxrilidan gamomdinareobs, rom koniunqcia 

WeSmaritia maSin da mxolod maSin, roca yvela masSi 

Semavali gamonaTqvamebi erTdroulad Rebuloben `W~ 

mniSvnelobas da radgan Teoremis pirobis Tanaxmad B  aris 

logikuri Sedegi mAAA ∧∧∧ ...21 , niSnavs, rom yvela iA  

Rebulobs `W~ mniSvnelobas; aqedan mAAA ,...,, 21 ╞ B . 

mocemuli Teoremis meore mtkiceba gamomdinareobs 

pirveli mtkicebidan da pirveli Teoremidan. 

moviyvanoT kidev erTi Teorema, romelzec 

dafuZnebulia logikaSi gamoyenebuli gamoyvanis wesebi. 

Teorema 3. Tu jB  warmoadgens mAAA ,...,, 21 , 

logikur Sedegs, sadac ( )nj ,1=  da C  aris nBBB ,...,, 21  

logikuri Sedegi, maSin C  aris mAAA ,...,, 21 -is logikuri 

Sedegi, anu mAAA ,...,, 21 ╞ jB  da nBBB ,...,, 21 ╞ C  

gamomdinareobs, rom mAAA ,...,, 21 ╞ C . 
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damtkiceba. avagoT WeSmaritebis cxrilebi mocemuli 

Teoremis yvela Semadgeneli formulebisaTvis. dauSvaT, 

martivi komponentebis WeSmaritebis mniSvnelobis romelime 

ganawilebisaTvis yvela iA  gamonaTqvami erTdroulad 

Rebulobs W-s tol mniSvnelobas. maSin Teoremis pirobidan 

gamomdinareobs, rom yvela jB  da C  Rebulobs `W~  

mniSvnelobas. e. i. roca iA  Rebulobs `W~ mniSvnelobas, 

maSin C -c Rebulobs W-s mniSvnelobas. Sesabamisad 

mAAA ,...,, 21 ╞ C . logikuri Sedegis gansazRvra da 

zemoCamoTvlili Teoremebi gvaZleven SesaZleblobas, avagoT 

muSa aparati daskvniTi B  gamonaTqvamis gamosayvanad 

( mAAA ,...,, 21 ) pirobidan. es aparati warmoadgens kEEE ,...,, 21  

formulaTa mimdevrobas. bolo formula mocemul 

mimdevrobaSi aris saZiebeli daskvna B , anu BEk = . 

TiToeuli lE  formula, sadac ( )kl ,1=  mocemuli 

mimdevrobisa, ganisazRvreba erT-erTi Semdegi wesidan: 

 P  wesi: formula lE  warmoadgens pirobas; 

 t  wesi: lE  formulas win uswrebs iseTi CBA ,...,,  

formulebi, rom ╞ →∧∧∧ CBA ... eE ;  

Cp  wesi: dauSvaT mAAA ,...,, 21 ╞ CB → , maSin 

mAAA ,...,, 21  pirobidan SeiZleba gamoviyvanoT CB →  im pirobiT, 

rom mAAA ,...,, 21 ,B ╞ C .  moviyvanoT gamonaTqvamis magaliTi. 

vTqvaT, DKLCKAC ∨∧∨→ ,, ╞ DA ∨ . 

vaCvenoT igi: 

1E    LC ∧  P  wesi, 

2E    C    t  wesi  21 →  (tavtologia 5), 

3E    KAC ∨→  P  wesi, 

4E    KA ∨  t  wesi ╞ 432 →∧  (tavtologia 1), 

 53

5E    KA →  t  wesi ╞ 54 →  (tavtologia 28), 

6E    DK ∨  P  wesi, 

7E    DK →  t  wesi  76 →  (tavtologia 26), 

8E    DA →  t  wesi  875 →∧  (tavtologia 7), 

9E    DA ∨  t  wesi  98 →  (tavtologia 26). 

formulebi, romlebic danomrilia cifrebiT 

warmoadgenen iE  formulaTa mimdevrobas, sadac bolo 

formula DA ∨  aris saZiebeli daskvna. mocemuli 

formulebis marjvniv miTiTebulia, rom formula 

warmoadgens an pirobas, an logikur Sedegs winamdebare 

pirobisa. amave dros Sesabamisi tavtologiiT dasabuTebulia 

misi arseboba mocemul mimdevrobaSi. magaliTad, formula 

meoTxe striqonSi KA ∨  gamomdinareobs C  formulidan 

(meore striqonSi) da KAC ∨→  formulidan (mesame 

striqoni) tavtologiis ╞ ( ) BBAA →→∧  safuZvelze 

(vsargeblobT zemoTmoyvanili tavtologiebiT). aRsaniSnavia, 

rom mocemuli tavtologia ╞ ( ) BBAA →→∧  warmoadgens 

gamoyvanis wess, romelic cnobilia modus ponens–is saxiT: 
A –dan da BA →  gamomdinareobs B . 

moviyvanoT kidev erTi magaliTi, vaCvenoT, rom: 

BCAAB ,, 




 ∧→ ╞ ( )CDK ∨→  

1E     




 ∧ CA      P  wesi, 

2E     CA →   t  wesi  21 →  (tavtologia 27), 

3E     B  P  wesi, 

4E     AB →  P  wesi,  

5E     A  3,4 t  wesi (tavtologia 1), 
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6E     K  cp  wesi,  

7E     DA ∨   t  wesi 75 →  (tavtologia 6), 

8E     AD ∨  t  wesi 87 →  (tavtologia 21), 

9E     AD →  t  wesi 98 →  (tavtologia 28), 

10E     CD →  t  wesi 1029 →∧  (tavtologia 7), 

11E     CD ∨  t  wesi 1110 →  (tavtologia 28). 

12E     )( CDK ∨→  cp  wesi (tavtologia 9). 
     

2.6. predikatis gansazRvra 
 

gamonaTqvamTa logikaSi ar ganixileboda martivi 

winadadebebis Siga struqtura, romelic warmogvidgeboda 

rogorc dauSleli winadadeba. predikatebis logika 

ganixilavs martivi winadadebis Siga wyobas. rogorc 

cnobilia, martivi winadadebebis ZiriTadi wevrebia subieqti 

(qvemdebare) da predikati (Semasmeneli). Semasmeneli 

gamoxatavs imas, Tu ras laparakoben qvemdebaris Sesaxeb. 

ganvixiloT saganTa raime simravle { },...,,, dcbaA = . es 

sagnebi SeiZleba xasiaTdebodes sxvadasxva TvisebiT, an 

imyofebodes erTmaneTTan gansazRvrul damokidebulebaSi. 

magaliTad, Tu A  naturalur ricxvTa simravlea, maSin 

samarTliania gamonaTqvami: 3 martivi ricxvia, 5 martivi ricxvia, 

7 martivi ricxvia; an 5 naklebia 7-ze, 4 naklebia 7-ze, 6 

naklebia 11-ze da a.S. aRvniSnoT F -iT Tviseba `aris martivi 

ricxvi~. xolo – Q -Ti damokidebuleba _ `aris naklebi~. 

dauSvaT Canaweri )(xF  aRniSnavs, rom x  aris martivi ricxvi. 

maSin simbolo F -iT aRiniSneba predikati, xolo x -iT obieqti. 
am SemTxvevaSi F -s uwodebT predikatul simbolos. Semdgom 

magaliTebSi F  (martivi ricxvis predikati) iqneba predikati 

Tviseba. x  – simbolos arseboba )(xF  gamosaxulebas aqcevs 
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ganusazRvrelad (predikatad). Tu x  aris A  _ simravlis 

gansazRvruli elementi, magaliTad, 3=x , maSin gamosaxuleba 

)3(F  _ iqneba gansazRvruli gamonaTqvami, saxeldobr 3 _ aris 

martivi ricxvi. )(xF  predikatis gamosaxulebaSi Semavali 

x  cvladi warmoadgens sasagno cvlads. Tu predikatis 

gamosaxulebaSi aris simbolo, romelic aRniSnavs 

gansazRvrul obieqts, mag. ,, ba 3, 7 da a.S., maSin am 

simboloebs uwodeben sasagno mudmivebs. sasagno cvladebisa 

da sasagno mudmivebis erTianobas uwodeben termebs. axla 

ganvixiloT damokidebuleba Q  _ `aris naklebi~. igi 

amyarebs damokidebulebas or x  da y  sagans Soris. am 

SemTxvevaSi gamosaxuleba ),( yxQ  aRniSnavs predikats ori 

x  da y  cvladiT. sxvanairad mas oradgilian predikats 

uwodeben. moviyvanoT oradgiliani predikatis magaliTebi: x  
metia y -ze, x  aris Zma y -is, x  imyofeba y -is zemoT da 
a. S. gamosaxuleba ),( yxQ , aseve warmoadgens ganusazRvrels. 

Tu x  da y -is adgilze CavsvamT A  simravlis raime 

gansazRvrul elements, magaliTad, a  da b  maSin 

gamosaxuleba ),( baQ  gadaiqceva gansazRvrul gamonaTqvamad 

(magram ukve aRar iqneba predikati). saerTod ganixilaven n -

arul anu n  – adgilian predikatebs: 

),...,,()...,...,,(),,...,,( 212121 nnn xxxQxxxPxxxF  

cnobilia aseve 0 _ adgiliani predikati, romelSic 

igulisxmeba WeSmariti an mcdari gamonaTqvami. 

predikatis gansazRvrisaTvis aucilebelia mocemuli 

iyos raime _ A  simravle, romlidanac mocemuli 

predikatis sasagno cvladebi Rebuloben TavianT 

mniSvnelobas. dauSvaT )(xF  raime predikatia. Tu x  miiRebs 

ganszRvrul a  mniSvnelobas – A  simravlidan, maSin 
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cxadia, rom gamonaTqvami )(aF  iqneba an WeSmariti an 

mcdari. mag. Tu F  aris predikati martivi ricxvis, maSin 

gamonaTqvami )3(F  aris WeSmariti, xolo )4(F  _ mcdari.  

maSasadame, predikati SeiZleba gansazRvruli iqnas 

Semdegnairad. predikati aris funqcia erTi an ramdenime 

cvladiT romelic gansazRvrulia mocemul A  simravleze 

da Rebulobs mniSvnelobas {W,m} _ or elementian 

simravlidan. xSirad predikats uwodeben, aseve, logikur 

funqcias, xolo A -s _ sasagno ares. 

erT an ramdenime sasagno cvladian predikatul 

simbolos uwodeben elementarul formulas. elementaruli 

formulebi )(xF  an ),...,,( 21 nxxxF  SeiZleba erTmaneTTan 

dakavSirebuli iqnas sentenciuri kavSirebiT _, ∨ , ∧ , → , 

↔ rogorc gamonaTqvamis logikaSi. 

 

2.7. kvantorebi 
 

ganvixiloT Semdegi winadadeba: yvela pirvelkurseli 

studentia. dauSvaT )(xF  predikati aRniSnavs, rom x  aris 

pirvelkurseli, xolo )(xS  predikati aRniSnavs, rom x  aris 
studenti. rogorc mocemuli winadadebidan Cans, moqmedeba 

exeba yvela pirvelkursels; es ki SeiZleba Caiweros logikuri 

operaciis implikaciis daxmarebiT Semdegnairad: yvela x -

isaTvis, )(xF → )(xS  sityvaTSerwymas `yvela x -isaTvis~ 
ewodeba zogadobis kvantori da aRiniSneba x∀ . zogadobis 

simbolo ∀  warmoadgens inglisuri sityvis ALL  (yvela) 

pirvel asos, amotrialebuls. 

axla ganvixiloT Semdegi winadadeba: zogierTi 

studenti friadosania, dauSvaT )(xP  aris predikati, 

romelic aRniSnavs, rom x  aris friadosani. maSin, 

moyvanili winadadeba SeiZleba CavweroT ase: arsebobs iseTi 
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x , romlisTvisac )(xS ∧ )(xP . sityvaTawyobas `arsebobs 

x ~ ewodeba arsebobis kvantori da aRiniSneba rogorc x∃ . 

arsebobis ∃  simbolo warmoadgens inglisuri sityvis Exist  

(arsebobs) pirveli asos amotrialebuls. 

dauSvaT, romelime predikati )(xF  gansazRvrulia 

A  simravleze. maSin, gamonaTqvami x∀ )(xF  iqneba 

WeSmariti, Tu )(aF  WeSmaritia yvela Aa ∈ -Tvis. 

gamonaTqvami x∃ )(xF  iqneba WeSmariti, Tu )(aF  WeSmaritia 

Tundac erTi Aa ∈ -sTvis. winaaRmdeg SemTxvevaSi, 

gamonaTqvami x∀ )(xF  da x∃ )(xF  iqneba mcdari. kvantorebi 

∀  da ∃  warmoadgenen urTierTorgvar kvantorebs. 

ganvixiloT nebismieri n  – adgiliani predikati 

),...,,( 21 nxxxF  romelic gansazRvrulia A  simravleze. 

dauSvaT, ∀  kvantoris zemoqmedeba xorcieldeba mxolod 

1x -ze e. i. samarTliania. 

1x∀  ),...,,( 21 nxxxF                    (1) 

am SemTxvevaSi predikati (1) ar aris damokidebuli 

1x -ze da warmoadgens 1−n  cvladis nxxx ,...,, 32  funqcias. 

gamosaxuleba 1x∃  ),...,,( 21 nxxxF  iqneba WeSmariti Tu 

arsebobs iseTi  Aa ∈  romlisTvisac ),...,,( 21 naaaF  iqneba 

WeSmariti. Tu nebismieri Aa ∈1  ),...,,( 21 naaaF  iqneba mcdari 

maSin 1x∃  ),...,,( 21 nxxxF iqneba mcdari. 

 )(xF  formulaSi x  cvlads ewodeba bmuli, Tu is 

imyofeba ∀  an ∃  kvantorebis areSi. Tu sasagno cvladi x  ar 

aris formulaSi kvantorebTan dakavSirebuli, maSin mas ewodeba 

Tavisufali, magaliTad, formulebSi x∀ ),,( zyxF , x∃ ),( yxF  

x  cvladi aris bmuli, xolo cvladebi zy,  –Tavisufali. 

gvaqvs ra predikatuli simboloebi, termebi, kvantorebi 

sentenciuri kavSirebi da frCxilebi (    ), SeiZleba moviyvanoT 
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predikatis aRricxvaSi formulis ganmarteba, romelic atarebs 

induqciur xasiaTs. imisaTvis, rom gamosaxuleba predikatebis 

aRricxvaSi warmoadgens formulas, is unda iyos Sedgenili 

Semdegi wesis safuZvelze: 

1. dauSvaT, ),...,,( 21 nxxx  sasagno cvladebia, xolo n
iF  

predikatuli simboloa, sadac n  _ indeqsi gansazRvravs 
predikatis n _arobas, xolo i  indeqsi mis tips. maSin 

gamosaxuleba ),...,,( 21 n
n

i xxxF  iqneba formula. 

2. dauSvaT A  aris formula, sadac x  cvladi 

Tavisufali cvladia, maSin gamosaxuleba xA∀  da 

xA∃  agreTve iqneba formula, xolo x  cvladi am 

formulebSi iqneba bmuli. Tu A  formulaSi x -is 

garda arsebobs kidev sxva Tavisufali cvladebic, maSin 

isini rCebian Tavisufali  xA∀  da xA∃  formulebSi. 

Tu A  formulaSi arsebobs bmuli cvladebi, maSin 

isini rCebian bmulebi xA∀  da xA∃  formulebSiac. 

gamosaxulebebSi xA∀  da xA∃ , A  formulas ewodeba 

x∀  da x∃  kvantorebis moqmedebis are. 

3. Tu A  da B  formulebia, sadac ar aris cvladebi, 

bmuli erT formulaSi da Tavisufali meoreSi, maSin 

gamosaxuleba BABABABAA ↔→∨∧ ,,,,  agreTve 

iqneba formulebi. 

moviyvanoT formulebis magaliTi: gamosaxuleba 

∀ ))(),(( 1
2

2
1 yyFzxFx ∃∧  aris formula. marTlac, ),(2

1 zxF  -

elementaruli formulaa pirveli wesis Tanaxmad, x  da z  

cvladebi masSi arian Tavisuflebi. )(1
2 yF  aseve formulaa, 

igive wesis Tanaxmad. is Seicavs y  Tavisufal cvlads. 

gamosaxuleba )(1
2

2 yFy∃  aris formula meore wesis Tanaxmad. 
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y  cvladi masSi ukve warmoadgens bmuls. gamosaxuleba 

)(),( 1
2

2
1 yyFzxF ∃∧  iqneba, agreTve formula mesame wesis 

Tanaxmad; is ar Seicavs cvlads dakavSirebuls erT 

formulaSi da bmuls meoreSi. da bolos, gamosaxuleba 

)(),( 1
2

2
1 yyFzxxF ∃∧∀  agreTve, warmoadgens formulas meore 

wesis Tanaxmad. masSi x  da y  cvladebi aris bmuli, xolo 

z  cvladi _ Tavisufali. 

 ganvixiloT kidev erTi gamosaxuleba 

)),(),,(( 2
1

3
1 yxyFzyxFx ∀∨∃ . romelic ar warmoadgens formulas. 

miuxedavad imisa, rom cal-calke, rogorc ),,(3
1 zyxF  

gamosaxuleba, ise ),(2
1 yxyF∀  gamosaxuleba aris formula; 

mTlianad gamosaxuleba )),(),,(( 2
1

3
1 yxyFzyxF ∀∨  ar warmoadgens 

formulas mesame wesis Tanaxmad; y  cvladi pirvel 

formulaSi Tavisufalia, meoreSi _ bmuli.  

aviRoT formula ( )xF ; imisaTvis, rom mocemul 

formulaSi x  cvladis magivrad CavsvaT y  cvladi, 

aucilebelia, yoveli Tavisufali Semavali x  SevcvaloT y -iT. 
 

2.8. sulmarTali formulebi 
 

vTqvaT, gvaqvs raime ),...,,( 21 nxxxF  predikati da 

mocemulia sasagno are A , saidanac x  cvladi Rebulobs 

Tavis yvela mniSvnelobas. aRvniSnoT λ -Ti F  predikatis 

WeSmaritebis mniSvneloba, rasac is miiRebs ix  adgilze A  

simravlidan misi mniSvnelobis Casmis dros. magaliTad, 

),...,,( 21 naaaλ . ganvixiloT formulebis mier WeSmaritebis 

mniSvnelobaTa miwera predikatebis aRricxvaSi Semdegi 

formulis magaliTze: ))()(( yFAxFx →∨∀  

davuSvaT, },{ baA = . x  cvladi am formulaSi 

warmoadgens bmuls, xolo y  cvladi _ Tavisufals. am 
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cvladebs SeuZliaT miiRon ori a  an b  mniSvneloba. xolo 

A  formulas SeuZlia miiRos `W~ _ an `m~ _ mniSvneloba. 

)(xF -is WeSmaritebis mniSvneloba SeiZleba gansazRvruli 

iqnes Semdegi cxrilidan: 
 

                                  cxrili 13 

x  ( )x1λ     ( )x2λ     ( )x3λ      ( )x4λ  

a  W         W        m         m 

b  W         m        W         m 

 

avagoT WeSmaritebis cxrili sawyisi formulisaTvis: 
 

cxrili 14 

)(xF , A , Y  ))()(( yFAxFx →∨∀  

( )x1λ   W  a  
( )x1λ   W  b  
( )x1λ   m  a   
( )x1λ   m  b  
( )x2λ   W  a  
( )x2λ   W  b  
( )x2λ   m  a  
( )x2λ   m  b  

( )x3λ   W  a  

( )x3λ   W  b  

( )x3λ   m  a  

( )x3λ   m  b  

( )x4λ   W  a  

( )x4λ   W  b  

( )x4λ   m  a  

( )x4λ   m  b  

            W             W 
 

            W             W 
 

            W             W 
            W             W 
 

            W             W 
 

            m             m 
            W             W 
 

            m             m 
 
 

            m             m 
 

            W             W 
 
 

            m             m 
 

            W             W 
 

            W             m 
 

            W             m 
 

            m             m 
 

            m             m 
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ganvixiloT WeSmaritebis mniSvnelobis miwera am 

formulisaTvis. magaliTad, meeqvse striqonisaTvis: 

))()(( 22 bxx λλ →∨∀ m . am gamosaxulebaSi ukve Casmulia ( )xλ -is 

mniSvneloba Sesabamisi predikatis adgilze. Semdeg aucilebelia 

ganisazRvros )()( 21 bx λλ →∨m  formulis WeSmaritebis 

mniSvneloba. gavakeToT es Semdegi cxrilis daxmarebiT: 
             cxrili 15 

x  )()( 22 bx λ→∨λ m  

a  
b  

    W  W m m   m 

    m  W m W   m 

 

am cxrilidan Cans, rom implikaciis WeSmaritebis 

mniSvneloba sasagno aris yvela mniSvnelobisaTvis aris W-s 

toli. amitom, mTlianad formula ))()(( yFAxFx →∨∀  

miiRebs m-s tol mniSvnelobas. 

predikatebis aRricxvaSi formulas ewodeba 

sulmarTali mocemul sasagno areze, Tu Tavisufali 

cvladebisa da predikatuli simboloebis nebismieri 

WeSmaritebis mniSvnelobis miwerisas is Rebulobs `W~ 

mniSvnelobas. Tu formula sulmarTalia yvela sasagno 

areze, maSin mas ewodeba sulmarTali. formulis 

sulmarTaloba predikatebis aRricxvaSi aRiniSneba imave F  

simboloTi rogorc gamonaTqvamis aRricxvaSi. 

moviyvanoT sulmarTali formulebis magaliTi 

predikatebis aRricxvaSi. magaliTad, )()( yFxxF →∀  formula 

warmoadgens sulmarTals, anu ╞ )()( yFxxF →∀ . 

marTlac, implikaciis WeSmaritebis cxrilidan 

gamomdinareobs, rom is miiRebs m-s tol WeSmaritul 

mniSvnelobas im SemTxvevaSi, roca )(yF  Rebulobs `m~ 

mniSvnelobas, es ki imas niSnavs, rom arsebobs y -is 
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mniSvneloba, romelime sasagno aridan, romlisTvisac )(yF  

mcdari iqneba. aqedan gamomdinareobs, rom )(xxF∀  miiRebs `m~ 

mniSvnelobas. magram implikacia am SemTxvevaSi Rebulobs W-s 

tol WeSmaritul mniSvnelobas. es ki imas niSnavs, rom 

╞ )()( yFxxF →∀ . formula )()( xxFyF ∃→  agreTve, 

warmoadgens sulmarTals ╞ )()( xxFyF ∃→ . 

xelaxla ganvixiloT WeSmaritebis cxrili 

implikaciisaTvis. davuSvaT )(xxF∃  Rebulobs `m~ 

mniSvnelobas. es imas niSnavs, rom sasagno areze arsebobs 

x -is iseTi mniSvneloba, romlisTvisac )(xxF∃  _ mcdaria. 

aqedan gamomdinareobs, rom )(yF -ic miiRebs `m~ mniSvnelobas. 

mTlianad ki formula miiRebs `W~ mniSvnelobas. amitom, 

╞ )()( xxFyF ∃→ . axla ganvixiloT formula 

)()( xxFxxF ∀→∃ . igi ar aris sulmarTali. vuCvenoT es. 

vTqvaT, x  Rebulobs or a  da b  mniSvnelobas sasagno 

aredan. davuSvaT, )(xF  mniSvneloba am dros iqneba: )(aλ =W da 

)(bλ =m am dros formula )(xxF∃  Rebulobs W-s tol 

mniSvnelobas, xolo formula )(xxF∀  m-s tol mniSvnelobas. 

maSin implikaciis WeSmaritebis cxrilidan gamomdinareobs, rom 

)()( xxFxxF ∀→∃  miiRebs m-s tol mniSvnelobas. 

WeSmaritebis cxrilis ageba predikatebis aRricxvaSi 

formulebis WeSmaritebis mniSvnelobis dasadgenad 

praqtikulad dakavSirebulia mniSvnelovan siZneleebTan. 

amitom formulaTa sulmarTalobis dasadgenad ZiriTadad 

sargebloben msjelobaTa SedegebiT. 
 

 

2.9. logikuri gamoyvana predikatebis logikaSi 
 

vTqvaT, predikatebis logikaSi mocemulia formulaTa 

erTianoba BAAA m ,,...,, 21 . aseve, mocemulia A  sasagno are. 

B  formula iqneba mAAA ,...,, 21  formulis logikuri 
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Sedegi, Tu iA  formulaTa nebismieri mniSvnelobis 

minawerisaTvis A  sasagno aridan formula B  Rebulobs W-

s tol WeSmaritul mniSvnelobas, roca yvela iA  Rebulobs 

`W~ mniSvnelobas. Tu B  aris mAAA ,...,, 21   formulaTa 

logikuri Sedegi, mas, rogorc gamonaTqvamTa logikaSi, 

aRniSnaven Semdegnairad: mAAA ,...,, 21 ╞ B . 

rogorc cnobilia, formulebi predikatebis logikaSi 

SeiZleba Seicavdnen Tavisufal cvladebs. iA  

formulisaTvis sasagno aridan sxvadasxva mniSvnelobis 

miwerisas masSi Semavali Tavisufal cvlad x -s eZleva erTi 

da igive mniSvneloba erTi da igive sasagno aredan. 

rogorc gamonaTqvamis logikaSi, formula B  

warmoadgens mAAA ,...,, 21  formulaTa logikur Sedegs lE  

formulaTa  Tanamimdevruli jaWvis saxiT, sadac bolo 

formulaa B , P  da t  wesebs predikatebis logikaSi emateba 

kidev Semdegi wesebi: 

1. universaluri konkretizebis US  wesi, romlis 

Tanaxmad Tanamimdevrul jaWvSi E  formulas win 

uswrebs iseTi )(xxF∀  formula, rom E  aris )(yF , 

sadac )(yF  aris x  cvladis adgilze )(xF  

formulaSi, y  cvladis Casmis Sedegi: amave dros y -

is arcerTi Semavloba ar unda iyos bmuli. 

2. universaluri ganzogadebis wesi Ug , romlis 

Tanaxmadac, E  formulas, romelsac aqvs )(xxF∀ -saxe, 

win uswrebs )(xF  formula, sadac x  cvladi ar aris 

Tavisufali arcerT pirobaSi. 

3. ekzistencialuri konkretizebis eS  wesi, romlis 

Tanaxmadac )(xxF∃  formulidan SeiZleba gadaxvide 

)(yF  formulaze. 
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4. ekzistencialuri ganzogadebis wesi _ eg , romlis 

Tanaxmadac )(yF  formulidan SeiZleba dagaxvide 

)(xxF∃  formulaze. 

moviyvanoT formaluri gamoyvanis agebis magaliTi 

Semdegi msjelobis safuZvelze: `yvela adamiani ar aris 

monadire. sanadiro Tofi aqvs mxolod monadires, 

Sesabamisad, yvela adamians ar aqvs sanadiro Tofi~.  

dauSvaT )(xH  aRniSnavs, rom ` x  aris adamiani~, )(xF  

_ ` x  aris monadire~, ),( yxP  ` x  aqvs y ~, )( yR  _ ` y  
aris sanadiro Tofi~. formalurad es msjeloba SeiZleba 

CavweroT Semdegnairad: 

( ) ( )( ) ( )( )yRyxPxyFxxFxHx ∧→∃∀∧∃ ),()(, ╞ 

╞ ( )( ) ( ) ( ) ( )( )yRyxPxHyx ∧→∃∃ , . 

warmovadginoT daskvnis gamoyvana mocemuli pirobidan 

formulaTa Tanamimdevrobis saxiT:  
 

1E       )(( xH∃ ))(xF∧               P  wesi, 

2E       ( ) ( )( )yRxyPxyFx ∧→∃∀ )(         P  wesi, 

3E       )(αH )(αF∧                  1 eS   wesi, 

4E       )(αF )(αH∧                  3 t ╞ 43 →   wesi,  

5E       )(αF                        4 t ╞ 54 →  wesi, 

6E      ( ) ( ) ( )( )yRyPPy ∧→∃ ,αα        SU2  wesi, 

7E      ( ) ( ) ( )ββαα RPF ∧→ ,            6 eS  wesi, 

8E      ( ) ( )ββα RP ∧,                  t7,5  wesi,  

9E      )(xxH∃                      P  wesi,  

10E      ( ) ( )ββ RxxP ∧∃ ,                8 eg  wesi,  

11E      ( ) ( )yRyxPyx ∧∃∃ ,(           10 eg  wesi,  

12E      ( ))(),()( yRyxPxHyx ∧→∃∃       ╞ 9, 11  cp . 
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   nax. 1 

III Tavi 
 
 

grafTa Teoriis elementebi 
 

3.1. grafis gansazRvra 
 

ganvixiloT wertilTa simravle, romelic 

nebismieradaa ganlagebuli. SevaerToT erTmaneTTan es 

wertilebi xazebiT. Sedegad miiReba gansazRvruli 

geometriuli konfiguracia, romelsac grafi ewodeba (nax.1).  

e.i. grafi _ es aris 

wertilTa da maTi 

SemaerTebeli xazebis 

simravle. amave dros 

srulebiT ara aqvs 

mniSvneloba pirdapiri iqneba 

es xazebi, Tu mrudi, grZeli 

gziT SevaerTebT Tu mokle 

gziT. ar miiReba 

mxedvelobaSi wertilTa da SemaerTebeli xazebis 

adgilmdebareoba. grafis aseT warmodgenas uwodeben _ 

grafis mocemis geometriul xerxs.  

aRvniSnoT grafis wertilTa simravle X–iT da 

vuwodoT mas grafis mwvervalTa simravle. cxadia, rom 

elementi Xx ∈  warmoadgens grafis mwvervals. grafis 

TiToeuli xazi erTmaneTTan akavSirebs mis or ix  da jx  

mwvervals. Sesabamisad, grafSi arsebobs ( ix jx ) saxis 

wyvilTa simravle. ( ix jx ) wyvili aris X simravlis Tavis 

Tavze dekartuli namravlis elementi: ( ix jx ) XX ×∈  

Tu aRvniSnavT grafs G -Ti, maSin SeiZleba CavweroT: 

G XX ×⊆  



 66

xazs, romelic aerTebs grafis or mwvervals, ewodeba 

wibo. Tu grafis wibos aRvniSnavT P -Ti, maSin =P ( ix jx ) 

am SemTxvevaSi amboben, rom mwvervalebi ix  da jx   

arian P  wibos incidenturebi, an P  wibo incidenturia ix  

da jx   mwvervalebis. 

im SemTxvevaSi Tu wibosaTvis mwvervalebis 

mdebareobis rigs ara aqvs mniSvneloba, aseT wibos uwodeben 

araorientirebuls. winaaRmdeg SemTxvevaSi wibos ewodeba 

orientirebuli wibo anu rkali. 

orientacia wiboze aRiniSneba isris saSualebiT 

(nax. 2. a.b.) 

 
 nax. 2  a) araorientirebuli wibo 

              b) orientirebuli wibo (rkali). 

nax. 2 b) SemTxvevisaTvis wibo gamodis ix  

mwvervalidan, romelsac wibos sawyisi mwvervali ewodeba da 

Sedis jx  mwvervalSi, romelsac wibos saboloo mwvervali 

ewodeba. xSir SemTxvevaSi ix  da jx  mwvervalebs uwodeben 

P  wibos boloebs, an sasazRvro mwvervalebs. Tu ix  

mwvervali arcerTi wibos incidenturi ar aris, aseT 

mwvervals izolirebul mwvervals uwodeben. 

Tu or erTmaneTisagan gansxvavebul 1P  da 2P  wibos 

aqvT erTidaigive sasazRvro mwvervali aseT wiboebs 

mosazRvre wiboebs uwodeben. amave dros, ara aqvs 

mniSvneloba warmoadgens Tu ara es mwvervali romelime 

wibos sawyis an saboloo mwvervals (nax.3). 

ix  jx  

P 

b. 
ix  jx  

P 

a. 
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or erTmaneTisagan gansxvavebul mwvervals ewodeba 

mosazRvre mwvervalebi, Tu arsebobs maTi SemaerTebeli wibo. 

wibos, romlis sawyisi da saboloo mwvervalebi erTmaneTs 

emTxveva ewodeba maryuJi. (nax.4a). Tu ori 

urTierTsawinaaRmdegod orientirebuli rkali aerTebs 

erTidaigive mwvervalebs (nax 4b), maSin es rkalebi SeiZleba 

Seicvalos erTi araorientirebuli rkaliT (nax. 4g).  

 
ori mwvervali SeiZleba SeerTebuli iyos ara mxolod 

erTi, aramed ramdenime rkaliT. am SemTxvevaSi maT uwodeben 

jerad wiboebs. Tu ori mwvervali SeerTbulia ramdenime 

orientirebuli wiboTi, maSin aucilebelia jeradoba 

ganisazRvros orientaciis mixedviT. me-5 naxazze mocemulia 

jeradi wiboebis magaliTi. 

 

 

nax. 3 

• 

nax. 4 

a b 
g 

nax. 5 
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grafs, romelic Seicavs wiboTa sasrul raodenobas, 

ewodeba sasruli grafi. winaaRmdeg SemTxvevaSi usasrulo. 

nax. 6-ze mocemulia usasrulo grafis magaliTi. 

 
Tu grafi Seicavs mxolod orientirebul wiboebs, aseT 

grafs ewodeba orientirebuli grafi. grafs, romelic mxolod 

araorientirebul wiboebisagan Sedgeba araorientirebuli grafi 

ewodeba. arsebobs Sereuli grafic, romelic Seicavs orive 

saxis wiboebs. me-7 naxazze mocemulia orientirebuli, 

araorientirebuli da Sereuli grafis magaliTebi. 

ganixileba iseTi grafi, romelic Sedgeba mxolod 

izolirebuli mwvervalebisagan, mas nuli grafi ewodeba (nax. 8). 

 

nax. 6 

• 
•         • 

 

 
• 

    •    •      • 
 

  •         •       •     
 

nax. 8 

nax. 7 
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grafs, romlis nebismieri ori mwvervali 

SeerTebulia wiboTi ewodeba sruli grafi: orientirebul 

srul grafSi nebismieri ori mwvervali SeerTebulia wiboTi, 

romelic orientirebulia Tundac erTi mimarTulebiT. me-9 

nax.-ze mocemulia sruli grafis magaliTebi.  

 

 
 

nebismieri orientirebuli G grafisaTvis arsebobs 

ukugrafi *G  anu grafi, romlis wiboebis orientacia 

mimarTulia sawyisi grafis wiboebis orientaciis sawinaaRmdegod.  

Tu grafis yvela wibo ikveTeba mxolod mwvervalebSi, 

aseT grafs ewodeba brtyeli grafi (nax. 10). 

 

 
 

3.2. grafis mwvervalTa lokaluri xarisxi 
 

ganvixiloT araorientirebuli grafi. mocemuli 

grafis x  mwvervalis lokaluri xarisxi )(xρ , ewodeba am 

nax. 10 

nax. 9 
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mwvervalis incidenturi wiboebis raodenobas anu 

)(xρ = Σ
∈Xy

( )yx,ρ , sadac X grafis mwvervalTa simravlea.  

aRvniSnoT grafis mwvervalTa ricxvi n -iT, xolo 

wiboebis raodenoba N -iT. ganvsazRvroT wiboebis 

raodenoba grafSi, misi mwvervalebis lokaluri xarisxis 

saSualebiT. amisaTvis, avjamoT yvela mwvervalis 

lokaluri xarisxi. cxadia, am jamSi TiToeuli wibo 

orjer iRebs monawileobas. Sesabamisad jami toli iqneba: 

Nxxx n 2)(...)()( 21 =ρ++ρ+ρ             (1) 

saidanac  )(
2
1

1
∑

=

ρ=
n

i
ixN  

grafis mwvervalebs SeiZleba hqondes luwi an kenti 

lokaluri xarisxi. arsebobs Semdegi Teorema: grafSi kent 

mwvervalTa ricxvi yovelTvis luwia. 

marTlac, ganvixiloT (1)-jami. es jami yovelTvis 

luwia, anu ).2(mod0)(
1

≡ρ∑
=

n

i
ix  

Tu am jamidan amoviRebT im Sesakrebebs, romelic 

luwi lokaluri xarisxis mqone mwvervalebs warmoadgens 

(Tu ra Tqma unda aseTebi arsebobs), Sesakrebebad dagvrCeba 

kenti xarisxis mqone mwvervalebi, romelTa jami mainc 

luwi iqneba (radgan yoveli wibo jamSi orjer 

monawileobs); elementaruli maTematikidan cnobilia, rom 

kent SesakrebTa jami luwia maSin, roca SesakrebTa 

raodenoba luwia. amiT Teorema damtkicebulia. 

zogierT araorientirebul grafSi (nax. 11), yvela 

mwvervalis lokaluri xarisxi SeiZleba iyos toli 

kxxx n =ρ==ρ=ρ )(...)()( 21  

aseT grafebs k  xarisxis erTgvarovan anu 

regularul grafs uwodeben. 
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nax. 12 

3x
 

4x  

1x  

2x
 

 
erTgvarovan araorientirebul n  mwvervalian grafis 

wiboTa raodenoba tolia:   nkN
2
1

= . 

vTqvaT, G  grafi orientirebuli grafia. am 

SemTxvevaSi TiToeuli x  
mwvervalisaTvis 

ganasxvaveben Semaval da 

gamaval lokalur 

xarisxebs. aRvniSnoT 

isini Sesabamisad )(xρ′  

da )(xρ . me-12 nax-ze 

mocemuli grafisaTvis 

mwvervalTa lokaluri 

xarisxebi iqneba: 

0)( 1 =ρ′ x , 1)( 2 =ρ′ x , 1)( 3 =ρ′ x , 3)( 4 =ρ′ x , 2)( 1 =ρ x , 

2)( 2 =ρ x , 1)( 3 =ρ x , 0)( 4 =ρ x  e. i. ∑
∈

ρ=ρ
Xy

yxx ),()( da 

∑
∈

ρ′=ρ′
Xy

yxx ),()( . radgan TiToeuli ),( yxρ  wibo 

mocemuli grafis x  mwvervalisaTvis iqneba gamomavali, 

xolo y  mwvervalisaTvis Semavali, amitom orientirebuli 

grafis wiboebis raodenoba gamoiTvleba Semdegnairad: 

∑
=

ρ=
n

i
ixN

1
)( ; ∑

=

ρ′=
n

i
jxN

1
)(  

nax. 11 
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orientirebuli grafebisaTvisac arsebobs 

erTgvarovani grafi, romlis mwvervalTa lokaluri 

xarisxebi, rogorc Semavali, iseve gamomavali wiboebis 

mixedviT erTmaneTis tolia anu 

kxx ji =ρ′=ρ )()(  

me-13 nax-ze mocemulia 1 da 2 xarisxis 

orientirebuli erTgvarovani grafi. 

 
k  xarisxis erTgvarovani orientirebuli grafis 

wiboTa (rkalTa) raodenoba tolia  nkN = . 

Tu grafis mwvervalebs aqvs maryuJebi, miRebulia rom 

isini CaiTvalos erT wibod. 
 

3.3. asaxvebi grafSi. Semavali da gamomavali 

naxevarxarisxebi 
 

ganvixiloT  G  grafi X mwvervalTa simravliT. Tu 

grafze mocemulia calsaxa asaxva Γ , maSin nebismieri 

mwvervalisaTvis SeiZleba Caiweros: 1: xxxx Γ=′→ . 

Xxx ∈′, . anu x  
mwvervali gadadis x′  
mwvervalSi, romelic 

ganisazRvreba rogorc xΓ , 

sadac xΓ  aris x  
mwvervalis asaxva. grafSi 

(nax. 14.) Γ  calsaxa 

nax. 13 

x′  

1−
′Γx  x  

xΓ  

x′  

 

x  

nax. 14 
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asaxva warmoadgens erTaderT wibos, gamomavals x  
mwvervalidan da Semavals x′  mwvervalSi. am SemTxvevaSi   

x′  mwvervals ewodeba x  mwvervalis saxe Γ  asaxvis dros, 

uku asaxvis SemTxvevaSi xx Γ= . 

im SemTxvevaSi, roca grafze mocemulia mravalsaxa 

asaxva, nebismieri mwvervali aisaxeba mwvervalTa X 

simravleSi: 

Xx ⊆Γ (nax. 15). 

   

 
   

Tu X aris mocemuli grafis mwvervalTa simravle, 

xolo Γ  urTierT mravalsaxa asaxva am  mwvervalTa 

simravlisa, maSin gamosaxuleba  ),( Γ= XG   gansazRvravs 

grafis analizuri xerxiT mocemis xerxs. 

xSirad grafis ix  mwvervalidan gamosul wiboTa 

ricxvs uwodeben ix  mwvervalis gamomaval naxevarxarisxs, 

xolo ix  mwvervalSi Semaval wiboTa ricxvs – Semaval 

naxevarxarisxs. aRvniSnoT ix  mwvervalis gamomavali da 

Semavali naxevarxarisxebi Sesabamisad )( ixS  da )( ixP   an  

iS  da iP ; Tu ix  mwvervalis asaxva Seadgens ij xx Γ∈ -s, 

maSin ii xxS Γ=)( ,  ii xxP Γ′=)( . 

 

nax. 15 

x  

xΓ  xΓ  
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3.4. nawilebi, qvegrafi, sugrafi 
 

vTqvaT, mocemulia ),( Γ= XG   grafi. ),( 111 Γ= XG   

grafs ewodeba  G  grafis nawili, Tu X Seicavs  1X -s da 

1G  grafis wiboebi warmoadgenen aseve G grafis wiboebs 

anu XX ⊆1  da 11 Xxx IΓ⊆Γ . 

grafis nawili SeiZleba iyos misi nebismieri 

mwvervali, an nebismieri wibo, an maTi nebismieri SeTavseba. 

me-16 nax-ze mocemulia sawyisi grafi da misi 

ramdenime nawili. 

 

 

G grafis H  nawils, romelic Seicavs G grafis 

yvela im wibos, romelic ar miekuTvneba H  nawils, ewodeba  

H  nawilis damatebiTi nawili, anu H  nawilis damateba. 

damateba SeiZleba ganisazRvros Semdegnairad: 
 

HGH −=  
 

1H  da 2H  nawils ewodebaT araTanakveTadi 

mwvervalebis mixedviT, Tu maT ar aqvT saerTo mwvervali. 

cxadia, rom maT ar eqnebaT agreTve saerTo wibo (nax. 17a). 

iseTi nawilebis gaerTianebas, romlebic araTanakveTadi arian 

mwvervalebis mixedviT, ewodeba maTi pirdapiri jami. 

nax. 16 

1x  3x  

4x  

2x    4x  
•         • 
 

1x  

2x  

3x
 

4x  

2x  2x
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1H  da 2H  nawilebi warmoadgenen araTanakveTads 

wiboebis mixedviT, Tu maT ar aqvT saerTo wibo (nax. 17b), aseTi 

nawilebis gaerTianebas ewodeba pirdapiri jami wibos mixedviT. 

mocemul ),( Γ= XG  grafSi gamovyoT romelime 1X  

mwvervalebi.  G  grafis 1G  qvegrafi ewodeba G grafis im 

nawils, romelic Seicavs 1X  mwvervalTa simravles da 

G grafis im wiboebs, romelTa orive bolo mdebareobs 1X  

mwvervalTa simravleSi, anu: 

XX ⊆1 , 11 Xxx IΓ=Γ  

sawyisi ),( Γ= XG  grafs am SemTxvevaSi ewodeba 1G  

grafis zegrafi. me-18 nax-ze mocemulia sawyisi grafi da 

misi ramdenime qvegrafi. 

 

 

nax. 18 

 

5x  

2x  

3x  

4x  

6x  

7x  
2x  

3x  

4x  

1x  3x  

4x  

7x  

nax. 17 

2H  

a. 

1H  2H  

b. 

1x  
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Tu grafi Seicavs mxolod erT mwvervals, maSin 

qvegrafi iqneba maryuJi x  mwvervalSi xx : • 
),( 111 Γ= XG  sugrafi miiReba sawyisi ),( Γ= XG  

grafidan ramdenime wibos amoRebiT: 

XX =1 , xx Γ⊂Γ1  

me-19 naxazze mocemulia sawyisi grafi da ramdenime 

sugrafis miRebis magaliTi. 

  
 rogorc simravleTa TeoriaSi, grafebis TeoriaSic 

arsebobs carieli da universaluri grafisa da CarTvis 

cneba. iseT grafs, romlis mwvervalTa simravle ∅=X , 

ewodeba carieli grafi. aRvniSnoT carieli grafi        

Л–iT. G grafs ewodeba universaluri, Tu igi aris sruli 

grafi da yvela danarCen grafTa simravle warmoadgens mis 

qvegrafs. universaluri grafi aRvniSnoT L -iT. 

universaluri grafis saxiT SeiZleba ganvixiloT sruli 

grafi mocemul mwvervalTa simravleze. 

vTqvaT, mocemulia ori grafi ),( 111 Γ= XG  da 

),( 222 Γ= XG ; amave dros 1Xx ∈  da 2Xx ∈ . garda amisa, Tu 

2Γ  aris 1Γ  asaxvis gagrZeleba 2X  simravleze, maSin 1G  

grafi CarTulia 2G  grafSi an 2G  grafi moicavs 1G  grafs: 

nax. 19 

2x  

3x  

4x  

5x  
6x  

7x  

1x  

2x  
4x  

5x  

7x  3x  

• 6x  1x  
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21 GG ⊆  an 12 GG ⊇  

 am SemTxvevaSi amboben, rom 2G  grafi warmoadgens  

1G  grafis gagrZelebas, xolo 1G  grafi warmoadgens 2G  

grafis Seviwroebas. 

SeiZleba iTqvas, rom: Л G⊆ da GG ⊆  

maSin simravleTa analogiurad Л da G  grafebs 

ewodeba G  grafis arasakuTari qvegrafebi, danarCen mis 

qvegrafebs ewodebaT sakuTari qvegrafebi. 

vTqvaT, mocemulia  1G , 2G , da 3G  grafebi. maTTvis 

samarTliania Semdegi mimarTeba; Tu 21 GG ⊆  da 32 GG ⊆ , 

maSin 31 GG ⊆ ; Tu 21 GG ⊆  da 12 GG ⊆ , maSin, 21 GG = . 

ganvixiloT raime ),( Γ= XG  grafi. davuSvaT, XG  

aris sruli grafi X mwvervalTa simravleze; maSin G  

grafis damateba asaxviT XG  grafamde iqneba grafi 

),( Γ= XG . amave dros  XxxXx ∈Γ=Γ ,\ . 

vTqvaT, YG  – aris sruli grafi Y  mwvervalTa 

simravleze;  maSin  G  grafis damateba asaxviT YG  

grafamde iqneba grafi ),( Γ= YG . amasTan: 

YyyYy ∈Γ=Γ sadac,\ . Tu Xy ∉ , maSin ∅=Γy . 

axla ganvixiloT ori grafi ),( 111 Γ= XG  da 

),( 222 Γ= XG  dauSvaT, 21 GG ⊆ . 1G  grafis damateba 

asaxviT 2G  grafamde iqneba grafi ),( 22 xXG Γ= , sadac 

22122 ,\ Xxxxx ∈ΓΓ=Γ da . Tu 12 Xx ∉  maSin ∅=Γ 2x . 
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              1x    2x      .  .   .       nx  

1x             •         •                          •  

2x             •         •                          • 
   . 

   . 

   . 

nx            •          •                         • 

3.5. grafis mocemis matriculi xerxi 
 

 grafi SeiZleba mocemuli iyos sami saxiT: 

mwvervalTa mosazRvreobis matricis saSualebiT, wiboTa 

incidenciis matricis saSualebiT da rkalTa incidenciis 

matricis saSualebiT. ganvixiloT TiToeuli cal-calke. 

mwvervalTa mosazRvreobis matrica. vTqvaT, 

mocemulia ),( ГXG =  grafi, sadac X={ x 1, x 2, . . ., x n}. 

amovweroT es 

mwvervalebi striqonebisa 

da svetebis saxiT (nax. 

20) da avagoT A  matrica 

Semdegnairad: matricis i-
uri striqonisa da j-uri 
svetis gadakveTis adgilze 

daiwereba aij=1 elementi, 

Tu arsebobs ix  

mwvervalidan gamomvali da 

jx  mwvervalSi Semavali wibo. i-uri striqonisa da j-uri 

svetis gadakveTis adgilze daiwereba elementi aij=0, Tu ar 

arsebobs wibo, romelic gamodis ix -dan da midis jx  

mwvervalSi. Tu grafSi arseboben jeradi wiboebi, maSin i-
uri striqonisa da j-uri svetis gadakveTis adgilze iwereba 

aij=k elementi, sadac k tolia ix  mwvervalidan gamosuli da 

jx  mwvervalSi Semavali wiboTa jeradobis. 

im SemTxvevaSi, roca grafis mwvervalebSi arseboben 

maryuJebi, maSin misi Sesatyvisi elementebi moTavsdebian 

matricis mTavar diagonalze. aseTi wesiT agebul matricas 

uwodeben grafis mwvervalTa mosazRvreobis matricas. Tu 

grafi araorientirebulia, maSin cxadia misi mwvervalTa 

mosazRvreobis matrica simetriuli iqneba mTavari 

     nax. 20 
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diagonalis mimarT. moviyvanoT mwvervalTa mosazRvreobis 

matricis agebis magaliTi (nax. 21). 

 

 
grafis wiboTa incidenciis matrica. vTqvaT, 

mocemulia ),( ГXG =  grafi, romlis mwvervalebi X={ 1x ,  

2x , . . ., nx }, xolo wiboebi: P ={P1, P2,. . ., Pm}. amovweroT 1x ,  

2x , . . ., nx  _ mwvervalebi svetebad, P1, P2,. . ., Pm wiboebi 

_striqonebad. avagoT gansazRvruli P matrica Semdegnairad. 
i-uri striqonisa da j-uri svetis gadakveTis adgilze 

CavsvaT elementi Pij=1, Tu Pj wibo ix  mwvervalis 

incidenturia, an Pij=0 Tu Pj wibo araa ix  mwvervalis 

incidenturi. e.i.  

 

 

 

 

aseTi xerxiT miRebul matricas ewodeba grafis 

wiboTa incidenciis matrica. ganvixiloT 22-e nax.-ze 

mocemuli grafisaTvis wiboTa incidenciis matricis 

agebis magaliTi. 

nax. 21 

2x  
3x  

4x  

5x  

1x  

1x    2x     3x      4x     5x  

 
 

1x  

2x

3x

4x

5x
 

 0      1      0      0     2 
 

 0      2      1      1     0 
 

 1      0      0      1     1 
 

 0      0      0      1     0 
 

 0      0      1      0     0 

A= 

            




=
i.SemTxvevaS danarCen 0,

,mwvervalisiaincidentur Tu 1,     xP
P ij

ij     
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grafis rkalTa incidenciis matrica. ganvixiloT 

),( ГXG = grafi. sadac, X={ 1x , 2x , . . ., nx }, xolo rkalebi 

P={P1, P2,. . ., Pm}. amovweroT mwvervalebi svetebad, xolo 

rkalebi striqonebad. aRvniSnoT rkalTa incidenciis matrica 

S–iT. ganvsazRvroT am matricis elementebi Semdegnairad.     

 

 

 

 
 

moviyvanoT matricis agebis magaliTi 23-e nax.-ze 

mocemuli grafisaTvis. 

 
 

nax. 23 

2x  
3x  

4x  

5x  

1x  

  P1   P2   P3   P4   P5  P6  
 

1x  

2x

3x

4x

5x
 

  1    0    0    1   1   0    
 

 -1    1   1     0   0   0    
 

  0   -1   0    -1   0   0    
 

  0    0    0     0  -1  1 
 

  0    0    -1    0   0  -1   

P1 

P2 
P4 

P5 

P6 

P3 
S= 

nax. 22 

2x  
3x  

4x  
5x  

1x  

P1 P2 P3 P4 P5 P6 P7 P8 
 

1x  

2x

3x

4x

5x
 

 1  0  0  1  1  0   0  1 
 

 1  1  1  0  0  0   0  0 
 

 0  1  0  1  0  0   1  0 
 

 0  0  1  0  1  1   0  0 
 

 0  0  0  0  0  1   1  1 

P1 

P2 

P4 
P5 

P8 

P7 

P6 

P3 
P= 

            








 

+

=

i.SemTxvevaS danarCen 0,

,mwvervalSi   Sedis rkali   Tu,1-

an,mwvervalidgamodis rkali Tu 1,

ij

ij

ij xP

    xP

S     
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nax. 24 

8 

1 

2 

3 
7 

4 
6 

5 

3.6. mosazRvre grafebi 
 

ganvixiloT ),( ГXG =  araorientirebuli grafi (nax. 

24). vTqvaT, masSi ar arsebobs maryuJi da jeradi wibo. 

mocemuli grafisaTvis avagoT gansazRvruli )(GB  matrica 

Semdegnairad. davnomroT grafis wiboebi mTeli ricxvebiT, 

romlis Semdeg amovweroT isini striqonebisa da svetebis 

saSualebiT. i-uri 
striqonisa da j-uri svetis 
gadakveTis adgilas CavsvaT 

elementi Bij=1 Tu ori P da 
P′  wibo sawyis grafSi 

warmoadgens mosazRvre 

wiboebs (aqvT  saerTo 

mwvervali). i-uri 
striqonisa da j-uri svetis 
gadakveTis adgilas CavsvaT 

elementi Bij=0, Tu ori P da P′   wibo TanakveTadia an ar aqvT 
saerTo mwvervali. aseTi saxiT miRebul )(GB  matricas 

ewodeba grafis mosazRvreobis matrica. mocemuli grafisaTvis 

(nax. 24) mosazRvreobis matricas eqneba Semdegi saxe: 

 1  2 3 4 5 6 7 8 

1 0 1 0 0 1 1 0 1 

2 1 0 1 1 1 1 0 0 

3 0 1 0 1 1 0 1 0 

4 0 1 1 0 1 1 1 1 

5 1 1 1 1 0 0 0 1 

6 1 1 0 1 0 0 1 1 

7 0 0 1 1 0 1 0 1 

8 1 0 0 1 1 1 1 0 

sawyisi G  grafis wiboTa mosazRvreobis matrica, amave 

dros, warmoadgens axali grafis mwvervalTa mosazRvreobis 

matricas, romlis mwvervalebi iqneba sawyisi grafis wiboebi, 
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nax. 25 

8 

1 
3 

7 
4 

6 

5 

2 

xolo wiboebi iqneba iseTi P da P′   wiboTa wyvilebi, 

romelTaTvisac bij=1 anu, romelTac aqvT saerTo mwvervali 

sawyis grafSi. am axal grafs ewodeba sawyisi G  grafis 

mosazRvre grafi. aRvniSnoT igi )(GB -Ti mosazRvre )(GB  

grafi aigeba sawyisi grafidan Semdegnairad; sawyisi G  grafis 

wiboTa Sua wertilebi Cp  aRiniSnebian ricxvebiT Semdeg es 

ricxvebi nebismierad ganlagdebian sibrtyeze wertilebis saxiT. 

es wertilebi warmoadgenen mosazRvre grafis mwvervalebs. amis 

Semdeg, im wertilebs, romlebic warmoadgenen sawyisi G  

grafis im wiboTa Sua wertilebs _ Cp  romelTac aqvT saerTo 

mwvervali, SeaerTeben wiboTi. mosazRvre grafs, romelic 24-e 

nax.-ze mocemuli grafisaTvis )(GB  matricis mixedviTaa 

agebuli aqvs Semdegi saxe (nax. 25). im grafisaTvis, romelic 

Seicavs erTaderT wibos mosazRvre grafi ar aigeba. 

ganvixiloT )(GB  mosazRvre grafis agebis magaliTi 

sawyisi G  grafidan misi mwvervalebis lokaluri xarisxis 

mixedviT. aviRoT G  grafis 

),( xxP ′=  wibo, dauSvaT 

)(xP  da )(xP ′  warmoadgens 

Sesabamisad x  da x′  
mwvervalTa lokalur 

xarisxebs. mosazRvre grafSi 

P  wibos Sua wertili Cp  

iqneba SeerTebuli sawyisi 

grafis danarCeni im 

wiboebis  1)( −xP  Sua 

wertilebTan, romlebsac aqvT x  mwvervalSi saerTo 

daboloeba. miRebul qvegrafs mosazRvre grafSi SevavsebT 

srul )(xG  grafamde, romelsac eqneba )(xP  mwvervali. 

analogiurad, P  wibos Sua wertili Cp  iqneba SeerTebuli 
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nax. 26 

•1 

•3 

•2 

4 

sawyisi grafis danarCeni im wiboebis 1)( −′xP  Sua 

wertilebTan, romlebsac aqvT x′  mwvervalSi saerTo 

daboloeba. miRebul qvegrafs mosazRvre grafSi, agreTve 

SevavsebT )(xG ′  srul grafamde, romelsac eqneba )(xP ′  

mwvervali. )(xG  da )(xG ′  srul grafebs mosazRvre grafSi 

eqnebaT mxolod erTi saerTo Cp  mwvervali. aseTi agebis 

safuZvelze mosazRvre grafSi miiReba ori )(xG  da )(xG ′  

sruli grafi, romlebic arian araTanakveTadi wiboebis mimarT: 

)()( xGGB
Xx∈

= U   

axla ganvixiloT sawyisi grafis agebis magaliTi 

mosazRvre grafidan. vTqvaT, mocemulia mosazRvre grafi 

)(GB  (nax. 26); es niSnavs, rom arsebobs )(GB  dayofa 

)(xG  da )(xG ′  srul 

grafebad, romlebsac aqvs 

mxolod erTi saerTo 

mwvervali. davuSvaT, )(xP  

aris )(xG -is mwvervalTa 

raodenoba )(GB -Si, xolo 

)(1 xP  warmoadgens )(xG -is 

saerTo mwvervalTa 

raodenobas sxva srul 

mwvervalebTan )(GB -Si. saerTod, )(1 xP )(xP≤ . TiToeuls 

)(xG  da )(xG ′  sruli grafis SigniT aviRoT wertilebi da 

aRvniSnoT isini mTeli ricxvebiT. Semdeg es wertilebi 

davitanoT nebismierad sibrtyeze. miRebuli wertilebi 

SevaerTod wiboebiT (nax. 27). im SemTxvevaSi, roca maT 

Sesabamis )(xG  da )(xG ′  srul grafebs aqvT saerTo 

mwvervali )(GB -Si. im SemTxvevaSi roca grafSi 
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   nax. 28 

)(1 xP )(xP< , x  mwvervalSi davamatoT wibo, romlis 

ricxvi toli iqneba, −)(xP )(1 xP -is es wiboebi wavlen x ′′  
mwvervalebSi, romlebSic iarsebeben mxolod es wiboebi. 

 
 

3.7. grafebis izomorfizmi 
 

ori grafi warmoadgens izomorfuls, Tu isini Seicaven 

mwvervalTa erTnair raodenobas da mwvervalebi erT grafSi 

SeerTebuli arian wiboTi, maSin da mxolod maSin, roca meore 

grafis Sesatyvisi mwvervalebic aseve SeerTebulia wiboTi. 

izomorfuli grafebi gansxvavdebian erTmaneTisgan mxolod da 

mxolod mwvervalTa numeraciiT. magaliTad, 28-e nax.-ze 

mocemuli grafebi warmoadgens izomorfuls. 

 

nax. 27 

1 

3 

1′′  

4 

1′′  

2 

2 ′′  
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Tu grafis mwvervalTa raodenoba tolia n -is, maSin 

izomorfizmis gamosavlenad saWiroa mwvervalebs Soris 

Catardes n ! (faqtoriali) wyvilad Sedareba, rac n -is 

mcire mniSvnelobis SemTxvevisaTvisac ki sakmaod did ricxvs 

warmoadgens da araefeqturia. zogierT SemTxvevaSi, 

izomorfizmis dasadgenad ori grafisaTvis mimarTaven qvemoT 

moyvanil meTods. ganvixiloT igi. vTqvaT, gvaqvs Semdegi ori 

grafi ),( 11 Γ= XG  da ),( 22 Γ= YG ; isini iqnebian 

izomorfuli, Tu YX ~  an YX ⊆  da XY ⊆ ; amave dros, 

nebismieri mwvervalisaTvis Xx ∈  da Yy ∈  adgili eqneba 

yx 21 ~ ΓΓ . davuSvaT, { }ixX =  da { }iyY = , sadac ni ,1=  

da nj ,1= . aseve is  da ip  warmoadgens ix  mwvervalis 

gamomaval da Semaval naxevarxarisxebs, xolo jv  da jw  _ 

jy  mwvervalis gamomaval da Semaval naxevarxarisxebs. 

moviyvanoT Semdegi ori lema. 

lema 1. Tu ori grafi 1G  da 2G  izomorfulia, 

maSin arsebobs Tt ∈  Casma, sadac T  warmoadgens CasmaTa 

simetriul jgufs, romelic 1G  grafis TiToeul ix  

mwvervals ayenebs urTierTcalsaxa SesabamisobaSi 2G  

grafis jy  mwvervalTan ise, rom is = jv  da ip = jw . 

davamtkicoT es lema. davuSvaT, 1G  da 2G   grafebi 

arian izomorfulebi. cnobilia, rom ori izomorfuli grafi 

erTmaneTisagan gansxvavdeba mxolod mwvervalTa numeraciiT, 

magram numeracia ver Secvlis mwvervalT Semaval da 

gamomaval naxevar xarisxebs. aqedan gamomdinareobs, rom 1G  

grafis ix ( is , ip ) mwvervalisaTvis aucileblad moiZebneba 

2G  grafis iseTi iy ( jv , jw ) mwvervali, romlisaTvisac 
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is = jv  da ip = jw ; es niSnavs, rom arsebobs iseTi t  Casma, 

romelsac gadayavs 1G  grafi 2G  grafSi. 

lema 2. Tu arsebobs Casma Tt ∈ , romelsac gadayavs 

1G  grafis mwvervalTa mosazRvreobis matrica 2G  grafis 

mwvervalTa mosazRvreobis matricaSi, maSin mocemuli 

grafebi arian izomorfulebi. am lemis damtkiceba 

gamomdinareobs uSualod grafebis izomorfulobis 

ganmartebidan. da bolos moviyvanoT grafebis 

izomorfulobis gamosavlinebeli Teorema: imisaTvis, rom 1G  

da 2G  grafebi iyvnen izomorfulebi, aucilebeli da 

sakmarisia Semdegi ori pirobis Sesruleba.  

1. ))())(()(( jijiji wpvsYyXx =∧=∈∃∈∀ ; 

2. ∃ Tt ∈ , romelsac gadayavs 1G  grafi 2G  grafSi. 

zemoT moyvanili lemebi amtkiceben Teoremis orive 

pirobebs.  

moyvanili Teorema gansazRvravs 1G  da 2G  grafis 

izomorfulobis gamovlenis Semdeg algoriTms. moviyvanoT 

mocemuli algoriTmis bijebi: 

1. ganisazRvreba ori grafis mwvervalTa raodenoba. Tu 

1G  da 2G  grafis mwvervalebis ricxvi tolia, maSin 

gadavdivarT meore bijze. winaaRmdeg SemTxvevaSi 

meeqvse bijze; 

2. amoiwereba 1G  da 2G  grafis mwvervalebi maTi 

numeraciis zrdadobis mixedviT da orive grafi 

TiToeuli mwvervalisaTvis ganisazRvreba is  da jv  

gamomavali, da Semavali ip  da jw  naxevarxarisxebi, 

romlis Sedegad gadavdivarT mesame bijze; 
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3. am bijze 1G  grafis TiToeuli ix  mwvervalisaTvis 

moiZebneba 2G  grafis iseTi jy  mwvervali, rom 

Sesruldes Teoremis pirveli piroba. amis Semdeg ix  

da jy  mwvervalebs SevaerTebT Sesatyvisi grafis 

wiboTi. Tu Teoremis pirveli piroba ar sruldeba 

arcerTi wyvili mwvervalisaTvis, maSin gadavdivarT 

meeqvse bijze, winaaRmdeg SemTxvevaSi gadavdivarT 

meoTxe bijze; 

4. Sesatyvisi grafidan ganisazRvreba t  _ Casma. Tu am 
dros sruldeba Teoremis meore piroba, am 

SemTxvevaSi gadavdivarT mexuTe bijze, winaaRmdeg 

SemTxvevaSi gadavdivarT meeqvse bijze; 

5. grafebi izomorfulia; 

6. grafebi ar arian izomorfuli. 

davuSvaT, rom 1G  da 2G  grafebs aqvT k : 

mwvervalebi, romlebsac gaaCniaT erTnairi gamomavali da 

Semavali naxevarxarisxebi. amasTan erTad k < n  ra Tqma unda, 

am SemTxvevaSi aucilebelia Semowmdes Teoremis meore 

pirobis Sesruleba k ! CasmisaTvis, romelsac mivyavarT 

SedarebaTa did ricxvTan. 

am ricxvis SemcirebisaTvis gamoiyeneba specialuri 

meTodi. ganvixiloT misi arsi. gamovyoT n  mwvervaliani 

grafidan k  mwvervalebi, romelTac aqvT erTnairi 

gamomavali da Semavali naxevarxarisxebi. jer ganvixilavT im 

( n - k ) mwvervalebs, romelTac gaaCniaT gansxvavebuli 

gamomavali da Semavali naxevarxarisxebi. am 

mwvervalebisaTvis vamowmebT Teoremis pirveli pirobis 

Sesrulebas. orive grafis im wvervalebs, romlebic 

akmayofileben am pirobas, SevaerTebT Sesatyvisi grafis 

wiboebiT, romelic gansazRvravs nawilobriv Casmas. 
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Semdeg ganvixilavT mwvervalebs, romelTac gaaCniaT 

erTnairi gamomavali da Semavali naxevarxarisxebi. am 

mwvervalebisaTvis ganisazRvreba X ′  da Y ′ simravle. X ′  
simravle Seicavs sawyisi 1G  grafis mwvervalebs, romlebic 

warmoadgenen k  mwvervalebSi Semaval ix  mwvervalebis, 1Γ  

asaxvebs. Y ′ simravle Seicavs 2G  grafis mwvervalebs, 

romlebic warmoadgenen k  mwvervalebSi Semaval jy  

mwvervalebis 2Γ  asaxvebs. X ′  da Y ′ simravleebi miewereba 

k  mwvervalebSi Semaval Xxi ∈  da Yy j ∈  mwvervalebs. 

mwvervalebs: Xxi ′∈  miewereba mwvervalebi Yy j ′∈ , 

romlebic ganisazRvrebian nawilobrivi CasmiT. amis Semdeg is 

mwvervalebi Xxi ∈  da Yy j ∈ , romelTa Y ′ simravle 

erTnairia, SeerTdeba Sesatyvisi grafis wiboTi. 

SeiZleba moxdes ise, rom k ′ mwvervalebs Soris 

aRmoCndes iseTi k≤l  mwvervalebi, romelTaTvisac Y ′ 
simravle iqneba erTnairi. am SemTxvevaSi viqceviT 

Semdegnairad. mwvervalebisaTvis Xxi ∈  da Yy j ∈ , 

romlebic Sedian l  mwvervalebSi, ganisazRvreba X ′′  da Y ′′  
simravle. Xxi ′′∈  mwvervalebi warmoadgenen ix  da jy  

mwvervalebis uku asaxvebs 1
1
−Γ  da 2

2
−Γ , romlebic Sedian l  

mwvervalebSi. Xxi ′′∈  mwvervalebs miuweren Yy j ′′∈  

mwvervalebs gansazRvruls adre miRebuli nawilobrivi 

CasmiT. amis Semdeg, iseT Xxi ∈  da Yy j ∈  mwvervalebs, 

romelTac Y ′′  simravle erTnairi aqvT SeaerTeben Sesatyvisi 

grafis wiboTi. Sedegad vRebulobT erT an ramdenime Casmas 

k ! Casmis magivrad, romlis Semdeg Semowmdeba Teoremis 

meore piroba. 
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axla moviyvanoT 1G  da 2G  grafis izomorfulobis 

gansazRvris ganzogadebuli algoriTmi: 

biji 1. ganisazRvreba orive grafis mwvervalTa 

raodenoba. Tu mwvervalTa ricxvi tolia gadavdivarT meore 

bijze. winaaRmdeg SemTxvevaSi meeqvseze; 

biji 2. amoiwereba orive grafis mwvervalebi maTi 

numeraciis zrdadobis mixedviT da 1G  da 2G  grafis 

TiToeuli mwvervalisaTvis ganisazRvreba gamomavali is  da 

jv  da Semavali  ip  da jw   naxevarxarisxi da gadavdivarT 

mesame bijze; 

biji 3. Tu grafis yvela mwvervals gaaCnia 

gansxvavebuli gamomavali da Semavali naxevarxarisxebi, maSin 

maTTvis mowmdeba Teoremis pirveli piroba. Tu es piroba 

sruldeba grafis yvela mwvervalisaTvis, gadavdivarT meoTxe 

bijze. winaaRmdeg SemTxvevaSi meeqvse bijze; 

im SemTxvevaSi, roca grafis n  mwvervalTa Soris 

arsebobs k  mwvervalebi ( k < n ), romelTac aqvT erTnairi 

gamomavali da Semavali naxevarxarisxebi, maSin Tavidan 

ganixilebian is mwvervalebi, romelTac aqvT sxvadasxva 

gamomavali da Semavali naxevarxarisxebi. am 

mwvervalebisaTvis mowmdeba Teoremis pirveli piroba. Tu es 

piroba sruldeba, maSin am mwvervalebs vaerTebT Sesatyvisi 

grafis wiboTi. Sedegad miiReba nawilobrivi Casma. amis 

Semdeg, aucilebelia gadavideT 3a bijze. Tu pirveli piroba 

ar sruldeba, Tundac erTi wyvili mwvervalisaTvis, maSin 

gadavdivarT meeqvse bijze. 

biji 3a. erTnairi gamomavali da Semavali 

naxevarxarisxebis mqone mwvervalebisaTvis vatarebT zemoT 

aRweril proceduras. amis Semdeg, vRebulobT erT an 

ramdenime Casmas k ! Casmis magier, romlis Semdeg 

gadavdivarT meoTxe bijze. 
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biji 4. vpoulobT t  Casmas, romelic ganisazRvreba 

Sesatyvisi grafiT. Tu sruldeba Teoremis meore piroba, 

maSin aucilebelia gadavideT mexuTe bijze. winaaRmdeg 

SemTxvevaSi meeqvse bijze. 

biji 5.  1G  da 2G  grafebi izomorfulia. 

biji 6. 1G  da 2G  grafebi ar aris izomorfuli. 

ganvixiloT ori grafis izomorfulobis magaliTi.  

vTqvaT, ),( 111 Γ= XG  da ),( 222 Γ= XG  grafebs aqvs 

Semdegi saxe (nax.29). 

 
 

vmoqmedebT ra algoriTmis I da II bijis Tanaxmad, 

vamowmebT grafebis mwvervalTa raodenobas, amovwerT 

mwvervalebs maTi numeraciis zrdis mixedviT da mivuwerT 

maT gamomaval da Semaval naxevarxarisxebs (nax.30). 

nax. 29 

5x  

2x  

4x  

6x  
7x  

1x  

8x  

1y  

2y  3y  

4y  

5y  

6y  7y  
8y  

3x  

G1 G2 
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algoriTmis mesame bijis Tanaxmad jer vamowmebT 

Teoremis I pirobas im mwvervalebisaTvis romelTac gaaCniaT 

gansxvavebuli gamomavali da Semavali naxevarxarisxebi. es 

mwvervalebia _ 5x , 6x , 2y , 6y , SevaerTebT maT Sesatyvisi 

grafis wiboebiT 1÷2 da miviRebT nawilobriv Casmas: 

( 5x , 6y ) da ( 6x , 2y ). im mwvervalebisaTvis, romlis 

gamomavali da Semavali naxevarxarisxebi erTnairia 

vpoulobT 1Γ  da 2Γ  asaxvebs. gamoviyenebT ra adre miRebul 

nawilobriv Casmas, vsazRvravT axal nawilobriv Casmas da 

vagebT Sesatyvisi grafis 3÷6 wibos. 2x , 8x , 4y , 4y  

mwvervalebisaTvis vsazRvravT 1
1
−Γ  da 1

2
−Γ  uku asaxvebs. 

Tavidan vsargeblobT miRebuli nawilobrivi CasmiT da vagebT 

Sesatyvisi grafis axal 7÷8 wibos. 

mocemuli grafebisaTvis t  Casmas eqneba Semdegi saxe: 

nax. 30 

 (3,1) 5x  

  (1,1) 2x  

    (2,2) 4x  

 (1,3) 6x  

  (2,2) 7x  

   (2,2) 1x  

   (1,1) 8x  

1y  (2,2) 

2y (1,3) 

3y (2,2) 

4y (1,1) 

5y (1,1) 
 

6y (3,1) 
 

7y (1,1) 
 

8y (2,2) 
 

   (1,1) 3x  

   ( 6x , 7x ) 
    8x  

4x

( 1x , 5x ) 

( 2x , 6x ) 

4x

( 2y , 8y ) 

( 1y , 6y ) 

3y  

4y  

3y
 
( 2y , 5y ) 

5y
 

2y
 

( 2y , 8y ) 

( 1y , 6y ) 

( 2y , 5y ) 

   6x  

  2x  

2y
 

5y
 
 

  Y ′    X ′    Y ′    Y ′′  
  

X ′′    Y ′′  
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mocemuli Casma akmayofilebs Teoremis meore pirobas. 

Tanaxmad amisa, 1G  da 2G  grafebi arian izomorfuli. 

mocemuli algoriTmis gamoyenebas ar aqvs azri im 

SemTxvevaSi, roca grafis yvela mwvervals aqvT erTnairi 

gamomavali da Semavali naxevarxarisxebi.  

 
 

dakavSireba grafebSi 
 

3.8. marSruti. wredi. cikli 
 

vTqvaT, mocemulia G  grafi, davuSvaT, igi 

araorientirebulia (nax. 31). grafSi wiboTa Tanmimdevrobas 

ewodeba marSruti. Tu masSi yoveli winamdebare wibos 

dasasruli warmoadgens 

momdevno wibos dasawyiss. 

marSrutSi erTi da igive 

mwvervali da wibo 

SeiZleba Segvxvdes 

ramdenimejer. Tu 

marSruts aRvniSnavT M -

iT, maSin igi SeiZleba 

CavweroT Semdegnairad: 

),...,,,( 321 nPPPPM = , 

sadac nPP ÷1  marSrutis 

wiboebia. Tu 0x  warmoadgens ),( 10 xxP =  wibos dasawyiss, 

maSin mas uwodeben marSrutis sawyis mwvervals. 

analogiurad, ),( 1 nnn xxP −=  wibos nx  mwvervals uwodeben 

marSrutis saboloo mwvervals. marSrutis yvela danarCeni 

mwvervalebi warmoadgenen Sida mwvervalebs. marSruti, 

nax. 31 

5x  

2x  

4x  

6x  

1x  

0x  3x  
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romelsac aqvs 0x  da nx  boloebi SeiZleba Caiweros 

Semdegnairadac: ),( 0 nxxMM = . 

Tu marSruti Seicavs n  raodenobis wibos, maSin misi 

sigrZe udris  n -s. ganzogadoebisaTvis SemoaqvT nuli 

marSrutis cneba. es marSruti ar  Seicavs wiboebs. Tu 

marSrutSi sawyisi da saboloo mwvervalebi erTmaneTs 

emTxveva anu 0x = nx , maSin aseT marSruts uwodeben 

Caketils anu ciklurs.  

Tu marSrutSi yvela wibo sxvadasxvaa, maSin aseT 

marSruts wredi ewodeba. wredSi erTi da igive mwvervali 

SeiZleba Segvxvdes ramdenimejer. Tu wredSi yvela wibo da 

yvela mwvervali gvxvdeba mxolod erTjer, maSin aseT wreds 

uwodeben martivs. 

Tu wredSi sawyisi da saboloo mwvervalebi emTxveva 

erTmaneTs, maSin aseT wreds cikli ewodeba. da bolos, Tu 

ciklSi yvela mwvervali sxvadasxvaa, maSin aseT cikls ewodeba 

martivi. mocemuli grafisaTvis: (nax. 31). ( 0x 3x 6x 5x 6x 3x 2x ) 
aris marSruti; ( 1x 3x 5x 2x 3x 6x ) aris wredi; 

( 1x 3x 6x 5x 2x 0x ) aris martivi wredi; ( 2x 0x 3x 6x 5x 3x 2x ) 
aris cikli; ( 0x 3x 5x 2x 0x ) martivi ciklia. 

analogiuri cneba Semodis orientirebuli 

grafisaTvisac. orientirebul grafSi rkalTa iseT 

Tanmimdevrobas, rodesac yoveli winamdebare rkalis 

dasasruli warmoadgens momdevno rkalis dasawyiss, gza 

ewodeba. ansxvaveben martiv da Sedgenil gzas. martiv gzaSi 

yvela rkalebi gansxvavdebian, mxolod mwvervalebi SeiZleba 

ganmeordes. Sedgenil gzaSi rkalebi SeiZleba gvxvdebodes 

ramdenimejer. iseT gzas, romelSic yvela mwvervali 

sxvadasxvaa, elementaruli gza ewodeba. orientirebuli 

grafebisaTvis Semodis konturis cneba. konturi aris iseTi 
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gza, sadac sawyisi da saboloo mwvervalebi emTxveva 

erTmaneTs. Tu konturis yvela mwvervali sxvadasxvaa, maSin 

mas elementaruli konturi ewodeba. da bolos, gzis sigrZe 

ganisazRvreba misi rkalebis mixedviT. 

 

3.9. damakavSirebeli komponentebi 
 

 

ganvixiloT araorientirebuli ),( ГXG =  grafi. 

aviRoT masSi nebismieri ix  da jx  mwvervalebi. Tu arsebobs 

wredi, romelic akavSirebs am mwvervalebs, maSin maT 

ewodebaT dakavSirebuli. TviT grafi G  iqneba 

dakavSirebuli, Tu misi ori nebismieri mwvervali SeiZleba 

dakavSirdes wrediT. winaaRmdeg SemTxvevaSi grafi iqneba 

aradakavSirebuli. aviRoT G  grafis nebismieri x  
mwvervali. x  mwvervals da G  grafis im sxva mwvervalTa 

simravles, romelTanac x  mwvervali SeiZleba davakavSiroT 

wredebiT, maTi incidenturi wiboebis simravlesTan erTad 

ewodeba x  mwvervalis Cx  damakavSirebeli komponenta. 32a-e 

naxazze mocemulia grafi erTi damakavSirebeli 

komponentaTi, xolo 38b-naxazze mocemuli grafi Seicavs 

xuT damakavSirebel komponentas.  

 
dakavSireba grafSi amyarebs gansazRvrul 

damokidebulebas (binaruli damokidebuleba) grafis or 

nax. 32 

 

a. 
b. 
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nebismier mwvervals Soris. ganvixiloT dakavSirebis 

damokidebulebis Tviseba. vTqvaT, G  aris dakavSirebuli 

grafi, Tu mocemuli grafis x  mwvervali dakavSirebulia      

y  mwvervalTan wrediT, maSin es niSnavs, rom y     

mwvervalic aseve dakavSirebuli iqneba x  mwvervalTan 

wrediT, Sesabamisad, dakavSirebis damokidebulebas aqvs 

simetriulobis Tviseba.  

Tu x  mwvervali dakavSirebulia y   mwvervalTan da   

y  dakavSirebulia z  mwvervalTan, maSin aqedan 

gamomdinareobs, rom x  dakavSirebuli iqneba  z  
mwvervalTan. es imas niSnavs, rom dakavSirebis 

damokidebulebas axasiaTebs tranzitulobis Tviseba. 

grafis yvela mwvervalSi SeiZleba avagoT maryuJi.  

Sesabamisad, dakavSirebis damokidebulebas aqvs 

refleqsurobis Tviseba. moyvanili msjelobidan Cans, rom 

dakavSirebis damokidebulebas axasiaTebs eqvivalentobis 

damokidebulebis Tvisebebi: refleqsuroba, tranzituloba, 

simetriuloba. amitom, dakavSirebis damokidebuleba grafze 

warmoadgens eqvivalentobis damokidebulebas. rogorc 

cnobilia, simravleze eqvivalentobis damokidebulebis 

Semotanas mivyavarT am simravlis dayofamde araTanakveTad 

eqvivalentobis klasebad. analogiurad, dakavSirebis 

damokidebulebas mivyavarT grafis mwvervalTa  simravlis 

araTanakveTad eqvivalentur klasebad dayofamde. erTi 

eqvivalentobis klasis sazRvrebSi aRebuli grafis 

mwvervalebi dakavSirebuli iqneba erTmaneTTan wiboebiT. 

sxvadasxva eqvivalentobis  klasebidan aRebuli mwvervalebi 

erTmaneTTan ar iqneba dakavSirebuli wiboTi.    

moviyvanoT ramdenime Teorema, romelic gansazRvravs 

grafis dakavSirebas. 
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Teorema 1. nebismieri ),( ГXG =  araorientirebuli 

grafi erTaderTi saxiT daiSleba Tavisi damakavSirebeli 

komponentebis pirdapir jamad. 

damtkiceba. aviRoT grafis raime x  mwvervali, 

dauSvaT  Cx  aris x  mwvervalis damakavSirebeli 

komponenta, analogiurad Cy  iqneba y  mwvervalis 

damakavSirebeli komponenta. damtkicebisaTvis vaCvenoT 

Semdegi pirobebis Sesruleba:  

1. ∅≠Cx ;  2.  Tu CyCx ≠ ;  maSin ∅=CyCx I ;     

3. XCx =U  vinaidan Cx  aris x  mwvervalis 

damakavSirebeli komponenta, amitom ∈x Cx , Sesabamisad 

∅≠Cx . davuSvaT, rom  ∅≠CyCx I , maSin  CyCx = . 

marTlac, vTqvaT, CyCxz I∈ , magram z  aris grafis 

mwvervali. radgan Cx  aris x  mwvervalis damakavSirebeli 

komponenta, maSin z  iqneba dakavSirebuli  x -Tan wrediT. 
pirobis Tanaxmad Cyy ∈ , magram, radgan CyCxz I∈ , 

amitom mwvervali z  dakavSirebuli iqneba wrediT y  

mwvervalTanac. tranzitulobis Tvisebidan gamomdinareobs, 

rom x   da y  mwvervalebi dakavSirebuli iqneba erTmaneTTan 

wrediT. amis gamo, qvesimravlis gansazRvris Tanaxmad 

CxCy ⊆ . simetriulobis Tvisebidan gamomdinare 

analogiurad SeiZleba vaCvenoT, rom  CyCx ⊆   da,  radgan 

sruldeba CarTva orive mxridan, amitom CyCx = ; magram es 

ewinaaRmdegeba Teoremis meore pirobas. Sesabamisad, CyCx ≠    

da ∅=CyCx I . da bolos, vaCvenoT mesame pirobis 

Sesruleba:  { } XxCx
XxXx

=⊇
∈∈
UU . 

Teorema 2. nebismieri dakavSirebuli grafi Seicavs 

erTaderT damakavSirebel komponentas. 
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 damtkiceba. dauSvaT sawinaaRmdego, saxeldobr is, rom 

grafi Seicavs or damakavSirebel komponentas, maSin grafSi 

yovelTvis moiZebneba ori x  da y  mwvervali, romlebic 

ekuTvnian sxvadasxva Cx  da Cy  damakavSirebel komponentas  

cxadia, rom am mwvervalebs erTmaneTTan ver davakavSirebT 

wrediT. aqedan gamomdinareobs, rom mocemuli grafi iqneba 

aradakavSirebuli. Sesabamisad, Teoremis sawinaaRmdego 

mosazreba mcdaria. amiT Teorema damtkicebulia. 

Teorema 3. Tu grafSi mxolod or mwvervals aqvs kenti 

lokaluri xarisxi, maSin es mwvervalebi iqneba dakavSirebuli. 

damtkiceba. vTqvaT, mocemul grafSi x  mwvervals 

aqvs kenti lokaluri xarisxi da Cx  aris am mwvervalis 

damakavSirebeli komponenta. visargebloT TeoremiT, romlis 

Tanaxmad grafSi kenti mwvervalebis raodenoba aris luwi. 

maSin Tu y  aris meore kenti mwvervali, cxadia, ∈y Cx , 
radgan ori mwvervali x  da y  ekuTvnis erTi da imave 

damakavSirebel kompopnentas, amitom isini dakavSirebulia. 

Teorema 4. grafis H  nawilis H  damatebis 

damakavSirebeli komponentas ricxvi ar aRemateba H  

nawilis mwvervalTa ricxvs. 

damtkiceba. gamovyoT grafSi H  nawili (nax.33). 

Teoremis pirobis Tanaxmad H  damateba Sedgeba 

damakavSirebel komponentTa 

rigisagan. aRvniSnoT erT-erTi 

maTgani C -Ti. rom miviRoT 

damakavSirebeli komponenta, 

C  grafidan unda amoviRoT 

H  nawilis yvela wibo. es 

niSnavs, rom damakavSirebel 

C  komponentaSi moiZebneba 

erTi mwvervali mainc, romelic iqneba incidenturi H  

nax. 33 

H  H  

H  

H  
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nawilis wiboebis, magram amave dros es mwvervali ar 

SeiZleba iyos H  damatebis danarCeni damakavSirebeli 

komponentebis wiboebis incidenturi. 

Teorema 5. grafis wiboTa maqsimaluri raodenoba 

maryuJisa da jeradi wiboebis CauTvlelad, romelsac aqvs 

n  mwvervali da k  damakavSirebeli komponenta, tolia:  

)1)((
2
1),(max +−−= knknknN  

damtkiceba. vTqvaT, gvaqvs G  grafi, romelic Seicavs 

k  damakavSirebel komponentas, aRvniSnoT i -uri 
damakavSirebeli komponenta iG -Ti. dauSvaT, rom G  grafis 

yvela damakavSirebeli komponenta warmoadgens srul grafs. 

sruli grafis wiboebis raodenoba tolia:  

)1(
2
1

−= nnN  

maSin i -uri damakavSirebeli komponentas wiboTa 

raodenoba tolia: )1(
2
1

−= iii nnN . G  grafis wiboTa 

saerTo N  raodenoba am SemTxvevaSi iqneba: 

∑
=

−=
k

i
ii nnN

1
)1(

2
1

                (1) 

gamovyoT mocemul grafSi ori damakavSirebeli 

komponenta anu ori 1G  da 2G  qvegrafi mwvervalTa 

ricxviT: 11 >n  da 12 nn ≥ . vTqvaT, 21 nn =  (nax. 34).  

SevasruloT Semdegi 

operacia: 1G  da 2G   

grafebidan vawarmooT axali  

′
1G  da 

′
2G  grafebi 

Semdegnairad. 1G  grafidan 
nax. 34 

1G  
2G  
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amoviRoT erTi mwvervali da daumatoT igi 2G  grafs (nax. 35). 

amis Semdeg, 2G  grafi SevavsoT srul grafamde. 
′

1G  grafs 

eqneba ukve )1( 1 −n  mwvervali, xolo 
′

2G  grafs _ )1( 2 +n  

mwvervali. analogiurad 
′

1G  da 
′

2G  

grafebidan vawarmooT 
″

1G  da 
″

2G  

(nax. 36). es procedura tardeba 

yvela iG  damakavSirebeli 

komponentebisaTvis manam, sanam ar 

darCeba )1( −k  izolirebuli mwvervalis Semcveli grafi da 

erTi sruli grafi 

1)1( +−=−− knkn  

mwvervalTa ricxviT. 

CavsvaT (1) formulaSi 

in -s adgilze miRebuli 

qvegrafis mwvervalTa 

ricxvi 1+− kn , maSin 

miviRebT: 

 )1)((
2
1)11)(1(

2
1

+−−=−+−+−= knknknknN  

rac unda dagvemtkicebina. 

am Teoremidan gamomdinareobs Semdegi daskvna: 

imisaTvis, rom grafi iyos dakavSirebuli, romelic Seicavs 

n  _ mwvervals da or damakavSirebel komponentas 

aucilebelia, rom misi wiboTa ricxvi iyos meti 

)2)(1(
2
1)2,( −−= nnnN _ ze. 

 

 

 

nax. 35 

′
1G  

nax. 36 

″
1G  

• 
″

2G
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3.10. Serwymis wertilebi. xidebi. blokebi. 
 

dakavSirebul grafebSi SeiZleba arsebobdes 

mwvervalebi, romelTa amoRebis Semdeg sawyisi grafi gaxdes 

aradakavSirebuli anu Seicavdes ramdenime damakavSirebel 

komponentas. aseT mwvervalebs ewodebaT Serwymis wertilebi. 

Tu grafs ara aqvs Serwymis wertilebi, maSin mas ewodeba 

ganucalkevebeli (ganuyreli) grafi. Tu dakavSirebul 

grafSi arsebobs wibo, romlis amoRebis Semdeg irRveva 

grafis dakavSireba anu sawyis grafs gadaaqcevs ramdenime 

damakavSirebeli komponentis mqone grafad, maSin aseT wibos 

ewodeba xidi. da bolos, grafis bloki ewodeba mis 

maqsimalurad ganuyofel qvegrafs. cxadia, ganucalkevebuli 

grafi TviTon iqneba bloki. magaliTisTvis moviyvanoT grafi, 

romelic mocemulia 37a nax-ze. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
nax. 37 

a. 

b. 

G  

d  

x  

y  

c  

z  

a  

b  

x  y  

g. 
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mwvervalebi x , y , z  warmoadgenen G  grafisaTvis 

Serwymis wertilebs (nax.37a); xolo dcba ,,,  mwvervalebi 

ar warmoadgenen Serwymis wertilebs. ( x , y ) wibo, 

warmoadgens G  grafis xids (nax.37b); xolo danarCeni 

wibodan arc erTi ar warmoadgens xids. da bolos, 37g nax-

ze mocemulia sawyisi grafebis blokebi. grafebSi, sadac 

arseboben Serwymis wertilebi da xidebi, TiToeuli 

mwvervali da wibo miekuTvneba mxolod erT bloks. 

moviyvanoT Teorema, romelic gansazRvravs grafSi Serwymis 

wertilebisa da xidebis arsebobis pirobas. 

Teorema: Tu x -iT aris dakavSirebuli G  grafis 

mwvervali, maSin eqvivalenturia Semdegi piroba: a) x  aris 
G  grafis Serwymis wertili; b) G  grafSi arsebobs iseTi 

z  da y  mwvervali, ≠x y  da ≠x z , rom x  ekuTvnis 

nebismier { }zy ÷  martiv wreds. g) arsebobs X mwvervalTa 

simravlis dayofa or Y  da Z  qvesimravled, ise, rom ori 

Yy ∈  da Zz ∈ -saTvis mwvervali x  ekuTvnis nebismier 

{ }zy ÷ wreds. 

davamtkicoT Teorema. Teoremis pirveli pirobidan 

uSualod gamomdinareobs mesame piroba. marTlac, Tu x  
Serwymis wertilia, maSin misi amoRebis Semdeg { }xX − , 

sawyisi grafi iSleba or damakavSirebel komponentad. 

aRvniSnoT am komponentTa mwvervalebis simravle Y  da Z -

iT. cxadia, rom Yy ∈  da Zz ∈  moTavsebuli iqnebian 

sxvadasxva komponentaSi. aqedan gamomdinareobs, rom G  

grafis nebismieri martivi wredi { }zy ÷  Seicavs x  
mwvervals. Teoremis meore piroba gamomdinareobs mesamedan, 

an warmoadgens mis kerZo SemTxvevas. da bolos, meore 

pirobidan gamomdinareobs pirveli. marTlac, radgan, x  
ekuTvnis nebismier martiv { }zy ÷  wreds, maSin x -is 
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amoRebis Semdeg G  grafSi ar iarsebebs wredi, romelic 

daakavSirebs y  da z  mwvervalebs, an warmoiSoba ori 

damakavSirebeli komponenta; radgan x -is amoRebas mivyevarT 
daukavSirebel grafamde. amitom  x  aris Serwymis wertili. 

moviyvanoT kidev erTi Teorema damtkicebis gareSe: 

Tu G  grafSi aris P  wibo, romelic warmoadgens xids, 

maSin eqvivalenturia Semdegi piroba: a) P  aris G  grafis 

xidi; b) P  wibo ar miekuTvneba grafis arcerT martiv 

cikls; g) G  grafSi arsebobs iseTi y  da z  mwvervalebi, 

rom P  wibo iqneba mikuTvnebuli nebismier martiv wreds, 

romelic aerTebs y  da z ; d) arsebobs sawyisi grafis 

mwvervalTa X simravlis dayofa iseT Y  da Z  

qvesimravled, rom nebismieri Yy ∈  da Zz ∈  

mwvervalTaTvis P  wibo ekuTvnis nebismier martiv wreds, 

romelic aerTebs y  da z . 
Teorema: nebismier dakavSirebul grafSi moiZebneba ori 

mwvervali mainc, romelic ar warmoadgens Serwymis wertils. 

davamtkicoT Teorema: aviRoT grafSi ori x  da y  

wertili. vigulisxmoT, rom isini warmoadgenen grafis raime 

diametraluri wredis boloebs; anu )(),( Gdyxd = . 

dauSvaT, rom y  aris Serwymis wertili. amoviRoT y  

grafidan. cxadia, G  grafi daiSleba or damakavSirebel 

komponentad. vTqvaT, z  aris mwvervali, romelic ekuTvnis 

im damakavSirebel komponentas, sadac ar Sedis x  mwvervali. 

wina Teoremidan gamomdinareobs, rom mwvervali y  

miekuTvneba nebismier martiv wreds, romelic akavSirebs x  
da z ; maSin ),(),( yxdzxd > ; magram es ewinaaRmdegeba 

daSvebas, rom )(),( Gdyxd = , amitom imis daSveba, rom y  

aris Serwymis wertili, araa swori. analogiurad SeiZleba 

vaCvenoT, rom x  ar iqneba Serwymis wertili. 
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3.11. orientirebuli grafis bikomponentebi 
 

 vTqvaT, mocemuli gvaqvs orientirebuli grafi 

),( ГXG = . aviRoT am grafis nebismieri ori ix  da jx  

mwvervali. Tu ix  mwvervalidan arsebobs gza jx  mwvervalSi, 

maSin amboben, rom jx  mwervali miRwevadia ix  mwvervalidan 

da am miRwevadobas aRniSnaven Semdegnairad: ix > jx . aseTi 

tipis binarul damokidebulebas ix  da jx  mwvervalebs 

Soris ewodeba CarTvis damokidebuleba Sesabamisi G  

grafisaTvis, CarTvis damokidebuleba tranzituli 

damokidebulebaa; Tu ix > jx  da jx > kx , maSin ix > kx . 

Tu aRvniSnavT ix  mwvervalidan miRwevad mwvervalTa 

simravles )( ixD , xolo jx  mwvervalidan miRwevad 

mwvervalTa simravles )( jxD –Ti, maSin CarTvis 

damokidebuleba ix > jx  Sesruldeba mxolod maSin, 

roca ⊆)( jxD )( ixD . 

im SemTxvevaSi, roca )( ixD = )( jxD , ix  da jx  

mwvervalebs uwodeben miRwevadobis mixedviT eqvivalentur 

mwvervalebs, anu: ix > jx , jx > jii xxx ~↔ . 

Tu ji xx ~  miRwevadobis mixedviT, es imas niSnavs, 

rom arsebobs gza ix  mwvervalidan jx  mwvervalSi da imave 

dros arsebobs gza jx -dan ix  mwvervalSi. aseTi tipis 

mwvervalebs uwodeben Zlierad dakavSirebul, anu 

urTierTdakavSirebul  mwvervalebs. axla aviRoT grafi 

),( ГXG = , mocemul grafs ewodeba Zlierad 

dakavSirebuli, Tu misi nebismieri ori ix  da jx  
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mwvervalisaTvis arsebobs gza ix -dan jx -Si da piriqiT. 

orientirebul grafSi SeiZleba arsebobdes mwvervalTa 

sxvadasxva qvesimravle, ise, rom TiToeuli qvesimravlis 

sazRvrebSi mwvervalebi iyvnen urTierTdakavSirebuli 

(bidakavSirebuli). mwvervalTa es qvesimravle iZleva 

qvegrfebs, romelTac ewodebaT dakavSirebis komponentebi 

anu bikomponentebi. magaliTad. 38-e nax.-ze mocemul 

grafisaTvis adgili aqvs 5 bikomponentas, Semdeg mwvervalTa 

simravleze: { } { } { } { } { }fnkgecdba ,,,,,,,, . erTaderTi 

mwvervali SeiZleba warmoadgendes bikomponentas, Tu igi ar 

miekuTvneba arc erT orientirebul cikls. aseTi saxis 

mwvervalebi SeiZleba iyos ori tipis: Cixuri da antiCixuri. 

Cixuri ewideba mwvervals, romlidanac ar gamodis arc erTi 

rkali, xolo antiCixuria iseTi mwvervali, romelSic ar 

Sedis arc erTi rkali. moviyvanoT leifmanis algoriTmi, 

romelic gamoavlens 

orientirebuli grafis 

yvela bikomponentas. 

 ganvixiloT 

algoriTmis moqmedeba 

39-e nax.-ze mocemuli 

),( ГXG =  

orientirebuli 

grafisaTvis.  

 jer vpoulobT 

grafis yvela Cixur da 

antiCixur mwvervalebs, romlis Semdegac amoviRebT maT grafidan. 

nax. 38 

e  

k  

 
f  

g  

d  
n  

a  

c  

b  
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 mocemul grafSi 1x  mwvervali antiCixuri 

mwvervalia, xolo 16x  da 18x  – Cixuri. es mwvervalebi 

warmoadgenen sam bikomponentas: { } { } { }18161 ,, xxx , darCenili 

grafi (nax. 40) iqneba Semdegi saxis: 

 
 xelaxla veZebT mocemul grafSi Cixur da 

antiCixur mwvervalebs. Tu aseTebi moiZebneba amovwerT maT 

nax. 40 

2x  
3x  

4x  

5x  

6x  

7x  

8x  9x  

12x  

13x  

14x  

10x  

11x  17x  

15x  

nax. 39 

2x  
3x  

4x  

5x  

6x  

7x  

8x  9x  

12x  

13x  

14x  

10x  

11x  

18x  

17x  

16x  

15x  

1x  
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bikomponentebad da amoviRebT grafidan. am proceduras 

vagrZelebT manam, sanam miRebul grafSi aRar iarsebebs 

Cixuri da antiCixuri mwvervalebi. Tu yvela mwvervali 

aRmoCndeba Cixuri da antiCixuri, maSin amoxsnis procedura 

damTavrebulad CaiTvleba da grafis yoveli mwvervali 

saTiTaod aRmoCndeba bikomponentis rolSi. 

 winaaRmdeg SemTxvevaSi darCenil ),( 11 ГXG =  grafSi 

viwyebT mwvervalTa moniSvnas, risTvisac avirCevT nebismier ix  

mwvervals. yvela im mwvervals, romelSic midis rkali ix  

mwvervalidan mivaniWebT 1–is tol moniSvnas. Semdeg 1-ianiT 

moiniSnebian is mouniSnavi mwvervalebi, romlebSic modian 

rkalebi moniSnuli mwvervalebidan. es procedura grZeldeba 

manam, sanam grafSi aRar gveqneba arcerTi moniSnuli mwvervali 

saidanac midis rkali mouniSnav mwvervalebSi. imis Semdeg, roca 

SeuZlebeli gaxdeba mwvervalebis moniSvna erTianiT, mouniSnav 

mwvervalebs miewereba niSani 0. Sedegad grafis yvela mwvervali 

miiRebs 0 an 1-is tol niSans. anu, egreTwodebul, mwvervalis 

`marcxena~ moniSvnas. 

amis Semdeg grafis yvela mwvervals miewerebaT nulis 

an erTis toli niSani anu, egreTwodebuli, `marjvena~ 

moniSvna. es moniSvna miewerebaT grafis mwvervalebs misi 

rkalebis orientaciis sawinaaRmdego moZraobis mixedviT. 

 sabolood grafis yvela mwvervali iRebs moniSvnaTa 

),( yz  mowesrigebul wyvilebs da iyofa mwvervalTa oTx 

araTanakveTad qvesimravled: X00, X01, X10, X11, amasTan erTad, 

111001001 XXXXX UUU= . G  grafis yvela bikomponenti 

iqneba Sesuli erT-erT im qvegrafSi, romelic warmoiSoba X00, 

X01, X10, X11 mwvervalTa simravleze. am dros, SesaZlebelia 

Semdegi SemTxvevebi: ∅≠11X  an ∅=11X . Tu ∅≠11X  maSin 

qvegrafi 1111 , XG  mwvervalTa simravleze warmoadgens G  

grafis bikomponentas. im SemTxvevaSi, roca 
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∅=== 100100 XXX  amocana bikomponentebis povnaze 

gadawyvetilia. Tu ∅≠00X , ∅≠01X  da ∅≠10X , maSin 

TiToeuli 100100 ,, GGG  qvegrafze unda daviwyoT algoriTmis 

procedura Tvidan anu Cixuri da antiCixuri mwvervalebis 

gansazRvridan da a.S. ganvixiloT SemTxveva, roca ∅=11X . am 

dros, ∅≠01X  da ∅=10X . radgan dasawyisSi arCeuli ix  

mwvervali arc Cixuria da arc antiCixuri. mwvervali 00Xxi ∈ , 

vinaidan winaaRmdeg SemTxvevaSi ix -ze gaivlida orientirebuli 

cikli da ∅≠11X . vinaidan ix -ze ar gadis araviTari 

orientirebuli cikli, amitom ix  unda mivakuTvnoT 

erTmwvervalian bikomponents. amis Semdeg,  unda ganvixiloT 

01G  da 10G  qvegrafebi, 01X  da 10X  mwvervalebze da 00G  

qvegrafi { }ixX \00  mwvervalTa simravleze. axla davubrundeT 

1G  grafs. ix  mwvervalad avirCioT 2x  mwvervali da 

zemoTaRwerili meTodis Tanaxmad davsvaT moniSvnebi 1G  grafis 

yvela mwvervalis mimarT (nax. 41).  

 
nax. 41 

2x (1,1) 
3x (1,1) 

4x (0,1) 

5x (1,0) 

 

6x (1,0) 

7x (1,0) 

8x  (1,1) 

9x (0,1) 

12x (1,1) 

13x (0,1) 

14x (0,1) 

10x (0,1) 

11x (1,1) 
17x (0,0) 

15x (0,1) 
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Sedegad miviRebT mwvervalTa Semdeg simravles:  

{ } { }
{ } { }.,,,,,,,,

,,,,,,

76510151413109401

8121132111700

xxxXxxxxxxX
xxxxxXxX
==

==
 

 aqedan, grafis komponentebs warmoadgenen 

mwvervalTa simravleebi: { }812113211 ,,,, xxxxxX = , yvela es 

mwvervalebi amoviRoT 1G  grafidan, romlis Semdegac 

ganvixiloT Semdegi grafi (nax. 42a). 

 

2G  qvegrafSi (nax. 42a) ix  mwvervalad aviRoT 4x  

mwvervali da davsvaT Tavidan 0 da 1 moniSvnebi. Sedegad 

miviRebT Semdeg mwvervalTa simravles: { }109411 ,, xxxX = , 

{ }15141301 ,, xxxX =  da { }1776510 ,,, xxxxX = . 

mwvervalTa es simravleebi gvaZlevs bikomponents 

{ }1094 ,, xxx . yvela es mwvervalebi amoviRoT 2G  

qvegrafidan, romlis Semdegac ganvixiloT Semdegi 3G  

qvegrafi (nax. 42b).  

nax. 42a 

4x (1,1) 

5x (1,0) 

 

6x (1,0) 

7x (1,0) 

9x (1,1) 

13x (0,1) 

14x (0,1) 

10x (1,1) 

17x (1,0) 

15x (0,1) 
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ix  mwvervalad avirCioT 5x  da davsvaT Tavidan 0 da 

1 moniSvnebi. Sedegad miviRebT Semdeg mwvervalTa simravles: 

{ }76511 ,, xxxX =  da { }1715141301 ,,, xxxxX = .  

 
mwvervalTa es simravle gvaZlevs bikomponents 

{ }765 ,, xxx . da amoviRebT 3G  qvegrafidan. miviRebT 4G  

qvegrafs (nax. 42g) 

4G  qvegrafidan viRebT Cixur mwvervals { 17x }.  ris 

Sedegadac miviRebT Semdeg 5G  grafs (nax 42d).  5G  grafi 

nax. 42b 

5x (1,1) 

 

6x (1,1) 

7x (1,1) 

13x (0,1) 

14x (0,1) 

17x (0,1) 

15x (0,1) 

13x  

14x  

17x  

15x  

nax. 42g nax. 42d 

13x  

14x  

15x  
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iZleva sawyisi grafis bolo bikomponents: { }151413 ,, xxx  e. i. 
miviReT sawyisi G  grafis rva bikomponenta. esenia: { }1x , 
{ }16x , { }17x , { }18x , { }8121132 ,,,, xxxxx , { }1094 ,, xxx , { }765 ,, xxx  

da { }151413 ,, xxx . 
 

3.12. manZilebi grafSi 
 

ganvixiloT araorietirebuli dakavSirebuli 

),( ГXG =  grafi. rogorc zemoT aRvniSneT, mocemul grafSi 

nebismieri ori mwvervali SeiZleba dakavSirebuli iyos 

marSrutiT da Sesabamisad martivi an elementaruli wrediT. 

wredis sigrZe ganisazRvreba misi wiboebis raodenobiT. aviRoT 

grafis ori nebismieri x  da y  mwvervali. x  da y   
mwvervalebis SemaerTebel umcires (umokles) martivi wredis 

sigrZes uwodeben manZils x  da y  mwvervalebs Soris. igi 

aRiniSneba Semdegnairad ),( yxd . manZili gamoixateba mTeli 

arauaryofiTi ricxviT. ),( yxd  manZilis funqcia ganisazRvreba 

grafis yvela wyvil mwvervalTa simravleze da akmayofilebs 

Semdeg aqsiomebs (friSes aqsiomebi):  

1. 0),( ≥yxd  

2. ),( yxd =0 yx =↔  

3. ),( yxd = ),( xyd  

4. ),( yxd + ≥),( zyd ),( zxd  (samkuTxedis utoloba) 

Tu grafi orientirebulia, maSin ∞=),( yxd , roca 

xy Γ∉ ˆ  manZilis funqciis Semotana grafSi iZleva mis 

mwvervalTa simravlis dayofas araTanakveTad mwvervalTa 

klasebad, amasTan erTad, klasebs adgenen is mwvervalebi, 

romlebic imyofebian erTi da imave daSorebiT romelime 

Xx ∈0  mwvervalidan, anu yvela 0≥n -saTvis arsebobs nX  

 111 

mwvervalTa iseTi simravle, rom nxxd n =),( 0 . maSin 

,
1

i

n

i
XX

=
= U , sadac iX  aris mwvervalebis simravle, 

romlebic daSorebulia i  manZiliT raime 0x -iT fiqsirebuli 

mwvervalidan. am SemTxvevaSi, nX  simravlis mwvervalebi 

daukavSirdeba wiboebiT mxolod 1−nX , 1+nX  da nX  
simravlis mwvervalebs. vaCvenoT es. vTqvaT, mwvervalebi nX  
simravlidan ukavSirdebian mwvervalebs knX +  simravlidan, 

sadac 2≥k . vinaidan, grafze mocemulia manZilis funqcia, 

amitom knX +  mwvervalebs Soris aucileblad moiZebneba 

mwvervali, romelic daSorebulia 0x -dan 1+n  manZiliT. es 

imas niSnavs, rom 2≥k  SemTxveva SeuZlebelia. amitom, 

mwvervalebi nX  simravlidan iqnebian SeerTebuli wiboebiT 

1−nX , nX  da 1+nX  simravlidan aRebul mwvervalebTan.    

 

3.13. grafis diametri, radiusi da centri 
 

grafis or nebismier x  da y   mwvervals Soris 

maqsimalur manZils G  grafis diametri ewodeba. aRvniSnoT 

grafis diametri )(Gd -Ti, maSin: 

XxyxdGd
Xy

∈∀=
∈

),,(max)( , 

sadac X aris grafis mwvervalTa simravle. grafSi SeiZleba 

arsebobdes minimaluri sigrZis wredis simravle, romelic 

aerTebs or nebismier mwvervals da daSorebuli arian 

maqsimaluri manZiliT. yvela aseT wreds ewodeba 

diametraluri martivi wredi. 

grafis yvela mwvervalisaTvis movZebnoT is 

mwvervalebi, romlebic daSorebuli arian am mwvervalebidan 

maqsimaluri manZiliT. yvela am maqsimaluri sigrZis 
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wredebidan amovarCioT minimaluri anu ),,(maxmin yxd
XyXx ∈∈

 

maSin sidides ),(maxmin)( yxdGr
XyXx ∈∈

=  ewodeba grafis 

radiusi. mwvervals, romelSic ),(max yxd
Xy∈

aRwevs minimalur 

mniSvnelobas, ewodeba grafis centri. Tu aRvniSnavT grafis 

centrs 0C -iT, maSin is SeiZleba ganvsazRvroT Semdegnairad:  

),(max),(max, 0 yCdyxdXx
XyXy ∈∈

≥∈∀  

grafSi SeiZleba arsebobdes radiaruli martivi 

wredebis simravle. garda amisa, grafs SeiZleba qondes 

erTze meti centri. orientirebul grafebSi SesaZlebelia 

SemTxveva, roca ∞=
∈

),(max yxd
Xy

. amis gamo,  grafis 

diametri SeiZleba iyos usasrulo.  
 

3.14. grafis mwvervalTa da wiboTa saSualo gadaxra 
 

dauSvaT, x  grafis mwvervalia. sidides  

∑
∈

=
Xy

yxd
n

xm ),(1)(                 (1) 

ewodeba mwvervalTa saSualo gadaxra x  
mwvervalidan, Tu raime 0x  mwvervalisaTvis (1) 

gamosaxuleba warmoadgens minimalurs, maSin mwvervals 

ewodeba grafis saSualo mwvervali. 

dauSvaT ),( yxp =  warmoadgens grafis wibos; maSin 

saSualo manZili mocemuli wibodan mocemul mwvervalamde 

SeiZleba ganisazRvros Semdegnairad: 

[ ]),(),(
2
1),( yzdxzdpzd += . 
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 sidides ∑∑
∈

==
XxP

xzdxp
N

pzd
N

zm ),()(1),(1)(  

ewodeba grafis wibos saSualo gadaxra mwvervalidan. 
 

3.15. gzis gansazRvra grafSi 
 

Zalian xSirad grafSi ismeba amocana mocemuli x  
mwvervalidan y  mwvervalSi gzis povnis Sesaxeb. magaliTad, 

labirinTisaTvis, romelic mocemulia 43-e nax.-ze, saWiroa 

vipovoT gza α  mdgomareobidan, romelic Seesabameba 

labirinTis Sesasvlels, β  mdgomareobamde, romelic 

warmoadgens gamosasvlels. 

 
labirinTi SeiZleba warmodgenili iqnes grafis 

saxiT, romelSic mwvervalebi asaxaven gzajvaredinebs, xolo 

wiboebi _ derefnebs im SemTxvevaSi, Tu ori x  da y  

gzajvaredini dakavSirebulia am ukanaskneliT anu xy Γ∈ . 

im SemTxvevaSi, roca mocemuli grafi warmoadgens 

brtyel grafs, arsebobs martivi algoriTmi, romlis 

saSualebiTac SeiZleba gzis gansazRvra erTi mwvervalidan 

meoreSi. dauSvaT mocemuli grafi dakavSirebulia, maSin 

labirinTis Sesasvlelidan gamosasvlelamde gzis 

nax. 43 
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povnisaTvis, unda gamoviyenoT Semdegi wesi: imyofebi ra 

gzajvaredinze, aucilebelia airCio yovelTvis yvelaze 

marcxena (an yovelTvis yvelaze marjvena) derefani. 

axla ganvixiloT nebismieri G  grafi. x  mwvervalidan 

nebismier y  mwvervalamde gzis gansazRvrisaTvis gamoiyeneba 

taris wesi. es wesi SemdegSi mdgomareobs: arasdros ar gaiaro 

orjer erTi da igive derefanSi, erTidaimave mimarTulebiT; 

imyofebi ra x  gzajvaredinze, ar airCio is derefani, 

romelmac migviyvana x -Si, Tu ra Tqma unda, arsebobs 

SesaZlebloba sxva arCevanis. 
 

3.16. umoklesi gza grafSi 
 

Tavidan ganvixiloT grafi ),( ГXG =  dautvirTavi 

wiboebiT, anu iseTi wiboebiT, romlebzec araa naCvenebi wona 

an fasi. moviyvanoT am grafis nebismier or x  da y  

mwvervalebs Soris umoklesi gzis gansazRvris algoriTmi. 

am algoriTms safuZvlad udevs grafis mwvervalebis 

moniSvnis meTodi. mwvervalis niSani warmoadgens umoklesi 

gzis sigrZes, sawyisi mwvervalidan moniSnul mwvervalamde. 

algoriTmis pirvel bijze vafiqsirebT α  mwvervals, 

saidanac iZebneba umoklesi gza. es mwvervali Rebulobs 0-is 

tol niSans 0α . 

II biji. mwvervalebs, romlebic daSorebuli arian 1-

is toli manZiliT 0α  mwvervalidan vaniWebT 1-is tol 

niSans. da a.S. mwvervalebs, romlebic imyofebian m -is tol 

manZilze 0α -dan vaniWebT m  niSans. vTqvaT, mocemuli 

mwvervalebi adgenen )(mX  simravles, maSin )1( +mX  

mwvervalTa simravle SeiZleba ganisazRvros Semdegnairad: 

{ }mkkXxmXxxmX ≤∈Γ∈=+ ),(),(/)1(  
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mm ββ 1
1

−
− Γ∈  

.

.

.
,)1(

1
2 −

−
− Γ∈ mm ββ

 

3
1

2 ββ −Γ∈ , 

2
1

1 ββ −Γ∈ , 

1
1

0 ββ −Γ∈ , 

 

III biji. moiniSneba Tu ara β  mwvervali, 

romlamdisac iZebneba umoklesi gza α  mwvervalidan, 

moniSvnis procesi damTavrebulia. β  mwvervali miiRebs m  

niSans anu )(mXm ∈β  amis Semdeg veZebT grafis im 

mwvervalebs, romlebzec gaivlis umoklesi gza. 

 

       )1(1 −− ∈ mm Xβ ,          

       

.

.

.
,)2(2 −− ∈ mm Xβ

 

       )2(2 X∈β , 

       )1(1 X∈β , 

       )0(0 X∈β , 

amave dros, 00 αβ = . 
axla ganvixiloT grafi ),( ГXG =  datvirTuli 

wiboebiT, anu wiboebiT, romlebzec miTiTebulia maTi 

wonebi, fasi, sigrZe da a.S. aRvniSnoT im wibos wona 

),( ji xxl -iT, romlis boloebsac warmoadgenen ix  da jx  

mwvervalebi. amocana mdgomareobs iseTi gzis povnaSi, sawyisi 

mwvervalidan mocemulSi, romlis jamuri sigrZe am gzaSi 

iqneba minimaluri anu umoklesi. 

min),(
,

→∑ j
ji

i xxl  

umoklesi gzis gansazRvrisaTvis datvirTul 

wiboebian grafSi gamoiyeneba fordis algoriTmi. moviyvanoT 

am algoriTmis bijebi: 



 116 

I biji. grafis yvela mwvervalebs miewereba moniSvna 

iλ . amave dros sawyisi 0x  mwvervali Rebulobs 00 =λ  

niSans, xolo grafis yvela danarCeni mwvervalebi iReben 

∞=iλ  niSans. 

II biji. grafis yvela wiboebs Soris amoirCeva 

),( ji xx  wibo, romlisTvisac ),( jiii xxl>− λλ . Tu aseTi 

wibo moiZebneba, maSin jx  mwvervals waeSleba Zveli jλ  

moniSvna da mieniWeba axali ),( jiij xxl+=′ λλ  niSani. es 

procesi grZeldeba manamde, sanam grafSi iarsebebs Tundac 

erTi wibo, romlisTvisac SesaZlebeli iqneba jλ -s 

Semcireba. 

III biji. roca ukve aRar iqneba SesaZlebeli grafis 

mwvervalebis niSnebis Secvla, moniSvnis procesi wydeba, 

amis Semdeg, moiZebneba iseTi nx  mwvervali, 

romlisaTvisac ),( 11 nnnn xx −− =− lλλ  es arsebiTad asea, 

radgan moniSvnis procesi yovelTvis mcirdeba, xolo 1−nx  

mwvervali iqneba ukanaskneli mwvervali, romlis 

moniSvnamac gamoiwvia nλ -is Semcireba. 

analogiurad vpoulobT mwvervalebs: 

1−nx , romlisTvisac ),( 1221 −−−− =− nnnn xxlλλ , 

2−nx , romlisTvisac ),( 1332 −−−− =− nnnn xxlλλ  da a.S. 

sawyisi x  mwvervalisaTvis: ),( 1001 xxl=− λλ . 

umoklesi gza gaivlis mwvervalebze: 

{ }nn xxxx ,,...,, 110 − . 

 

 

 

 117 

 

3.17. grafSi mocemuli sigrZis gzis gansazRvra 
 

vTqvaT, mocemulia grafi ),( Γ= XG . imisaTvis, rom 

ganvsazRvroT or nebismier mwvervals Soris mocemuli 

sigrZis gzis ricxvi, visargebloT misi mwvervalebis 

mosazRvreobis A  matriciT. aviyvanoT A  matrica λ  

xarisxSi da aRvniSnoT P -Ti. aseTi gziT miRebuli matrica: 
λAP = , 

maSin P  matricis ijP  elementi warmoadgens λ  

sigrZis sxvadasxva gzebis ricxvs, romelic midis ix  

mwvervalidan jx  mwvervalSi. 

 

3.18. eilerisa da hamiltonis ciklebi 
 

grafebis maTematikuri Teoria Tavis sawyiss iRebs 

kenisbergis xidebis amocanidan, romelic pirvelad eilerma daayena. 

vTqvaT, DCBA ,,,  aris qalaqis nawilebi (kunZulebi), 

xolo { }gfedcba ,,,,,,  xidebi. amocana SemdegSi mdgomareobs: 

unda gamoxvide qalaqis nebismieri nawilidan, magaliTad A -dan, 

gadaiaro yvela xidze TiTojer da dabrunde isev sawyis A  

nawilSi. 44-e naxazze mocemuli situacia SeiZleba gamovsaxoT 

Semdegi grafis saSualebiT (nax. 45). 

 

nax. 44 

a  

c
 d  

C  

B  

b  

e  

A  f  

g  

D  
B  
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es amocana SeiZleba (nax. 45) grafisaTvis 

Semdegnairad gamoiTqvas: nebismieri mwvervalidan mag. A -dan 

gamosvlis Semdeg, saWiroa gaiaro grafis yvela wibo 

TiTojer da dabrunde isev A  mwvervalSi. grafis analizi 

gviCvenebs, rom aseTi cikluri Semovla moceml grafSi ar 

arsebobs. eilerma mocemuli amocana grafebisaTvis daayena 

Semdegnairad: ra pirobebSi 

iarsebebs grafSi iseTi 

cikli, romelic Seicavs 

yvela wibos TiTojer? Tu 

grafSi arsebobs cikli, 

romelic Seicavs grafis 

yvela wibos TiTojer, 

maSin aseT cikls eileris 

cikls uwodeben. Tu grafi 

Seicavs eileris cikls, 

maSin aseT grafs eileris 

grafi ewodeba. grafSi SeiZleba arsebobdes eileris wredic. 

es iseTi wredia, romleic Seicavs grafis yvela wibos 

TiTojer. eileris ciklisa da eileris wredis cnebas 

adgili aqvs orientirebul grafebisaTvisac, sadac maT 

Sesabamisad eileris konturi da eileris gza ewodeba. 

moviyvanoT eileris Teorema, romelic gansazRvravs grafSi 

eileris ciklis arsebobas: imisaTvis, rom grafi Seicavdes 

eileris cikls, anu grafi rom iyos eileris grafi, 

aucilebeli da sakmarisia Semdegi pirobebis Sesruleba: 1. 

grafi unda iyos dakavSirebuli; 2. grafis yvela mwvervals 

unda hqondes luwi lokaluri xarisxi. 

davamtkicoT Teorema. pirveli piroba warmoadgens 

aucilebels, vinaidan, Tu grafi aradakavSirebulia, maSin 

masSi saerTod ar iarsebebs Semovla. meore pirobac aseve 

warmoadgens aucilebels, vinaidan grafis wiboebis cikluri 

nax. 45 

A  

B  D  

C  

a  b  

c  d  

f  

e  

g  
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Semovlis SemTxvevaSi, mocemuli cikli unda Sevides 

nebismier mwvervalSi erTi wibodan da gamovides am 

mwvervalidan meore (sxva) wiboTi. 

amave dros, orTave es piroba warmoadgens sakmaris 

pirobas. marTlac, ganvixiloT grafSi raime wredi, romelic 

iwyeba nebismieri x  mwvervalidan. gavagrZeloT mocemuli 

wredi ise, rom TiToeul SemTxvevaSi CavrToT masSi axali 

wibo. radgan yvela mwvervals aqvs luwi xarisxi, bolos da 

bolos, mocemuli wredi dabrundeba x  mwvervalSi. Tu am 

SemTxvevaSi grafis yvela mwvervali gavlilia, maSin eileris 

cikli miRebulia. dauSvaT, rom mocemuli cikli ar moicavs 

grafis yvela wibos da mwvervals, maSin grafSi aucileblad 

moiZebneba iseTi y  mwvervali, romelic iqneba ukve agebuli 

ciklis wibos incidenturi da amave dros, iseTi wibos 

incidenturic, romelic ar Sedis mocemul ciklSi. 

unda avagoT axali wredi y -dan, romelic moicavs 

yvela SesaZlo axal wiboebs. rogorc winaT, aseve axlac, es 

wredi dabrundeba y  mwvervalSi. am wredebis gaerTianeba 

mogvcems iseT cikls, romelic moicavs ufro met wiboTa 

ricxvs, vidre pirveli. Tu gavagrZelebT analogiur agebas, 

saboloo jamSi miviRebT eileris cikls. 

ganvixiloT grafi, romelic ar warmoadgens eileris 

grafs. moviyvanoT Semdegi Teorema: imisaTvis rom ),( yxP  

wredi dakavSirebul grafSi iyos eileris wredi, 

aucilebeli da sakmarisia, rom x  da y  mwvervalebi iyos 

erTaderTi, romelTa lokaluri xarisxebi kentia. 

davamtkicoT Teorema: vTqvaT, sawyisi grafi araa 

eileris grafi, xolo ),( yxP  wredi warmoadgens eileris 

wreds; maSin yvela mwvervalis lokaluri xarisxi, garda x  
da y   mwvervalisa, iqneba luwi. davamatoT am grafSi 

),( yx  wibo. amis Semdeg, grafis yvela mwvervals eqneba 
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luwi lokaluri xarisxi. aqedan gamomdinareobs, rom grafi 

gaxdeba eileris. eileris grafSi ki arsebobs eileris 

cikli. amis Semdeg, Tu grafidan amoviRebT ),( yx  wibos, 

cxadia, darCenili ),( yxP  wredi iqneba eileris wredi. 

dauSvaT, rom grafi Seicavs K  mwvervalebs kenti 

lokaluri xarisxiT. mocemuli grafisaTvis SeiZleba 

davayenoT Semdegi amocana: aucilebelia ganisazRvros 

wiboebis mixedviT araTanakveTadi wredebis minimaluri 

ricxvi, romelic faravda sawyisi grafis yvela wibos. am 

amocanis amoxsnas iZleva Semdegi Teorema: wiboebis mixedviT 

araTanakveTadi wredebis minimaluri ricxvi, romelic faravs 

grafis yvela wibos, K  raodenobis kenti lokaluri 

xarisxis mqone grafisaTvis, tolia 2/K . 

davamtkicoT Teorema. ganvixiloT grafi K  

raodenobis kenti lokaluri xarisxiT. rogorc viciT, K  

luwia (grafSi kenti mwvervalebis ricxvi luwia), K -dan 

aRebuli yoveli mwvervali iqneba saboloo mwvervali 

Tundac erTi iseTi wredisa, romelic faravs grafis 

wiboebs. aqedan gamomdinare, aseTi wredebis ricxvi iqneba, 

araumcires, 2/K -isa. davumatoT K  mwvervalebs 2/K  

raodenobis axali wiboebi. amis Semdeg, grafis yvela 

mwvervalis lokaluri xarisxi iqneba luwi, anu grafi 

gaxdeba eileris grafi. amis Semdeg, amoviRoT damatebuli 

wiboebi. cxadia, am dros grafi daiyofa 2/K  raodenobis 

wiboebis mixedviT araTanakveTad wreebad, romelic faravs 

grafis yvela wibos. 

grafSi eileris ciklis gamovlenis algoriTmi. 

grafSi eileris ciklis gamosavlenad gamoiyeneba Semdegi 

algoriTmi, romelic Seicavs or wess: 

1. gamovdivarT romelime x  mwvervalidan. wibos, 

romelic gaviareT gadausvamT xazs. arasdros ar 
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gaivliT im wibos, romelic maSinve migiyvans x  
mwvervalSi, Tu ra Tqma unda, arsebobs sxva 

SesaZlebloba; 

2. arasdros ar gavivliT im wibos, romelic am 

SemTxvevaSi warmoadgens xids, anu iseTs, romlis 

grafidan amoRebis Semdeg grafSi darCenili 

gadauxazavi wiboebi daiyofa or iseT damakavSirebel 

komponentad, romelebis Seicaven erT wibos mainc. 

hamiltonis wredi, cikli, gza, konturi.  

Tu grafSi arsebobs wredi, romelic Seicavs grafis 

yvela mwvervals TiTojer, maSin aseT wreds ewodeba 

hamiltonis wredi. Tu grafSi arsebobs cikli, romelic 

Seicavs grafis yvela mwvervals TiTojer, maSin mas ewodeba 

hamiltonis cikli. orientirebul grafSi SemoaqvT 

analogiuri cneba, hamiltonis gza da konturi.  
 

operaciebi grafebze 
 

3.19. grafebis gaerTianeba 
 

vTqvaT, mocemulia ori grafi ),( 111 Γ= XG  da 

),( 222 Γ= XG  am grafebis gaerTianeba ewodeba axal G  

grafs, romelic ganisazRvreba Semdegnairad: 21 GGG U=  

amave dros, Tu ),( ГXG =  maSin 21 XXX U= , 

xxx 21 ΓΓ=Γ U , sadac X aris G  grafis mwvervalTa 

simravle, xolo Γ  am simravlis Tavis Tavze mravalsaxa 

asaxva. im SemTxvevaSi, roca 1Xx ∉ , maSin ∅=Γ x1  da Tu 

2Xx ∉  maSin ∅=Γ x2 . 

gaerTianebis operacia vaCvenoT Semdeg magaliTze. 

vTqvaT, gvaqvs ori grafi 1G  da 2G  (nax. 46). 
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rogorc naxazidan Cans { }43211 ,,, xxxxX = , 

{ }3212 ,, xxxX = . garda amisa { }2111 , xxx =Γ , { }421 xx =Γ , 

{ }32131 ,, xxxx =Γ , { }3141 , xxx =Γ , { }212 xx =Γ , { }322 xx =Γ , 

{ }132 xx =Γ . 

grafis ),( ГXG =  mwvervalTa simravle iqneba: 

21 XXX U= ={ }U4321 ,,, xxxx { }321 ,, xxx ={ }4321 ,,, xxxx , 

xolo mravalsaxa asaxva Γ . 

1xΓ = { } { } { }212211211 ,, xxxxxxx ==ΓΓ UU  

2xΓ = { } { } { }43342221 , xxxxxx ==ΓΓ UU  

3xΓ = { } { } { }32113213231 ,,,, xxxxxxxxx ==ΓΓ UU  

4xΓ = { } { }313141 ,, xxxxx =∅=∅Γ UU  

maSin ),( ГXG =  grafs 

eqneba 47-e nax.ze mocemuli saxe. 

grafTa gaerTianebis 

operacia SeiZleba gavavrceloT 

n  raodenobis grafze. vTqvaT, 

mocemulia grafTa erTianoba: 

),( 111 Γ= XG , ),( 222 Γ= XG ,..., 

),( nnn XG Γ=  

am grafTa gaerTianeba 

nax. 46 

1x  

 3x  

2x  

4x  

2G  

1G  

1x  

 

2x  

3x  

nax. 47 

1x  

 3x  

2x  

4x  
G  
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iqneba axali ),( ГXG =  grafi, romelic ganisazRvreba 

Semdegnairad: ....
1

21 i

n

i
n GGGGG

=
== UUUU  

amave dros, ,...
1

21 i

n

i
n XXXXX

=
== UUUU  xolo 

,...
1

21 xxxx i

n

i
nx Γ=ΓΓΓ=Γ

=
UUUU Tu iXx ∉ , maSin ∅=Γ xi . 

 

3.20. grafebis TanakveTa 
 

ganvixiloT ori grafi: ),( 111 Γ= XG  da 

),( 222 Γ= XG . mocemul grafTa TanakveTa ewodeba axal 

),( ГXG =  grafs, romelic ganisazRvreba Semdegnairad: 

21 GGG I=  amasTan erTad, 21 XXX I= , xolo 

xxx 21 ΓΓ=Γ I  sadac Xx ∈ . vTqvaT, 1G  da 2G  grafs aqvs 

Semdegi saxe (nax. 48). 

 
 ganvsazRvroT am grafebis TanakveTa. axali G  grafis 

mwvervalTa simravle iqneba: 

21 XXX I= ={ } { } { }3213214321 ,,,,,,, xxxxxxxxxx =I   

mwvervalTa asaxva iqneba: { }111 xx =Γ , { }3121 , xxx =Γ , 

{ }4331 , xxx =Γ , { }32141 ,, xxxx =Γ , { }2112 , xxx =Γ , 

nax. 48 

4x
 3x  

1x  

2x  

2G  

1G  

1x  

 

2x  

3x  
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{ }3222 , xxx =Γ , { }3132 , xxx =Γ . maSin mwvervalTa mravalsaxa 

Γ  asaxva axali grafisa iqneba:  

1xΓ = { } { } { }12111211 , xxxxxx ==ΓΓ II  

2xΓ = { } { } { }332312221 ,, xxxxxxx ==ΓΓ II  

3xΓ = { } { } { }331433231 ,, xxxxxxx ==ΓΓ II  

xolo grafs eqneba Semdegi saxe(nax. 49). 

grafTa TanakveTis 

operacia vrceldeba n  

raodenobis grafze. vTqvaT, 

mocemulia Semdeg grafTa 

simravle ),( 111 Γ= XG , 

),( 222 Γ= XG ,..., ),( nnn XG Γ=  

mocemul grafTa 

TanakveTa ewodeba axal ),( ГXG =  grafs, romelic tolia  

,...
1

21 i

n

i
n GGGGG

=
== IIII  Tu ,...

1
21 i

n

i
n XXXXX

=
== IIII , 

,...
1

21 xxxxx i

n

i
n Γ=ΓΓΓ=Γ

=
IIII  sadac Xx ∈  da, Tu 

iXx ∉  maSin ∅=Γ xi . 

 

3.21. grafebis sxvaoba 
 

sxvaobis operacia ganisazRvreba mxolod ori 

grafisaTvis. ganvixiloT ori grafi ),( 111 Γ= XG  da 

),( 222 Γ= XG  mocemul grafTa sxvaoba ewodeba 21 \ GGQ =  

grafs, romelic Semdegnairad ganisazRvreba: 21 GGQ I= , 

sadac 2G  warmoadgens 2G  grafis damatebas asaxviT L  

universalur grafamde. aseve SeiZleba ganisazRvros 2G  da 

1G  grafis sxvaobac. aRvniSnoT igi K -Ti. maSin 

nax. 49 

1x  

 
3x  

2x  
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12 \ GGK =  da ganisazRvreba Semdegnairad 12 GGK I=  

sadac 1G  warmoadgens grafis damatebas asaxviT L  

grafamde. saerTod 21 \ GG 12 \ GG≠ . ganvixiloT sxvaobis 

operacia ),( 111 Γ= XG  da ),( 222 Γ= XG  grafebis 

magaliTze (nax. 50). 

 
jer ganvixiloT 21 \ GGQ =  sxvaoba. L  grafad 

avirCioT sruli grafi Gx  oTx mwvervalze. anu 

{ }4321 ,,, xxxxX =  ganvsazRvroT ),( 212 Γ= XG  grafi. 1G  

da 2G  grafebisaTvis adgili aqvs Semdeg asaxvebs: 

{ }2111 , xxx =Γ , { }4221 , xxx =Γ , { }231 xx =Γ , 

{ }43141 ,, xxxx =Γ , { }3112 , xxx =Γ , { }2122 , xxx =Γ , 

{ }32132 ,, xxxx =Γ , 

maSin 

12 xΓ = { } { } { }4231432112 ,,\,,,\ xxxxxxxxxX ==Γ  

22 xΓ = { } { } { }4321432122 ,,\,,,\ xxxxxxxxxX ==Γ  

32 xΓ = { } { } { }4321432132 ,,\,,,\ xxxxxxxxxX ==Γ  

42 xΓ = { } { } ∅==Γ 4321432142 ,,,\,,,\ xxxxxxxxxX  

nax. 50 

4x
 2x  

1x  

3x  

2G  

1G  

1x  

 

2x  

3x  
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exla vipovoT grafi 21 GGQ I= . dauSvaT, 

),( Γ′= AQ  maSin { }43211 ,,, xxxxXXA == I , xolo asaxva 

xxx 21 ΓΓ=Γ′ I  iqneba: 

1xΓ′ = { } { } { }242211211 ,, xxxxxxx ==ΓΓ II , 

2xΓ′ = { } { } { }443422221 ,, xxxxxxx ==ΓΓ II , 

3xΓ′ = { } { } ∅==ΓΓ 423231 xxxx II , 

4xΓ′ = { } { } { }43143214314241 ,,,,,,, xxxxxxxxxxxx ==ΓΓ II . 

amgvarad, Q  grafs eqneba Semdegi saxe (nax. 51). 

axla ganvixiloT 

122 \ GGK =  _ sxvaoba, 

22 \ GGK =  _ gansazRvris 

safuZvelze. vipovoT ),( 11 Γ= XG  

grafi. mwvervalTa X simravle 

iqneba { }4321 ,,, xxxxX = , xolo 

x1Γ  asaxvebi iqneba: 

11xΓ = { } { } { }4321432111 ,,\,,,\ xxxxxxxxxX ==Γ , 

21xΓ = { } { } { }3142432121 ,,\,,,\ xxxxxxxxxX ==Γ , 

31xΓ = { } { } { }4312432132 ,,\,,,\ xxxxxxxxxX ==Γ , 

41xΓ = { } { } { }2431432142 ,,\,,,\ xxxxxxxxxX ==Γ . 

dauSvaT, ),( Γ ′′= BK  maSin { }3212 ,, xxxXXB == I  

xolo xxx 12 ΓΓ=Γ ′′ I  toli iqneba: 

1xΓ ′′ = { } { } { }343311112 ,, xxxxxxx ==ΓΓ II , 

2xΓ ′′ = { } { } { }131212122 ,, xxxxxxx ==ΓΓ II , 

3xΓ ′′ = { } { } { }314312313132 ,,,,, xxxxxxxxxx ==ΓΓ II . 

nax. 51 

1x  
3x  

2x  

4x  
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e.i. 12 \ GGK =  grafs eqneba saxe (nax. 52). 

 

 

 

 

 

 

 
 

 

3.22. grafebis diziunqciuri jami 
 

ganvixiloT ori grafi 1G  da 2G .  maTi 

diziunqciuri jami ewodeba iseT G  grafs, romelic 

ganisazRvreba Semdegnairad: 21 GGG ⊕=  anu 

)(\)( 212121 GGGGGGG IU=⊕= . 

 

3.23. grafebis namravli 
 

vTqvaT, mocemulia grafebi ),( 11 Γ= XG  da 

),( 22 Γ= YG  mocemul grafTa namravli (dekartuli) 

ewodeba ),( Γ= ZG  grafs, sadac YXZ ×=  xolo 

yxz 21 Γ×Γ=Γ , amasTanave Xx ∈ , Yy ∈ , Zz ∈  da 

),( yxz = . grafebis namravli aRiniSneba Semdegnairad: 

21 GGG ×=  moviyvanoT magaliTi: ),( 11 Γ= XG  da 

),( 22 Γ= YG  grafebis namravlisa (nax. 53). 

 
nax. 53 

1x  

G2 
  

G1 
3x  

 

2x  

2y  

1y  

nax. 52 

1x  
3x  

2x  
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mocemuli grafebis namravli iqneba ),( Γ= ZG  

grafi. ganvsazRvroT Z : 

{ } { }
{ }

{ }.,,,,,
),(),,(),,(),,(),,(),,(

,,,

654321

231322122111

21321

zzzzzz
yxyxyxyxyxyx

yyxxxYXZ

=
==

=×=×=
 

axla ganvsazRvroT asaxvebi Γ : 
1zΓ = { } { } { } { }4322122121211 ,),(),,(, zzyxyxyyxyx ==×=Γ×Γ , 

2zΓ = { } { } { } { }312122211 ),( zyxyxyx ==×=Γ×Γ , 

3zΓ = { } { } { } { }6523132131221 ,),(),,(, zzyxyxyyxyx ==×=Γ×Γ , 

4zΓ = { } { } { } { }513132221 ),( zyxyxyx ==×=Γ×Γ , 

5zΓ = { } { } { } { }2121112111231 ,),(),,(, zzyxyxyyxyx ==×=Γ×Γ , 

6zΓ = { } { } { } { }111112231 ),( zyxyxyx ==×=Γ×Γ . 

miRebul grafs eqneba Semdegi saxe (nax. 54). 

 
gamravlebis operacia ganixileba n  raodenobis 

grafebisaTvis. Tu mocemulia grafebi ),( 111 Γ= XG , 

),( 222 Γ= XG ,..., ),( nnn XG Γ=  maSin am grafebis namravli 

iqneba ),( ГXG = , ∏
=

=×××=
n

i
in GGGGG

1
21 ...  amave 

nax. 54 

1z  

 
4z  

2z  

6z  

3z
 

5z  
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dros, ∏
=

=×××=
n

i
in XXXXX

1
21 ...  xolo mravalsaxa 

asaxva Γ  iqneba i

n

i
inn xxxxx ∏

=

Γ=Γ××Γ×Γ=Γ
1

2211 ...  sadac 

11 Xx ∈ , 22 Xx ∈ ,..., nn Xx ∈ . 

rogorc cnobilia X simravlis TavisTavze n -jer 

dekartuli namravli gvaZlevs n  dekartul xarisxs. 

444 3444 21
jer−

××××=
n

n X...XXXX  

es operacia saSualebas 

gvaZlevs ganvsazRvroT 

grafebis specifikuri 

tipebi, romelTac kubebi 

ewodeba. vTqvaT, )Г,X(G 2 =  warmoadgens srul grafs or 

mwvervalze (nax. 55). simartivisaTvis mwvervalebSi 

maryuJebs ar ganvixilavT. vipovoT namravli 222 GGK ×=  

dauSvaT, ),Z(K 2 Γ=  maSin  

{ } { } { }
{ }.,,,

),(),,(),,(),,(,,

4321

221221112121

zzzz
xxxxxxxxxxxxXXZ

=
==×=×=

  advilad SeiZleba moiZebnos Γ  asaxvebic 2K  grafisaTvis. 

Sedegad miRebul 2K  grafs eqneba Semdegi saxe (nax. 56). 

 
nax. 56 

21xx  

b)  a) 
22 xx

 
12 xx  

21xx  00 

 
01 

 

11 

 
10 

 

nax. 55 

1x  

 
2x  
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2K  grafs, romelic mocemulia 56-e nax.-ze ewodeba 

organzomilebiani kubi. rogorc vxedavT, kubis TiToeuli 

mwvervali warmoadgens ),( ji xx  anakrebs, sadac ix  da jx  

tolia anu mocemuli grafis mwvervalebi warmodgenilia 

orobiTad. kubis or 

mwvervals ewodeba 

mosazRvre, Tu maTi 

orobiTi warmodgena 

erTmaneTisagan 

gansxvavdeba mxolod 

erTi TanrigiT. 

analogiurad 

SeiZleba aigos 

samganzomilebiani 

2K  kubi (nax. 57). 

saerTod, ganixilaven n  ganzomilebian kubs, romlis 

TiToeuli mwvervali warmoadgens ),...,,( 21 nxxx  anakrebs. 

aRvniSnoT n  ganzomilebiani kubi nK -iT. mas eqneba 
n2  

mwvervali. sxvadasxva xarisxis kubebi SeiZleba ganisazRvros 

rekursiulad: ,21 GK =  122 KGK ×= , 223 KGK ×=  da 

12 −×= nn KGK . 

 

3.24. grafebis jami 
 

aviRoT ori grafi ),( 111 Γ= XG  da ),( 222 Γ= XG  am 

grafebis jami ewodeba 21 GGG +=  grafs, sadac Tu 

),( zZG Γ=  maSin YXZ ×=  xolo 

{ }( ) { }( ) ZzYyXxyxyxz ∈∈∈Γ××Γ=Γ ,,,21 U  da 

nax. 57 

001 011 

000 

 
010 

 

111 

 

110 

 
100 

 

101 
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),( yxz = . moviyvanoT grafebis Sekrebis magaliTi. 58-e nax.-

ze mocemuli ),( 111 Γ= XG  da ),( 222 Γ= XG  grafebisaTvis. 

 
vTqvaT, am grafebis jami aris ),( Γ= ZG  grafi, 

maSin: 

{ } { }
},,,,,{)},(),,(),,(

),,(),,(),,{(,,,

654321231322

12211121321

zzzzzzyxyxyx
yxyxyxyyxxxYXZ

=
=×=×=

 

axla ganvsazRvroT asaxva Γ : 

{ }( ) { }( )
},,,{)},(),,(),,{(

}){}({}){),((

321211211

211211211111

zzzyxyxyx
yxyxxyxyxz

==
=××=Γ××Γ=Γ UU

{ }( ) { }( )
},,,{)},(),,(),,{(

}),{}({}){),((

421112221

2112212212112

zzzyxyxyx
yyxyxxyxyxz

==

=××=Γ××Γ=Γ UU

{ }( ) { }( ) },,{)},(),,{( 5422131221213 zzyxyxyxyxz ==Γ××Γ=Γ U

{ }( ) { }( )
},,,{)},(),,(),,{(

}),{}({),(

643221223

212232222214

zzzyxyxyx
yyxyxyxyxz

==

=×=Γ××Γ=Γ UU

{ }( ) { }( ) },,{)},(),,{( 6123111231315 zzyxyxyxyxz ==Γ××Γ=Γ U

{ }( ) { }( )
}.,{)},(),,{(

}),{}({),(

651323

213232232316

zzyxyx
yyxyxyxyxz

==

=×=Γ××Γ=Γ UU
 

miRebul grafs eqneba Semdegi saxe (nax. 59). 

nax. 58 

1x  

G2 
  

G1 

3x  

 

2x  

2y  
1y  
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Sekrebis operacia SeiZleba CavataroT n  raodenobis 

grafze. Tu mocemulia grafebi ),( 111 Γ= XG , 

),( 222 Γ= XG ,..., ),( nnn XG Γ=  maSin maTi jami iqneba, 

),( Γ= XG  romelic ganisazRvreba Semdegnairad: 

∑
=

=+++=
n

i
in GGGGG

1
21 ... . 

amasTan erTad: 

,...
121 i

n

in XXXXX
=
Π=×××= , 

xolo 

{ }( ) { }( )
nnn

nn

xxxx
xxxxxxxz

Γ××××
××Γ×××××Γ=Γ

− }{...}{}{
...}{...}{...}{

121

2213211

U

UUU

 sadac nn XxXxXx ∈∈∈ ..., 2211 . 

 

3.25. grafebis kompozicia 
 

vTqvaT, mocemulia grafebi ),( 111 Γ= XG  da 

),( 222 Γ= XG . dauSvaT, grafi ),( Γ= ZG  miRebulia 1G  

da 2G  grafebis kompoziciis Sedegad. aRvniSnoT grafTa 

kompozicia Semdegnairad 21 GGG ⊕= . G  grafis Z  

nax. 59 

1z  

3z  

 2z  

5z  

4z  

6z  
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mwvervalebi da Γ  asaxvebi ganisazRvreba Semdegnairad, 

YXZ ×= , xolo ( ) ( )yxyxz 21 Γ××Γ=Γ U . 

ganvixiloT magaliTi. vTqvaT, ),( 11 Γ= XG  da 

),( 22 Γ= XG  aqvT Semdegi saxe (nax. 60). 

 
vipovoT mocemuli grafebis kompozicia. 

ganvsazRvroT 

}.,,,,,{)},(),,(),,(
),,(),,(),,{(},{},,{

654321231322

12211121321

zzzzzzyxyxyx
yxyxyxyyxxxYXZ

=
=×=×=

 

ganvsazRvroT asaxvebi: 

( ) ( )
},,,,{)},(),,(),,(),,{(

}){},,({}),{}({

624323212212

232121212111

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

( ) ( )
},,,,{)},(),,(),,(),,{(

}){},,({}),{}({

543113112212

132121222112

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

( ) ( )
},,,,{)},(),,(),,(),,{(

}){},,({}),{}({

654222212313

232121312213

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

( ) ( )
},,,,{)},(),,(),,(),,{(

}){},,({}),{}({

653112112313

1321213222214

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

( ) ( )
},,,,{)},(),,(),,(),,{(

}){},,({}),{}({

642123222111

232121112315

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

( ) ( )
}.,,,{)},(),,(),,(),,{(

}){},,({}),{}({

532113122111

132121122311

zzzzyxyxyxyx
yxxxyyxyxyxz

==

=××=Γ××Γ=Γ UU

 avagoT miRebuli grafi (nax.61). 

nax. 60 

1x  

G2 
  

G1 

3x  

 

2x  

2y  
1y  
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kompoziciis operacia vrceldeba n  raodenobis 

grafebze. dauSvaT, gvaqvs ),( 111 Γ= XG , 

),( 222 Γ= XG ,..., ),( nnn XG Γ=  grafTa erTianoba. mocemul 

grafTa kompozicia iqneba ),( Γ= XG  grafi, romelic 

ganisazRvreba Semdegnairad 

,... 1121 GGGGG
n

in =
⊕=⊕⊕⊕=  

Tu ,...
121 i

n

in XXXXX
=
Π=×××=  xolo 

( ) ( )
)....(...

......

121

322321

nnn

nn

XXXX
XXxXXXXxx

Γ××××
×××Γ×××××Γ=Γ

−UU

UU
 

 

3.26. grafebis SeerTeba 
 

am operacias safuZvlad udevs simravleTa jamis 

operacia. ganvixiloT ori garfi ),( 11 Γ= XG  da 

),( 22 Γ= YG .  1G  da 2G   grafis SeerTeba ewodeba 

),( Γ= AG  grafs, romelic ganisazRvreba Semdegi saxiT: 

)}2({)}1({ YXA ××= U  xolo 

))}2({)}1(({))}2({)}1(({),( 21 zXYzzi Γ×××Γ×=Γ UUU   

sadac .),(),2,1( Azii ∈=  Tu Xz ∉  maSin ∅=Γ z1  

da iTvleba, rom ∅=×Γ× )}2({)}1(({ 1 yz U  da aseve, Tu 

nax. 61 

1z  

3z  
2z  

5z  

4z  

6z  
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Yz ∉ , maSin ∅=Γ z2  da iTvleba, rom 

∅=Γ×× )}2({)}1(({ 2 zX U  grafebis SeerTeba aRiniSneba 

Semdegnairad: 21 GGG ⊗= . ganvixiloT grafebis SeerTebis 

operacia Semdegi grafebis magaliTze (nax. 62). 

 

vTqvaT, mocemulia grafebi ),( 11 Γ= XG da 

),( 22 Γ= YG  (nax. 42). ganvsazRvroT: 

},,,,,{)},2)(,2)(,1(),,1(),,1(),,1{(
}),{}2({}),,,{}1({)}2({)}1({

654321214321

214321

zzzzzzxxxxxx
yyxxxxYXA

==

=××=××= UU
 

SemdegSi ganvsazRvroT Γ asaxva: 

},,{
)},2)(,2(),,1{(}),(}2({}){}1(({
))}2({)}1(({)}2({)}1({),1(

652

212212

12111

zzz
xxxxxx
xXYxx

=
==∅××=

=Γ×××Γ×=Γ

UU

UUU

 

vinaidan, ∅=Γ 12 x  da ∅=Γ×× )}2({)}1(({ 12 xX U  

analogiurad:

},,{)},2)(,2(),,1{(
))}2({)}1(({)}2({)}1({),1(

653213

22212

zzzxxx
xXYxx

==
=Γ×××Γ×=Γ UUU

},,{)},2)(,2(),,1{(
))}2({)}1(({)}2({)}1({),1(

654214

32313

zzzxxx
xXYxx

==

=Γ×××Γ×=Γ UUU

},,{)},2)(,2(),,1{(
))}2({)}1(({)}2({)}1({),1(

651211

42414

zzzxxx
xXYxx

==

=Γ×××Γ×=Γ UUU
 

nax. 62 

1x  

G2 G1 

3x  

 

2x  

2x  
1x  

4x  
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},,,,{)},2(),,1(
),,1(),,1(),,1{(})(}2({}),,,{}1(({

))}2({)}1(({)}2({)}1({),2(

6432124

32124321

12111

zzzzzxx
xxxxxxxx

xXYxx

=
=××∅=

=Γ×××Γ×=Γ
UU

UUU

 

radgan ∅=Γ 11x  da ∅=×Γ× )}2({)}1(({ 11 Yx U , 

},,,,{)},2(),,1(),,1(),,1(),,1{(
))}2({)}1(({)}2({)}1({),2(

6432114321

22222

zzzzzxxxxx
xXYxx

==

=Γ×××Γ×=Γ UUU
 

miRebul grafs eqneba Semdegi saxe (nax.63). 

 
SeerTebis operacia SeiZleba ganvaxorcieloT n  

raodenobis grafzec. vTqvaT, mocemulia grafebi 

),( 111 Γ= XG , ),( 222 Γ= XG ,..., ),( nnn XG Γ=  mocemuli 

grafebis SeerTeba iqneba ),( Γ= XG  grafi, romelic tolia 

nGGGG ⊗⊗⊗= ...21  amave dros: 

)}({...)}2({)}1({ 21 nXnXXX ×××= UUU , xolo 

)),}({...
}2({)}1(({...))}({...)}2({

)}1({))}({...)}2({)}1(({),(

2112

121

in

n

nii

xn
XXXnx

XXnXxxi

Γ×
×××Γ×

×××Γ×=Γ

UU

UUUUUUU

UUUUU

sadac, Xxi i ∈),( . Tu ii Xx ∈ , maSin 0≠Γ ii x  da 

iTvleba, rom  

∅=×Γ×× ))}({...)}({...)}1(({ 1 nii XnxiX UUUU . 

 

 

nax. 63 

(2, )2x  

(1, )2x  
(1, )1x  

(1, )4x  

(1, )3x  

(2, )1x  
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xeebi da tye 
 

3.27. xis gansazRvra. orientirebuli xe 
 

 grafTa TeoriaSi ganixileba grafis specialuri 

tipi, romelsac xe ewodeba (nax 64). xe es aris 

araorientirebuli grafi, romelic ar Seicavs cikls. xeSi 

aseve ar arsebobs maryuJi. Tu grafi Seicavs xeebs, rogorc 

Tavis damakavSirebel komponents, maSin aseT grafs ewodeba 

tye. (nax 65). 

 
saerTod, xe SeiZleba agebuli iqnas Semdegnairad. 

aviRoT raime 0x  mwvervali da misgan gavataroT wibo 1x  

mwvervalSi, romelic daSorebulia erTis toli manZiliT 

0x -dan. 1x  mwvervalidan gavataroT wibo iseT 2x  

mwvervalSi, romelic 0x -dan daSorebulia 2-is toli 

manZiliT. Tu gavagrZelebT aseTi saxis agebas, davalT nx  

mwvervalamde, romelic daSorebulia 0x  mwvervalidan n -is 

toli manZiliT. 

mwvervals, romlidanac iwyeba grafis ageba, ewodeba 

xis fesvi. 

vTqvaT, 0x  aris xis fesvi. Tu 0x -Si ar Sedis 

arcerTi rkali, xolo danarCen yvela mwvervalSi Sedis 

nax. 64 

nax. 65 
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mxolod erTi rkali, maSin aseT grafs ewodeba 

orientirebuli xe-grafi (nax. 66). 

 
 

3.28. grafis ciklomaturi ricxvi 
 

ganvixiloT dakavSirebuli grafi. vTqvaT, igi Seicavs 

ciklebis rigs. davsvaT aseTi kiTxva: ramdeni umciresi 

raodenobis wibos amoRebaa saWiro, rom grafi aRar 

Seicavdes cikls da, amave dros igi darCes dakavSirebuli? 

amoviRoT sawyisi grafidan iseTi wiboebi, romlebic adgenen 

cikls manam, sanam masSi aRar darCeba arc erTi cikli; 

cxadia, Sedegad miRebuli grafi iqneba xe. 

aseTi gziT miRebul xes ewodeba kerZo xe-grafi anu 

gadamfaravi xe. an sawyisi grafis karkasi. 

vTqvaT, sawyisi grafis wiboTa ricxvia N , xolo 

mwvervalTa ricxvi n . miRebuli xe-grafis wiboTa ricxvi 

iqneba ( 1−n ). maSin im wiboTa raodenoba, romelic amoRebulia 

sawyisi grafidan, toli iqneba N -( 1−n ). aRvniSnoT es 

ricxvi )(Gδ -Ti, maSin )(Gδ =N -( 1−n ). )(Gδ -s ewodeba 

grafis ciklomaturi ricxvi, anu cikluri rangi. 

grafis ciklomaturi ricxvi 0)( ≥δ G . Tu grafi 

xea, maSin 0)( =δ G ; xolo Tu grafi adgens elementarul 

cikls, maSin 1)( =δ G . arsebiTad, xe-grafis ciklomaturi 

ricxvi toli iqneba: 0)1()1()( =−−−=δ nnG  xolo 

nax. 66 
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elementarul ciklSi saWiroa mxolod erTi wibos amoReba, 

rom cikli aRar arsebobdes. 

Tu grafi Seicavs K  damakavSirebel komponentas, 

maSin misi ciklomaturi ricxvi ganisazRvreba Semdegnairad: 

knNG +−=δ )( . 

 

3.29. xis diametri, radiusi, centri 
 

ganvixiloT romelime xe. maqsimaluri sigrZis wreds 

xeSi ewodeba diametraluri, xolo mis sigrZes xis 

diametri. aRvniSnoT xis diametri δ -Ti (nax.67). Tu xis 

diametri luwia, maSin xes aqvs erTaderTi centri, romelic 

imyofeba 0c  mwvervalSi. 

 

0c  mwvervalidan nebismier mwvervalamde maqsimalur 

manZils ewodeba xis r  radiusi da toli iqneba 2/δ  Tu 

2/),( 0 δ=car ; maSin a  warmoadgens 0c -ze gamaval 

diametraluri wredis bolos. xis 0c  centri iqneba 

2/δa mwvervalSi: 2/0 δ= ac . 

Tu xis δ  diametri kentia, maSin xes eqneba ori 1c  

da 2c  centri, romlebic iqnebian 2/1+δa  da 2/1−δa  

mwvervalebSi, anu: 1c = 2/1+δa , 2c = 2/1−δa . 1c  da 2c  

nax. 67 

1a  

0a  

δa  

1−δa  
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mwvervalebidan nebismier mwvervalamde maqsimaluri manZili 

iqneba xis radiusi: ( )2,1,2/)1(),( =+δ= icar i . 

analogiurad a  mwvervali iqneba 1c  da 2c  mwvervalze 

gamavali diametraluri wredis bolo. 

e. i. Tu xeSi diametri luwia, maSin yvela 

diametraluri wredi gadis xis erTaderT 0c  centrze, Tu xis 

diametri kentia, maSin yvela diametraluri wredi gadis 1c  da 

2c   centrebze da centralur wibos warmoadgens ).,( 21 ccP =  

 

3.30. grafSi minimaluri gadamfaravi xis 

(karkasis) moZebnis algoriTmi 
 

vTqvaT, mocemulia grafi. davuSvaT, igi aris sruli. 

vTqvaT, mis yvela wibos gaaCnia gansazRvruli wona an fasi, 

romelic gamosaxulia ricxvebiT. aRvniSnoT es ricxvi ic -

Ti. grafTa TeoriaSi mtkicdeba, rom, Tu ),( Γ= XG  aris 

sruli grafi da misi wiboebis ic  wona gansxavavebulia 

erTmaneTisagan, maSin arsebobs sawyisi grafisaTvis 

erTaderTi gadamfaravi xe (karkasi). iseTi, rom misi yvela 

wibos jamuri wona C  iqneba minimaluri anu ∑
=

=
N

i
icC

1
min , 

sadac N  aris gadamfaravi xis wiboTa ricxvi. 

minimaluri gadamfaravi xis gansazRvrisaTvis 

damuSavebulia ramdenime algoriTmi (kraskalis, primas). 

ganvixiloT pirvel rigSi kraskalis algoriTmi.  

sawyis grafSi gamovyofT minimaluri wonis 1P  wibos. amis 

Semdeg, gamovyofT 2P  wibos, romelsac gaaCnia minimaluri wona ise, 

rom ≠1P 2P  da, amave dros, 1P  da 2P  ar unda adgendes cikls 

sawyis grafSi. Semdeg, Tavidan amoirCeva 3P  wibo umciresi woniT. 
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analogiurad ≠1P 2P ≠ 3P  da 1P , 2P , 3P  ar adgenen cikls sawyis 

grafSi da a. S. Tu sawyisi grafis mwvervalTa ricxvi tolia n -is, 

maSin procesi damTavrdeba ( 1−n ) bijze. wiboTa miRebuli 

Tanmimdevroba 1P , 2P ,..., 1−nP  gansazRvravs minimalur gadamfarav xes. 

moviyvanoT magaliTi. vTqvaT, mocemulia grafi (nax. 68). 

 
amovirCioT am grafSi ),( 511 xxP =  wibo 2,1, 

minimaluri woniT. darCenili wiboebidan Tavidan virCevT 

),( 522 xxP =  wibos, romlis wona tolia 2,4. SemdgomSi 

virCevT ),( 533 xxP =  wibos minimaluri 2,9 woniT da 

analogiurad ),( 614 xxP =  wibos 3,4 woniT da ),( 545 xxP =  

wibos 3,7 woniT. amis Semdeg, avagebT miRebul xes wiboTa 

minimaluri jamuri woniT (nax.69). 

moviyvanoT primas algoriTmi. algoriTmis moqmedeba 

ganvixiloT winamdebare sruli grafis magaliTze. avagoT 

mocemuli grafisaTvis mwvervalTa misazRvreobis matrica, 

im gansxvavebiT, rom (0,1) elementebis magivrad matricaSi 

CavsvaT Sesabamisi wibos wona. 

nax. 68 

3x  

2x  

5x  

4x  

6x  

1x  

3,4 
 

8,2 
 2,1 

 

7,4 
 

5,6 
 

2,9 
 

6,5 
 

5,8 
 

3,7 
 

5,2 
 6,3 

 

5,7 
 

2,4 
 

4,3 
 

3,9 
 

1x  6x  5x  

4x  3x  
2x  

nax. 69 

3,4 
 

2,1 
 

2,4 
 

2,9 
 3,7 
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algoriTmi gulisxmobs specialuri cxrilis Sevsebas:  

 

bijis 
# 

saSualedo cxrili 
A 

saSualedo cxrili 
B 

xis struqtura 

wibo wibos 

wona 

I 

biji 

2x
8,2 

1x  

3x  

5,6 

1x  

 

4x  

4,3 

1x  

5x  

2,1 

1x  

6x  

3,4 

1x  

2x  

2,4

5x  

3x
2,9

5x  

4x  

3,7 

5x  

6x
5,2 

5x  

 
 

51 xx −
 

2,1 

II 

biji 

2x
2,4

5x  

3x  

2,9 

5x  

 

4x  

3,7 

5x  

6x
3,4 

1x  

 

3x  

6,3 

2x  

 

4x  

3,9 

2x  

6x  

5,7 

2x  

  
 

25 xx −
 

2,4 

III 

biji 

3x  

2,9 

5x  

 

4x  

3,7 

5x  

6x  

3,4 

1x  

  

4x  

5,8 

3x  

 

6x
7,4

3x  

 

   
 

35 xx −
 

2,9 

IV 

biji 

4x  

3,7 

5x  

6x  

3,4 

1x  

   

4x  

7,4 

6x  

    

61 xx −
 

3,4 

V 

biji 

4x  

3,7 

5x  

         
 

45 xx −
 

3,7 

 

  1x    2x   3x    4x    5x   6x  
 

1x  
 

2x  
 
 

3x  
 

4x  
 
 

5x  
 

6x  

     -      8,2    5,6    4,3     2,1   3,4    
 
     8,2     -      6,3     3,9   2,4   5,7    
 
     5,6    6,3      -      5,8   2,9   7,4 
 
      4,3   3,9     5,8      -     3,7  6,5  
 
      2,1   2,4      2,9    3,7    -    5,2 
 

  
       3,4    5,7     7,4    6,5   5,2   -    

  A= 
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algoriTmis pirvel bijze saSualedo cxrilSi 

Segvaqvs nebismieri mwvervalis incidenturi wibos wona. am 

SemTxvevaSi amorCeulia mwvervali 1x . amasTan erTad 1 bijis 

A saSualedo cxrilis qveda da zeda ganyofilebaSi 

Caiwereba mwvervalebi, romlebic wibos gansazRvraven mag: 

( 1x , 4x ) xolo mis Sua nawilSi iwereba wibos wona. yvela 

wiboTa Soris amoirCeva ( 1x , 5x ) wibo umciresi woniT-2,1. 

amis Semdeg mocemuli wibo A saSualedo cxrilSi 

Semoifargleba CarCoTi da Caiwereba Tavisive woniT sawyisi 

cxrilis or marjvena svetSi. amave bijze B saSualedo 

cxrilSi Segvaqvs yvela wibo, romelic incidenturia adre 

arCeuli minimaluri wonis wibos bolo mwvervalis. Cven 

SemTxvevaSi, es wiboebi iqneba 5x  mwvervalis incidenturi 

vinaidan Cvens mier arCeulia minimaluri wonis wibo ( 1x , 5x ). 

amis Semdeg, saWiroa meore bijze gadasvla. am bijze xdeba 

A saSualedo cxrilis wiboTa wonebis Sedareba B 
saSualedo cxrilis Sesabamisi wiboebis (svetebis mixedviT) 

wonebTan. II bijis A saSualedo cxrilis Sesabamis svetSi 

Segvaqvs minimaluri wonis wibo. Cveni magaliTisaTvis 

Sedareba iZleva: ( 5x , 1x ) wibos wona naklebia ( 1x , 2x ) wibos 

wonaze, amitom II bijis A saSualedo cxrilis I svetSi 

Segvaqvs ( 5x , 2x ) wibo, romlis wonaa 2,4. meore svetSi 

Segvaqvs ( 5x , 3x ) wibo. vinaidan misi wona naklebia ( 1x , 3x ) -is 

wonaze. analogiurad Seivseba II bijis A saSualedo 

cxrilis danarCeni svetebic. II bijis A saSualedo 

cxrilSi Tavidan airCeva wibo ( 5x , 2x ), romlis wona 

minimaluria da tolia 2,4. amis Semdeg, mas SemovavlebT 

CarCos da CavwerT Tavisi woniT sawyisi cxrilis marjvena 

ganapira svetSi. SemdgomSi CavatarebT proceduras, romelic 
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analogiuria zemoT aRwerilis, romlis Sedegad 5 bijis 

Semdeg, sawyisi cxrilis marjvena ganapira svetSi miviRebT 

saZiebeli gadamfaravi xis struqturas, wiboTa minimaluri 

jamuri woniT. am grafs eqneba Semdegi saxe (nax.70). 

 
 

brtyeli grafebi 
 

   3.31. brtyeli grafis gansazRvra 
 

brtyeli grafi SeiZleba ganvixiloT, rogorc 

erTmaneTTan momijnave ramdenime mravalkuTxedTa erTianoba. 

amave dros, araa aucilebeli, rom mravalkuTxedis wibo 

iyos swori wrfe (nax. 71). 

grafis im ares, romelic SemosazRvrulia 

mravalkuTxedis wiboebiT da 

ar Seicavs SigniT araviTar 

wibos da mwvervals, ewodeba 

brtyeli grafis waxnagi. 

mravalkuTxedis sasazRvro 

wiboebs ewodebaT waxnagis 

napirebi anu minimaluri 

cikli. brtyel grafSi 

ganixileba, agreTve, 

maqsimaluri cikli, 

romelic Seicavs wiboebs; isini SemosazRvraven mTlian 

grafs mTeli Tavisi waxnagebiT. im aris yvela wertilebi, 

1x  
6x  5x  

4x  

3x  

2x  nax. 70 

3,4 
 

2,1 
 

2,4 
 

2,9 
 

3,7 
 

 nax. 71 
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romlebic mdebareoben maqsimaluri ciklis gareT, adgenen 

brtyeli grafis araSemosazRvrul waxnags. brtyel grafSi 

or waxnags ewodeba mosazRvre, Tu maT gaaCniaT erTi 

saerTo wibo mainc. 

umravles SemTxvevaSi, grafis mocemuli konfiguracia 

ar iZleva saSualebas ganvsazRvroT warmoadgens Tu ara es 

grafi brtyel grafs. moviyvanoT Semdegi cnobili amocana 

sami saxlisa da sami Wis Sesaxeb. igi Semdegnairad 

yalibdeba: arsebobs 3 saxli da 3 Wa. saWiroa yvela 

saxlidan gaviyvanoT gza yvela Wisaken iseTnairad, rom maT 

erTmaneTi arsad ar gadakveTon. mocemuli situacia SeiZleba 

gamovsaxoT Semdegi grafis saxiT (nax. 72). 

 
am naxazze a , b , c , mwvervalebi gamosaxaven saxlebs, 

x , y , z  mwvervalebi Webs, xolo wiboebi gzebs maT Soris. 

mocemul wiboTa gadakveTa SeiZleba daviyvanoT 

minimalurze (nax. 73) magram ufro metis miRweva SeuZlebelia. 

 
nax. 73 

b  a  c  

x  z  
 

y  

nax. 72 

x  

a  

y  

b  

 z  
 

c  
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 aqve aRvniSnoT, rom 72-e nax-ze mocemuli grafebi 

warmoadgenen izomorful grafebs. igive SeiZleba iTqvas 73-e 

nax-ze mocemuli grafisaTvisac, igi izomorfulia 72 naxazze 

mocemuli grafebis. 

 
rogorc 74b nax-dan Cans, grafi Gb SeuZlebelia 

vaqcioT brtyel grafad. saerTos, warmoadgens Tu ara 

mocemuli grafi brtyel grafs? moviyvanoT pontriagin-

kuratovskis Teorema: imisaTvis, rom grafi iyos brtyeli, 

aucilebeli da sakmarisia igi ar Seicavdes Tavis qvegrafSi 

74a da 74b naxazze mocemul qvegrafebs. 
 

3.32. eileris formula 
 

ganvixiloT ),( Γ= XG  brtyeli grafi. dauSvaT, misi 

mwvervalebis ricxvia n , wiboebis ricxvi N , xolo waxnagebis 

f . mocemuli grafisaTvis samarTliania Semdegi formula 

2=+− fNn  (1) am formulas eileris formula ewodeba.  

dauSvaT, rom brtyeli garfi Seicavs erT minimalur 

cikls. misTvis Nn =  da 2=f   e. i. formula (1) 

sruldeba. dauSvaT (1) sruldeba im SemTxvevisaTvis, 

rodesac waxnagTa ricxvi tolia f -is. daumatoT aseT 

brtyel grafs kidev erTi waxnagi (nax. 75). dauSvaT, am 

dros daemata R  wibo, e.i. R -1 mwvervali. davweroT 

nax. 74 a) 
b) Gb 
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eileris formula axali 

grafisaTvis 2=′+′−′ fNn  

(2). amave dros, )1( −+=′ Rnn , 

RNN +=′  da 1+′=′ ff . Tu 

CavsvamT (2)-Si miviRebT: 

)1()()1( +++−−+ fRNRn  

anu 2=+− fNn . 

aqedan gamomdinareobs, 

rom eileris formula 

samarTliania nebismieri brtyeli grafisaTvis. 

brtyeli grafis wiboTa raodenoba SeiZleba 

gansazRvruli iyos Semdegnairadac. 

aRvniSnoT k  kuTxiani waxnagebis ricxvi kf -Ti. 72-e 

naxazisaTvis 2f =1, 3f =4, 4f =3, 5f =1, 6f =1, 7f =0, 8f =0, 

9f =1. nebismieri kuTxiani waxnagi SemosazRvrulia wiboTi. 

amave dros, TiToeuli wibo Sedis or mosazRvre waxnagSi. 

Sesabamisad brtyeli grafis wiboTa gaormagebuli ricxvi 

toli iqneba: 

∑
=

⋅=++++=
e

k
ke fkeffffN

2
432 ...4322  

aqedan 

∑
=

⋅=
e

k
kfkN

22
1

 

sadac e  aris maqsimaluri ciklis wiboTa ricxvi. 

 

 

 

 

 

 

nax. 75 
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grafebis ZiriTadi ricxvebi 
 

3.33. grafis qromatuli ricxvi 
 

ganvixiloT araorientirebuli dakavSirebuli grafi 

),( Γ= XG , romelic ar Seicavs jerad wiboebs da maryuJebs. 

vTqvaT, K  aris arauaryofiTi mTeli ricxvi. Tu mocemuli 

grafis yvela mwvervali SeiZleba gaferaddes K  saRebaviT 

iseTnairad, rom arcerTi ori mosazRvre mwvervali ar iqneba 

gaferadebuli erTnairi feris saRebaviT, maSin grafs ewodeba 

K  qromatuli anu K -Ti gaferadebuli. K  minimalur 

ricxvs, romliTac grafi iqneba K  gaferadebuli, ewodeba 

grafis qromatuli ricxvi. aRvniSnoT igi )(GK -Ti. 

grafisaTvis gaferadebis funqciis Semotanas mivyavarT grafis 

mwvervalTa dayofasTan aragadamkveT mwvervalTa klasamde: 

kCCC ,...,, 21 . Tu grafis mwvervalTa simravle aris X, maSin 

i

k

i
CX

1=
= U  da ∅=ji CC I . 

am SemTxvevaSi wiboebiT iqnebian dakavSirebuli 

sxvadasxva klasis mwvervalebi. erTidaimave klasis 

sazRvrebSi myofi mwvervalebis feri iqneba erTidaigive. Tu 

grafis yvela mwvervali SeiZleba gaferaddes ori feris 

saRebaviT, aseT grafs ewodeba biqromatuli. cxadia, sruli 

grafisaTvis nGK =)( , sadac n  mwvervalTa ricxvia. 

ganvixiloT Semdegi Teorema: grafi iqneba biqromatuli, Tu 

igi ar Seicavs kenti sigrZis ciklebs. am Teoremas kenigis 

Teorema ewodeba. davamtkicoT es Teorema: aviRoT grafis 

raime a  mwvervali da gavaferadoT igi α  feriT. Semdeg 

aviRoT nebismieri x  mwvervali. dauSvaT, igi gaferadebulia 

α  feriT, maSin cxadia x -is yvela mosazRvre mwvervalebi 

unda iyos gaferadebuli β   (sxva) feriT, axla aviRoT 

nebismieri y  mwvervali. vTqvaT, igi gaferadebulia β  
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feriT, maSin misi mosazRvre yvela mwvervalebi unda iyos 

gaferadebuli α  feriT. Tu gavagrZelebT am proceduras, 

sabolood gavaferadebT yvela mwvervals. amave dros ar iqneba 

iseTi SemTxveva, rom erTi da imave mwvervals, magaliTad x , 
romelic gaferadebulia α  feriT mouwios gaferadeba meore 

β  feriT, radgan am SemTxvevisaTvis x  da a  mwvervalebi 

miekuTvnebian kenti sigrZis cikls. magram Teoremis pirobis 

Tanaxmad grafSi aseTi ciklebi ar arsebobs. Sesabamisad 

mocemuli grafi iqneba biqromatuli. amave dros, Tu grafi 

biqromatulia, maSin masSi ar iarsebebs kenti sigrZis ciklebi, 

vinaidan am SemTxvevaSi grafis mwvervalTa gasaferadeblad 

saWiro iqneba orze meti saRebavi. 
 

3.34. madominirebeli simravle 
 

ganvixiloT nebismieri (orientirebuli, araorientirebuli) 

dakavSirebuli garfi ),( Γ= XG . X mwvervalTa simravlidan 

gamovyoT mwvervalTa raime qvesimravle XT ⊆ . T  simravles 

vuwodiT madominirebeli, Tu grafis nebismieri Tx ∉  mwvervali 

warmoadgens im wibos bolos, romlis meore mwvervali mdebareobs 

T  simravleSi. Tu T  madominirebeli simravlea, maSin nebismieri 

Tx ∉ : ∅=Γ Tx I . grafSi SeiZleba arsebobdes madominirebel 

mwvervalebis simravleTa ojaxi. 

am simravleTa ojaxs Soris SeiZleba arsebobdes 

minimaluri madominirebeli simravle. es aris iseTi simravle, 

romlis arcerTi misi qvesimravle ar flobs dominirebis 

Tvisebas. minimalur madominirebel simravlis mwvervalTa 

raodenobas ewodeba dominirebis ricxvi da aRiniSneba )(Gβ -Ti. 

amave dros, MTTG ∈=β ),min()(  sadac M  warmoadgens 

grafis madominirebel simravlis ojaxs. 

vTqvaT, G  aris orientirebuli garfi, xolo *G  

misi ukugrafi. *G  ukugrafisaTvis adgili aqvs 
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ukumadominirebuli anu garegan mdgradobis simravlis cnebas. 

araorientirebuli grafisaTvis madominirebeli da 

ukumadominirebeli simravleebi erTi da igivea.  

madominirebel simravlis magaliTad SeiZleba 

gamoviyenoT amocana 5 

lazieris Sesaxeb: ra 

umciresi raodenobis 

lazieria saWiro, romelic 

iseTnairad unda 

ganvalagoT saWadrako 

dafis ujrebze, rom yvela 

ujra iyos Tundac 

erTerTi maTganis dartymis 

qveS? moviyvanoT 

minimaluri Sida mdgradi simravlis gamokvlevis algoriTmi 

mocemuli grafis magaliTze (nax. 76). mocemuli grafis 

},,,,,{ fedcbaX =  mwvervalTaTvis vipovoT F  asaxva axal 

},,,,,{ fedcbaX =  simravleze anu Fxx ∈ . F  asaxvas 

vipoviT Semdegnairad: xx =  an xx Γ∈  sawyisi grafis 

mwvervalTa simravles amovwerT striqonis saSualebiT da 

mis qveviT movaTavsebT X  mwvervalTa simravles (nax. 77).  

 
 
 

 

 

 

 

 

 

 

b  

a  c  

d  f  

 
e  

nax. 76 

b  a  c  d  f  

 
e  

a  b  c  d  e  f  

nax. 77 
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aseTi saxiT miRebul grafs ewodeba martivi grafi da 

aRiniSneba Semdegnairad ),,( FXX .  

vTqvaT, T  aris sawyisi grafis gareganmdgradi 

simravle, maSin XFT = , rac uSualod gamomdinareobs 

madominirebeli simravlis gansazRvridan. moviyvanoT 

algoriTmis bijebi. 

I biji. martiv grafSi ),,( FXX  ganisazRvreba iseTi 

x  mwvervalebi, romelTaTvisac FyFx ⊂ . Tu martiv grafSi 

iseTi mwvervalebi moiZebneba, maSin isini amoiReba am 

grafidan. am mwvervalebis amoReba gamarTlebulia 

madominirebeli mwvervalebis gansazRvris safuZvelze, 

vinaidan x  mwvervali icvleba y  mwvervaliT. grafisaTvis 

(nax. 77) ganvsazRvroT yvela mwvervalTa asaxvebi:  

},{ daFa = , },,{ ebaFb = , }{cFc = , },{ deFd = ,

},{ ecFe = , },,{ fcbFf = . radgan, FeFc ⊂  amitom c  mwvervali 

amoviRoT grafidan, Sedegad miviRebT axal grafs (nax. 78). 

II biji: miRebul grafSi ganisazRvreba dakidebuli 

wibo _ ),( xx . Tu aseTi moiZebneba, maSin x  mwvervali 

miekuTvneba T -s. (nax. 78) grafisTvis ),( ff  wibo 

warmoadgens dakidebul wibos, amitom Tf ∈ . 

b  a  d  f  

 
e  

a  b  
c  d  e  f  

nax. 78 
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III biji: amoviRebT martivi grafidan Tx ∈  

mwvervals da mis asaxvebs. Cveni magaliTisaTvis grafidan 

amoviRebT f  mwvervals da mis asaxvebs, romlis Sedegad 

miviRebT axal grafs (nax. 79).  

IV biji: rogorc I bijze aqac ganvsazRvravT iseT x  
mwvervalebs, romelTaTvisac FyFx ⊂ . Tu aseTebi moiZebneba, 

maSin amoviRebT maT ),,( FXX -idan. amis Semdeg rogorc 

meore bijze, ganvsazRvravT dakidebul wibos ),( xx . Tu 

aseTi moiZebneba mivakuTvnebT ∈x T -s da amoviRebT x -s 
Tavisi asaxvebiT ),,( FXX -dan.  

Tu ),,( FXX -Si ar moiZebneba iseTi x  mwvervali, 

rom FyFx ⊂  an dakidebuli wibo, maSin grafs ewodeba 

dauyvaneli. dauyvanel grafSi droebiT nebismier mwvervals 

miakuTvneben T -s.  

Cveni magaliTisaTvis }{eFe =  (nax. 79) da igi 

warmoadgens },{ edFd = -s qvesimravles: FdFe ⊂  amitom 

grafidan amoviRebT e  mwvervals, ris Sedegadac miviRebT 

axal grafs (nax. 80). 

b  a  d  e  

a  d  e  

nax. 79 nax. 80 

b  a  d  

a  d  e  
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 miRebul grafSi veZebT dakidebul wibos. vinaidan 

aseTi wibo ar arsebobs, amitom grafi warmoadgens 

dauyvanel grafs. mivakuTvnoT b  mwvervali T -s.  

V biji: wina bijze T -ze mikuTvnebuli mwvervali 

Tavisi asaxvebiT amoiReba ),,( FXX  grafidan.  

Cveni magaliTisaTvis amoviRebT grafidan b -s (nax. 

80), romlis safuZvelze miviRebT axal grafs (nax. 81).  

VI biji: Tavidan vubrundebiT pirvel bijs da a.S. 

(nax. 81) grafisTvis, FaFd ⊂ , 

vinaidan, },{ daFa =  xolo 

}{dFd =  amoviRoT d  mwvervali 

grafidan, romlis Semdeg bolo a  

mwvervals mivakuTvnebT T -s. e. i. 

},,{ abfT =  magram, vinaidan, b  

mwvervali nebismierad iyo 

mikuTvnebuli T -s, amitom 

aucilebelia davubrundeT IV 

bijsa da mivakuTvnod T -s sxva mwvervali, magaliTad a . 

magram am SemTxvevaSi T -s aucileblad unda mivakuTvnoT b  

da d  mwvervalic anu },,,{ dbafT = . rogorc vxedavT, es 

Sedegi wina SedegTan SedarebiT uaresia, vinaidan Cven veZebT 

minimalur T -s. 

da bolos, mivakuTvnoT d  mwvervali T -s, maSin 

},,{ bdfT = . es Sedegi imeorebs },,{ abfT =  Sedegs; 

vinaidan Cven gvainteresebs T -s mwvervalTa raodenoba, 

amitom },,{ fbaT =  SeiZleba miviRoT saboloo Sedegad anu 

gareganmdgrad simravled.  

 

 

 

nax. 81 

a  d  

d  
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3.35. grafis Sida mdgradobis ricxvi 
 

ganvixiloT nebismieri ),( Γ= XG  grafi. X 

mwvervalTa simravlidan gamovyoT raime Xf ⊂  qvesimravle.  

f  simravles ewodeba damoukidebeli anu grafis mwvervalTa 

Sidamdgradobis simravle, Tu am simravlis arcerTi 

nebismieri ori mwvervali ar iqneba mosazRvre e. i.  

∅=Γ ff I . grafSi SeiZleba arsebobdes Sidamdgrad 

mwvervalTa simravlis ojaxi. aRvniSnoT igi F -iT. am F  

ojaxis simravleze SeiZleba arsebobdes maqsimaluri Sida 

mdgradi simravle; maSin grafis Sida mdgradobis an 

damoukidebel mwvervalTa ricxvi ewodeba )(Gα  ricxvs, 

romelic ganisazRvreba Semdegnairad fG
Ff ∈

=α max)( . 

Sida mdgradobis simravlis magaliTad SeiZleba 

gamogvadges amocana 8 lazieris Sesaxeb, romelic 

Semdegnairad aris Camoyalibebuli: ra maqsimaluri 

raodenobis lazieris ganlageba SeiZleba Wadrakis dafaze 

ise, rom arcerTi maTgani ar iyos meoris dartymis qveS? 
 

3.36. carieli qvegrafebis gamovlenis algoriTmi 
 

adre paragrafSi gansazRvruli iyo sruli da nuli 

grafi. nul grafs anu uwiboebo grafs meorenairad ewodeba 

carieli grafi. ganvixiloT grafis yvela carieli G  

grafis gamovlenis algoriTmi. 

vTqvaT, mocemulia grafi ),( Γ= XG . grafis 0x  

mwvervalis mosazRvre XX ⊂0  mwvervalebs vuwodoT 

0x -is midamo. 0x  mwvervalis aramosazRvre mwvervalebs 

ewodebaT 0X  midamos gare mwvervalebi. carieli 

qvegrafebis gamovlenis algoriTmi ganvixiloT 81 nax-ze. 

warmodgenili grafisaTvis.  
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avagoT mocemuli grafisTvis B  mosazRvreobis 

matrica, romlis elementebic iqneba 1, Tu ix  da jx  

mwvervalebi mosazRvrea. winaaRmdeg SemTxvevaSi matricis 

elementi tolia nulis. algoriTmis Tanaxmad G  grafis 

carieli qvegrafebi ganisazRvreba matricis svetebidan. 

vinaidan, mocemuli matrica simetriulia mTavari diagonalis 

mimarT, amitom SeiZleba ganvixiloT misi samkuTxa qvematrica, 

romelic moTavsebulia mTavari diagonalis zemoT.  

ageba daviwyoT ix -dan da a.S. nx  mwvervalamde. 

TiToeuli am mwvervalebisaTvis aigeba carieli grafebi. 

ganvixiloT nebismieri jx  mwvervali, sadac kj ,1= . vTqvaT, 

napovnia misi monawileobiT yvela carieli qvegrafi. amis 

Semdeg, unda veZeboT carieli qvegrafebi 1+kX  mwvervalebis 

monawileobiT. amisTvis, qvematricidan vpoulobT 1+kX  

mwvervalebis 1+kX  gare midamos, ris Semdeg vixilavT 1+kX  

mwvervalebis monawileobiT cariel qvegrafebs, rasac viwyebT 

maRali nomridan da vumatebT am cariel qvegrafebs 1+kX  

  1x    2x   3x    4x    5x   6x  
 

1x  
 

2x  
 
 

3x  
 

4x  
 
 

5x  
 

6x  

     0       1       0        1       0       1    
 
      1       0       1        0       0      0 
 
      0       1       0        1       1      0 
 
      1        0       1       0        0     1 
 
      0        0       1       0         0    1 
 

  
       1        0      0        1        1    0    

  B= 

1x  
2x  

3x  

4x  

5x  

6x  
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mwvervals. Tu am dros jx  mwvervalebi ar Sedian 1+kX  gare 

midamoSi, maSin isini gamoiricxebian carieli qvegrafidan. 

im SemTxvevaSi, Tu 1+kX  midamos gare areSi Sedis 

ori ix  da jx  mwvervali, sadac ij >  da carieli qvegrafi 

jx -s monawileobiT Seicavs cariel qvegrafs ix -s 

monawileobiT, maSin 1+kX  mwvervali daemateba mxolod 

qvegrafs, jx -s monawileobiT.  

Cveni magaliTisaTvis, carieli qvegrafi 1x -is 
monawileobiT iqneba TviTon es mwvervali. analogiurad 

carieli qvegrafi 2x -iT iqneba 2x . 3x  mwvervalis gare are 

3X  Seicavs 1x  mwvervals. amitom davumatoT 3x  cariel 

qvegrafs 1x  ris safuZvelze miviRebT { 3x , 1x }-s Semdeg 

aviRebT 4x  mwvervals. am mwvervalisaTvis gare midamo iqneba 

2x . davumatoT 4x  cariel qvegrafs 2x -is monawileobiT, 

miviRebT cariel qvegrafs { 4x , 2x }. 5x  mwvervalisaTvis gare 

midamos warmoadgens mwvervalebi 1x , 2x , 4x . davumatoT 5x , 
{ 3x , 1x } qvegrafs. radgan 3x  ar Sedis 5x -is gare midmoSi. 
amitom gamovricxoT 3x  carieli qvegrafidan. sabolood 

miviRebT { 5x , 1x } qvegrafs. Semdeg, davumatoT { 4x , 2x } 
cariel qvegrafs 5x  mwvervali. radgan 4x , 2x  mwvervalebi 

Sedian 5X -Si, amitom miviRebT cariel qvegrafs { 5x , 4x , 2x }. 

5x  mwvervals ar davumatebT cariel qvegrafs 2x -iT vinaidan 
is Sedis cariel qvegrafSi 4x -is monawileobiT. 

da bolos, aviRebT 6x  mwvervals. am mwvervalisTvis 

6X -is gare midamos warmoadgens 2x , 3x  mwvervalebi. davumatoT 
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6x  mwvervali { 3x , 1x } cariel qvegrafs. radgan  1x  ar Sedis 

6X -Si, amitom gamovricxoT igi carieli qvegrafidan. Sedegad, 

miviRebT { 6x , 3x } qvegrafs. Semdeg, davumatoT { 5x , 4x , 2x } 
cariel qvegrafs 6x ; radgan 4x  da 5x  mwvervalebi ar ekuTvnian 

6X -s; amitom gamovricxavT maT, miviRebT { 6x , 2x } cariel 

qvegrafs. e. i. mocemuli grafis carieli qvegrafebi Semdegia: 

{ 3x , 1x }, { 4x , 2x }, { 5x , 4x , 2x }, { 6x , 3x }, { 6x , 2x }. aqedan 

gamomdinare mocemuli garfis maqsimaluri carieli qvegrafia 

{ 5x , 4x , 2x }; Sesabamisad 3)( =α G .  

 

3.37. orgvari grafis wyvilTSeuRleba 
 

Tu grafSi arsebobs or argadamkveT X  da Y  
mwvervalTa simravle, da amave dros mocemuli grafis wiboebi 

aerTeben X  mwvervalebs mxolod Y  mwvervalebTan, aseT 
grafs uwodeben orgvar grafs anu martiv grafs (nax. 82). 

 
 
 

 
 
 

 
 
 

 

gamovyoT ormagi grafidan rkalTa raime W  simravle. 

vuwodoTW-s wyvilTSeuRleba orpiri grafisaTvis, Tu 
arcerTi misi ori rkali ar aris mosazRvre.  

arsebobs kenig-holis Semdegi Teorema:  

wyvilTSeuRleba romelic X  asaxavs Y -Si, arsebobs 

maSin da mxolod maSin roca nebismieri XA ⊆  

nax. 82 

X  

Y  
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simravlisaTvis samarTliania AA ≥Γ . magaliTad, nax. 82-ze 

mocemuli grafisaTvis arsebobs wyvilTSeuRleba romelic 

X -s asaxavas Y -Si. 43-e naxazze mocemuli grafisaTvis ar 

arsebobs X -is Y -Si amsaxveli wyvilTSeuRleba, magram 

arsebobs wyvilTSeuRleba, romelic { }432 ,, xxxA =  

simravles asaxavs Y -Si, sadac XA ⊂ . im dros roca 44-e 
naxazze mocemuli grafisaTvis yovelTvis arsebobs 

wyvilTSeuRleba, romelic asaxavs X -s Y -Si. 
orgvar grafebSi ismeba amocana wyvilTSeuRlebis 

rkalTa maqsimaluri ricxvis gamovlenisaTvis.  

mocemuli grafisaTvis ganvsazRvroT 0d  Semdegnairad:  

XAAAd ⊆Γ−= ),max(0 . am ricxvs uwodeben 

),,( Γ= YXG  grafis deficits amasTanave 00 ≥d . kenig-holis 

Teoremidan gamomdinareobs, rom orgvar grafSi X -is Y -Si 

amsaxveli wyvilTSeuRlebis arsebobisaTvis aucilebelia da 

sakmaris pirobas warmoadgens Semdegi: 00 =d . 

arsebobs kenig-holis Semdegi Teorema: orgvar grafSi 

wyvilTSeuRlebis rkalTa udidesi ricxvi tolia 0dX − . 

vTqvaT, macemulia grafi ),,( Γ= YXG  romlis 

wyvilTSeuRlebaa W . miRebulia, rom wyvilTSeuRlebaTa 

rkalebs vuwodoT Zlieri rkalebi da aRvniSnoT igi sqeli 

2x  1x  3x  4x  

1y  2y  
3y  

nax. 83 nax. 84 

2x  1x  3x  

1y  2y  
3y  4y  

X  X  
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xazebiT, grafis danarCen rkalebs ewodebaT susti rkalebi 
da igi aRiniSneba wvrili xazebiT.  

SemovitanoT monacvleobiTi wredis cneba, romlis 
qveSac igulisxmeba martivi wredi, romelSic erTmaneTs 
rigrigobiT misdevs (enacvleba) wvrili da sqeli wiboebi. 

Tu mwvervalebi Xx ∈  da Yy ∈  incidenturia sqeli 

wiboebis, maSin mas uwodeben qsels. Tu Xx ∈  da Yy ∈  

mwvervalebi ar aris incidenturi sqeli wiboebis, maSin mas 
uwodeben wvrils.  

monacvleobiT wreds ewodeba wvrili, Tu misi 
sawyisi saboloo mwvervali wvrilia. aseTi wredis sawyisi 

mwvervali imyofeba X  simravleSi, xolo saboloo 

mwvervali Y  simravleSi. wvrili monacvleobiTi wredis 
sigrZe yovelTvis dadebiTia.  

),,( Γ= YXG  grafSi wvrili monacvleobiTi wredis 

Zebna xorcieldeba Semdegnairad.  dasawyisSi, X -is yvela 

mwvervals rigrigobiT avsaxavT Y -Si, ris Sedegadac 
vRebulobT raime wyvilTSeuRlebis Semdeg veZebT wvril 
monacvleobiT wreds. amisaTvis, simravleze virCevT nebismier 

wvril mwvervals da avagebT am mwvervalidan monacvleobiT 
wreds: amasTanave, gavlil wibos movniSnavT StrixiT 
(SemdgomSi isini aRar airCeven). Tu mocemuli wredis 

agebisas movxvdebiT ganvlil mwvervalSi, maSin aucilebelia 
davbrundeT ukan erTi nabijiT da gavagrZeloT ageba sxva 
wiboTi. analogiurad unda vimoqmedoT, Tu Cven movxvdebiT 

X -dan im mwvervalSi, romlis incidenturic ar aris jer 
kidev gauvleli arcerTi wvrili wibo. Tu monacvleobiTi 

wredis agebis procesi mTavrdeba Y  simravlis romelime 
wvril mwvervalSi, maSin saZiebeli wredi agebulia. Tu Cven 

davbrundebiT sawyis mwvervalSi, maSin wvrili 

monacvleobiTi wredi aucilebelia avagoT X  simravlidan 
aRebuli sxva wvrili mwvervalidan. 

imis Semdeg, roca wvrili monacvleobiTi wredi 
miRebulia, aucilebelia am wredis yvela sqeli wibo 
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vaqcioT wvril wiboT, xolo wvrili wibo –sqel wiboT. 
Sedegad miviRebT axal wyvilTSeuRlebas, romlis wiboTa 

ricxvi iqneba erTiT meti vidre sawyis wyvilTSeuRlebaSi. 
amis Semdeg, yvela zemoT moyvanili procedura unda 
CavataroT Tavidan. Tu wvrili monacvleobiTi wredis ageba 

ar xerxdeba, maSin am dros miRebul wyvilTSeuRleba 
warmoadgens udidess.  

moyvanili algoriTmi SemoTavazebulia  egervaris mier 

da mis sapativcemulod mas `ungruli algoriTmi~ uwodes.  
vaCvenoT am algoriTmis ganxorcieleba  mocemuli 

grafisaTvis nax. 85.  

 
 
 

 
 
 

 
 
 

 
 

avsaxoT mocemuli grafis { }654321 ,,,,, xxxxxx  

mwvervalebi { }54321 ,,,, yyyyy  mwvervalTa simravleze. 

miviRebT romelime wyvilTSeuRlebas nax. 86. 

 
 
 

 
 
 

 
 
 

2x  1x  3x  4x  

1y  2y  3y  

nax. 85 

6x  5x  

4y  5y  

2x  1x  3x  4x  

1y  2y  3y  

nax. 86 

6x  5x  

4y  5y  
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am grafSi (nax. 86) avarCioT wvrili mwvervali da 
avagoT aqedan wvrili monacvleobiTi wredi. Tu gvaqvs 

wiboTa Soris arCevanis saSualeba, maSin SevTanxmdeT 
yovelTvis avirCioT yvelaze marcxena wibo. agebis Sedegad 
miviRebT wvril monacvleobiT wreds Semdeg mwvervalebze: 

{ }5542342113 ,,,,,,,,, yxyxyxyxyx  

amis Semdeg, yvela wvril wibos gavasqelebT, xolo 
sqel wibos gavawvrilebT. miviRebT axal wyvilTSeuRlebas, 
romelsac gaaCnia erTiT meti wibo, vidre sawyiss (nax. 87). 

 
 
 

 
 
 

 
 
 

 
nax. 45-ze mocemuli grafisaTvis ukve SeuZlebelia 

aigos wvrili monacvleobiTi wredi. amitom, miRebuli 

wyvilTSeuRleba aris udidesi.    
 

nakadi qselSi 
 

3.38.  satransporto qseli 
 

satransporto qseli ewodeba ),( ANG =  

orientirebul grafs, sadac N  aris kvanZTa 

(mwvervalTa) simravle, xolo A  warmoadgens N -dan 

aRebul ),( yx  wyvilTa mowesrigebul simravles an 

qselis rkalTa simravles. satransporto qseli SeiZleba 

Seicavdes, rogorc orientirebul, aseve 

araorientirebul wiboebs. aseT SemTxvevaSi mas uwodeben 

Sereul qselebs. satransporto qseli SeiZleba 

2x  1x  3x  4x  

1y  
2y  3y  

nax. 87 

6x  5x  

4y  5y  
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Seicavdes, mxolod, marto orientirebul wiboebs. 88-e 

nax-ze mocemulia satransporto qseli 7 kvanZiT:  

 
},,,,,,,{ 6543211 txxxxxxSN =  satransporto qselisaTvis 

2≥n . ganvixiloT nxxx ,...,, 21  kvanZTa Tanmimdevroba. vTqvaT, 

),( 1+ii xx  wyvili warmoadgens rkals, sadac 1,...,2,1 −= ni , 

maSin aseTi Tvisebebis kvanZTa da rkalTa Tanmimdevrobas 

ewodeba satransporto qselis wredi. magaliTad: 

xxxxxxxxxxx nnn ),,(,...,),(),,(, 113322211 −− . Tu wredis rkalebi 

orientirebulia, maSin aseT wreds ewodeba mimarTuli 

wredi, im SemTxvevaSi, Tu wredSi arsebobs ),( 1xxn  rkali, 

maSin aseT wreds ewodeba mimarTuli cikli.  88-e nax-ze 

mocemuli qselisaTvis mimarTul wreds warmoadgens 

ttxxxxxxSS ),,(,),(),,(, 444111 , xolo mimarTul cikls 

1122211 ),(),,(, xxxxxxx .  

Tu kvanZTa mocemuli mimdevrobisaTvis 

),(,...,, 121 +iin xxxxx  wyvili warmoadgens rkals da ),( 1 ii xx +  

aseve rkalia, maSin aseTi Tvisebis kvanZTa da rkalTa 

Tanmimdevrobas ewodeba gza qselSi. satransporto qselSi 

gza gansxvavdeba mimarTuli wredisagan imiT, rom gzaSi 

1x  

6x  

5x  

4x  

3x  

2x  

nax. 88 

S t 
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rkalebi SeiZleba gadiodes maTi orientaciis sawinaaRmdego 

mimarTulebiT. iseT rkalebs gzaSi, romlebsac gadian maTi 

orientaciis sawinaaRmdegod ewodeba ukurkalebi. danarCen 

rkalebs ewodeba gzis pirdapiri rkalebi. Tu gzaSi arsebobs 

),( 1xxn  tipis rkali, maSin aseT gzas cikls uwodeben. naxaz 

82-ze mocemuli badisaTvis ),,(, 1xSS  ),( 121 xxx  ),,(, 322 xxx  

6633 ),,(, xxxx  warmoadgens gzas. mocemul gzaSi ),( 12 xx  

rkali warmoadgens ukurkals.  

satransporto qselSi SemoaqvT kvanZTa specialuri 

simravle )(xA  da )(xB . )(xA  simravle aRniSnavs ` x -is 
Semdeg~, xolo )(xB  ` x -is win~. amave dros 

}),/({)( AyxNyxA ∈∈= , xolo }),/({)( AxyNyxB ∈∈=  

satransporto qselis analizisaTvis farTod gamoiyeneba 

grafis rkalTa incidenciis matrica, romelsac qselSi 

uwodeben kvanZTa da rkalTa incidenciis matricas. 
 

3.39. stancionaluri nakadi qselSi 
 

ganvixiloT ),( ANG =  satransporto qseli, 

mocemuli badis rkalebisaTvis SemovitanoT gamtarunarianobis 

cneba da aRvniSnoT igi ),( yxC . dauSvaT, igi aris 

arauaryofiTi namdvili ricxvi. gamovyoT qselSi ori kvanZi S  

da t  da SemovitanoT stancionaluri nakadis gansazRvra.  

v  sididis stancionaluri nakadi qselis S  kvanZidan 

t  kvanZSi ewodeba f  funqcias, romelic asaxavs qselSi 

rkalTa simravles arauaryofiT namdvil ricxvTa simravleSi 

da akmayofilebs Semdegi gantolebebi da utolobebi:  

Ayxyxcyxf
txv
tSx

sxv
xyfyxf

xAy xBy

∈∀≤









=−
≠
=

=−∑ ∑
∈ ∈

),(),(),(
,

,,0
,

),(),(
)( )(

         (1) 
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mocemuli sistema warmoadgens SezRudvebs, romelic Tan 

erTvis nakads qselSi. am SemTxvevaSi S  kvanZs ewodeba qselis 

wyaro, t  kvanZs mimRebi, xolo qselis danarCen kvanZebs 

saSualedo kvanZebi. TiToeul x  kvanZSi SeiZleba ganisazRvros 

egreTwodebuli sufTa nakadi, romelic toli iqneba:  

∑ ∑
∈ ∈

−
)( )(

),(),(
xAy xBy

xyfyxf  

maSin sufTa nakadi wyarodan toli iqneba v -si, 
mimRebidan v -si, xolo danarCeni saSualedo kvanZebSi sufTa 

nakadi iqneba 0-is toli. (1) SezRudvaTa sistemebis 

gantolebebs kvanZebSi, sadac sufTa nakadi 0-is tolia, 

ewodeba `Senaxvis~ gantolebebi. ),( yx  rkalSi f  nakads 

uwodeben ),( yxf  rkalur nakads. qselSi f  nakadis sidide 

aRvniSnoT )( fv -iT  naxaz 89-ze mocemuli  qselisaTvis 

nakadis sidide )( fv =6. 

 
satransporto qselSi SeiZleba arsebobdes 

gansakuTrebuli ),( St  rkali. mocemul rkalSi nakads 

uwodeben dabrunebul nakads. dabrunebuli nakadis sidide 

tolia badeSi nakadis sididis, aRebuls Sebrunebuli niSniT. 

badeSi ),( St  rkalis arsebobis SemTxvevaSi sufTa nakadi 

1 

nax. 89 

S 

 

 

t 
4 

2 

1 

1 3 

 

2 

1 
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yvela kvanZSi iqneba nulis toli da (1) SezRudvaTa yvela 

gantoleba iqneba  `Senaxvis~ gantoleba. 
 

3.40. kveTa qselSi 
 

ganvixiloT satransporto qseli ),( ANG = . 

mocemul qselSi S  wyarosa da t  mimRebis ganmacalkevebeli 

kveTa ewodeba ),( XX  rkalTa simravles, sadac XS ∈  da 

Xt ∈ . amave dros, X  warmoadgens X  simravlis damatebas.  

aRvniSnoT kveTis gamtarunarianoba ),( XXC -iT. 

moviyvanoT magaliTi. vTqvaT, 90 nax-ze mocemuli 

qselisaTvis },{ ySX = , xolo },,{ tzxX = , maSin kveTas 

Seadgens Semdegi. 

 

 

 

 

 

 

 

 

 

 

 

 

rkalebi )},(),,(),,(),,{( tyzyzSxS . qselSi SeiZleba 

arsebobdes kveTaTa simravle. Tu qselSi ganvsazRvravT 

yvela mimarTul wreds S -dan t -Si, Semdeg ganvsazRvravT 

romelime kveTas da amoviRebT qselidan kveTis yvela rkals, 

maSin masSi Sewyvets arsebobas yvela mimarTuli wredi S -

nax. 90 

S t 

x 

Z 

x 

y 

Z 

nax. 91 

t S 

3A  

y 
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dan t -Si. magaliTad, 90 nax.-ze mocemuli badisaTvis kveTis 

rkalTa amoRebiT miviRebT 91 nax.-s.  

e.i. Tu qselSi mocemulia kveTa, maSin kveTis 

rkalebi ablokireben yvela mimarTul wreds S -dan t –Si. 
aqedan gamomdinareobs, rom qselis rkalis sidide ar 

aRemateba kveTis gamtarunarianobas. moviyvanoT Semdegi 

lema: Tu badeSi mocemulia ),( XX  kveTa, maSin nakadis 

sidide iqneba ),(),(),( XXCXXfXXfv ≤−= , sadac 

),( XXf  nakadia kveTaSi, xolo ),( XXf -warmoadgens 

nakads qselis ukurkalebSi.  
 

3.41. qselSi maqsimaluri nakadisa da minimaluri 

kveTis gansazRvris magaliTi 
 

am algoriTms safuZvlad udevs ford falkesonis 

Semdegi Teorema. 

Teorema: nebismieri badisaTvis nakadis maqsimaluri 

sidide, s -dan t -Si tolia s -isa da t -s gamyofi kveTis 

minimaluri gamtarunarianobis.  

zemoT moyvanili lemis Tanaxmad: 

),(),(),()( XXCXXfXXffv ≤−= . aqedan gamomdinare 

qselSi nakadi )( fv  iqneba maqsimaluri, rodesac 

),()( XXffv =  da ),(),( XXCXXf = , xolo ),( XXf  

iqneba 0-is toli. 

am Teoremidan gamomdinareobs maqsimaluri nakadis da 

minimaluri kveTis Semdegi algoriTmi. 

mocemuli algoriTmi moicavs or operacias: 

qselis kvanZebSi moniSvnaTa dasmas da badeSi nakadis 

cvlilebis operacias.  
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pirveli operaciis dros yvela kvanZSi ismeba 

)](,[ yx ε−
+

 tipis niSnebi, sadac, Nx ∈ , xolo )( yε  aris 

naturaluri ricxvi an ∞ . ganvixiloT moniSvnis operacia. 

am operaciis dros TiToeuli kvanZi SeiZleba iyos Semdeg 

mdgomareobaSi. 

1) ar aris moniSnuli; 2) moniSnulia da ar 

ganxilula; 3) moniSnulia da ganxiluli. 

procesis dasawyisSi moniSvna miecema S  wyaros. am 

dros, S  iRebs ])(,[ ∞=ε− s  niSans. qselis nebismieri x  

kvanZi iRebs )](,[ xz ε−
+

 moniSvnas. amis Semdeg, aviRebT 

nebismier kvanZs da movniSnavT mas, ukve moniSmuli x  

kvanZidan gamomdinare. y  kvanZi miiRebs )](,[ yx ε−−
+

 niSans. 

amave dros y  miiRebs )](,[ yx ε+  moniSvnas, Tu 

),(),( yxcyxf <  da )].,(),(),(min[)( yxfyxcxy −ε=ε  am 

dros, y  moniSnulia da ar aris ganxiluli. y  kvanZi 

miiRebs, )](,[ yx ε−  moniSvnas, Tu 0),( >xyf , sadac ),( xyf  

aris nakadi ukurkalSi. xolo )].,(),(min[)( xyfxy ε=ε  am 

dros, y  kvanZi moniSnulia da ar ganxilula, xolo x  
kvanZi moniSnulia da ganxiluli. 

analogiurad moiniSneba qselis yvela danarCeni 

kvanZebic. moniSvnis procesi grZeldeba manam, sanam ar 

moiniSneba mimRebi. Tu moniSvnis procesSi t  mimRebi 

moiniSneba, maSin amboben, rom moxda `garRveva~, romlis 

Semdeg aucilebelia gadavideT nakadis Secvlis operaciaze. 

Tu moniSvnis procesSi t  mimRebi ar moiniSneba, maSin 
moniSvnis procesi wydeba da am dros qselSi miRebuli 

nakadi iqneba maqsimaluri.  
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axla gadavideT nakadis Secvlis operaciaze. vTqvaT, t  

mimRebma miiRo )](,[ ty ε−
+

 moniSvna. Tu mimRebma miiRo )](,[ ty ε+  

niSani, maSin icvleba nakadi ),( ty  rkalSi Semdegnairad: 

)(),( ttyf ε+  da gadavdivarT y  kvanZSi. Tu mimRebma miiRo 

)](,[ ty ε−  moniSvna, maSin vcvliT nakads ),( yt  rkalSi 

Semdegnairad: )(),( tytf ε−  da gadavdivarT y  kvanZSi. 

ganvixiloT qselis nebismieri x  kvanZi. vTqvaT, man 

miiRo )](,[ xy ε−
+

 niSani. Tu x  kvanZma miiRo )](,[ xy ε+  niSani, 

maSin icvleba nakadi ),( xy  rkalSi Semdegnairad: 

)(),( txyf ε+  da gadavdivarT y  kvanZSi. Tu x  kvanZma miiRo 
)](,[ xy ε−  niSani, maSin vcvliT nakads ),( yx  rkalSi 

Semdegnairad: )(),( tyxf ε−  da gadavdivarT y  kvanZSi. es 

procesi grZeldeba manamde, sanam ar davbrundebiT S  wyaroSi. 

amis Semdeg, yvela Zveli moniSvnebi gadaiSleba da moniSvnis 

procesi iwyeba Tavidan. ganisazRvreba Tu ara badeSi 

maqsimaluri nakadi iwyeba minimaluri kveTis gansazRvra. 

minimalur kveTaSi aRebuli iqneba is rkalebi, romlebic 

miemarTebian moniSnuli kvanZebidan mouniSnav kvanZebSi.  
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IV Tavi 
 

logikuri qselebi da sasruli avtomatebi 
 

4.1. logikuri qselis gansazRvra 
 

eleqtronuli gamoTvliTi manqanebis daxmarebiT 

realuri obieqtebis samarTavad muSavdeba marTvis modelebi, 

romlebic asaxaven damokidebulebas obieqtis maxasiaTebel 

Semaval da gamomaval parametrebs Soris. obieqtebis marTvis 

modelis misaRebad, romlebsac gaaCniaT moqmedebis diskretuli 

xasiaTi farTod gamoiyeneba logikuri qselebi. vTqvaT, 

mocemulia raime procesis amsaxveli G  grafi. nax 1. 

 
SevTanxmdeT, rom am grafis mwvervalebi asaxaven ama 

Tu im operaciebis realizebis operatorebs, xolo rkalebi 

Sesrulebis Tanmimdevrobas. mocemul grafSi ZiriTadad 

gamoiyofa ori mwveravali: H  _ sawyisi da K  _ saboloo, 

romlebic gamosaxaven sawyis da saboloo operatorebs.  

sawyis mwvervalSi ar Sedis arcerTi rkali da gamodis 

mxolod erTi. saboloo mwvervalidan ar gamodis arcerTi rkali, 

xolo Sedis rkalTa simravle. mocemuli grafis sxva mwvervalebi 

asaxaven ori tipis operators. funqciurs da logikurs.       

iλ  logikuri  operatorebi  amowmeben  gansazRvruli  pirobebis 

H 

  Ф1 
Л4 

Ф2 
Ф4   Ф3 

  Ф8 

  Ф7 

 Ф5 

Ф6 

 Л2 

   Л3 

   Л5 

    К 

Л6 

nax. 1 
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Sesrulebas. Tu mocemuli pirobebi sruldeba, maSin Semdeg 

operatorze gadasvla xorcieldeba rkaliT 1-ianis simboloTi, 

winaaRmdeg SemTxvevaSi gadasvla xorcieldeba 0 simboloiani 

rkaliT. jφ _funqcionaluri operatorebi axorcieleben ama Tu im 

operaciebs da maTgan gamodis erTaderTi rkali, romlidanac 

xorcieldeba gadasvla Semdeg mwvervalze (operatorze). 

vTqvaT, mocemulia gadamrTveli anu bulis funqciis 

raime simravle },...,,{ 21 nfffF =  dauSvaT, rom iλ  _ 

operatorebis realizeba xdeba il  gadamrTveli funqciebiT da 

Tu il =1, maSin iλ  _ WeSmaritia, xolo Tu il =0, iλ  _ mcdari. 

dauSvaT },...,,{ 21 mxxxX =  _ marTvis obieqtis Semavali 

parametrebis simravlea. am cnebis safuZvelze, zemoT moyvanili 

grafi (nax.1). SeiZleba aigos Semdegnairad. grafis mwvervalebi 

ganvalagoT doneebis mixedviT, nul doneze ganlagdebian 

mwvervalebi, romlebic asaxaven Semaval mxxx ,...,, 21  parametrebs 

(nax.2). am dones uwodeben logikuri qselis nulovan iaruss. 

logikuri qselis meore iarusze ganlagdebian mwvervalebi, 

romlebic asaxaven im operatorebs, romlebic Tavis moqmedebaSi 

gamoiyeneben mxxx ,...,, 21  Semaval parametrebs da pirveli iarusis 

gamosavalze miRebuli romelime operatoris erT parametrs mainc. 

nuli iarusis da pirveli iarusis Sesabamisi mwvervalebidan 

gadadian rkalebi meore iarusis Sesabamis mwvervalebze. 

analogiurad igeba logikuri qselis danarCeni iarusebic. saboloo 

iarusze ganlagdebian mwvervalebi, romlebic asaxaven kyyy ,...,, 21  

obieqtis gamomaval parametrebs. mwvervalebidan gamomaval da 

Semaval, yvela operatoris Sesatyvis rkalebze miTiTebulia 

operatorebis Semavali da gamomavali parametrebi. im SemTxvevaSi 

Tu qselis arcerTi operatori ar gamoiyenebs gamomaval 

parametrs, maSin mas miakuTvneben qselis rezultirebul cvlads. 

rezultirebul cvladebs ganekuTvneba, agreTve, qselis yvela 
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gamomavali parametri. cxadia, rezultirebuli cvladebi 

ganlagdebian logikuri qselis bolo iarusze. 

zog SemTxvevaSi, marTvis obieqtis funqcionirebis 

aRweris dros, SeiZleba aRiZras cikluri kavSirebi. 

logikur qselebSi es kavSirebi aisaxeba Sesabamis 

operatorebs Soris ukukavSiris rkalebis saSualebiT. 

 

1x  

nuli iarusi 

pirveli iarusi 

meore iarusi 

mesame iarusi 

meoTxe iarusi 

2x  . .  . mx  

1y  2y  3y  4y  5y  

  Ф3 

  Ф1 

Ф4 

  Ф7   Ф8 

 Ф5 

Ф6 

 2Л  

 1Л  

nax. 2 

  Ф2 
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rkalebi, romlebic gamodian logikuri 

operatorebidan, logikur qselebSi gansazRvraven samarTav 

kavSirebs da gamoisaxebian punqtirebiT, xolo danarCeni 

rkalebi, romlebic gansazRvraven funqcionalur kavSirebs, 

aRiniSnebian uwyveti wirebiT. 

aseTi saxiT agebuli grafi warmoadgens logikur qsels. 

nax. 2-ze mocemulia oTxiarusiani logikuri qselis magaliTi. 
 

4.2. bulis funqcia 
 

ganvixiloT ( )nxxxF ,...,, 21  funqcia. vigulisxmoT, rom am 

funqciis nxxx ,...,, 21  argumentebi Rebuloben mxolod or 1-is da 

0-is tol mniSvnelobas. aseve, TviT funqciac am dros Rebulobs 

or 0-is da 1-is tol mniSvnelobas; maSin ( )nxxxF ,...,, 21  

funqcias ewodeba gadamrTveli anu bulis funqcia. 

gadamrTvel funqciaze moqmedeba xorcieldeba bulis 

algebris bA  _ saSualebiT, romelsac aqvs Semdegi saxe: 

},,,{ −∧∨= HAb , sadac H  matareblis elementi Rebulobs 

or mniSvnelobas: 0 an 1-s. xolo ∨  da ∧  moqmedebebs 

gansazRvraven diziunqciisa ∨  da koniunqciis ∧  operaciebi. 

gadamrTveli funqciis nxxx ,...,, 21  argumentebis 

gansazRvruli mniSvnelobebi iZleva maT erTobliobas 

(anakrebs). radgan TiToeuli argumenti iRebs mxolod or 

mniSvnelobas, amitom ( )nxxxF ,...,, 21  funqcia SeiZleba 

gansazRvruli iqnas n2  anakrebis saxiT. magaliTad, ( )21 , xxF  

funqcia SeiZleba ganisazRvros 4 anakrebze, xolo 

( )4321 ,,, xxxxF  16 anakrebze. mocemul anakrebze 1F  da 2F  

funqcia miiRebs 0 an 1 mniSvnelobas. gadamrTveli funqcia 

SeiZleba mocemuli iqnas WeSmaritebis cxriliT, romlis 

TiToeuli anakrebis mniSvnelobebs funqciis gansazRvruli 
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mniSvneloba Seesabameba. magaliTad, ( )211 , xxF  da ( )212 , xxF  

funqciis cxriluri mocemiT miiReba, rom ( )211 , xxF  funqcia 

udris 1 Semdeg anakrebze (0,0), (0,1), (1,0), xolo funqcia 

( )212 , xxF  udris 1 mxolod erT _ (1,1) anakrebze: 

cxrili 1 

1x  0 0 1 1 

2x  0 1 0 1 

( )211 , xxF  1 1 1 0 

( )212 , xxF  0 0 0 1 

vinaidan gadamrTveli funqcia Rebulobs mniSvnelobas 

{0,1} simravleze, amitom naTelia, rom sxvadasxva 

gadamrTveli funqciis raodenoba argumentTa sasrul 

raodenobaze iqneba sasruli. 

rogorc zemoT iyo miTiTebuli, gadamrTveli funqcia 

gansazRvrulia n2  anakrebze. amave dros TiToeul am 

anakrebze mas SeuZlia miiRos 0 an 1-is toli mniSvneloba. 

Sesabamisad gadamrTveli funqciebis raodenoba iqneba 
n22 . 

Tu 1=n , maSin gveqneba erTi argumentis oTxi gadamrTveli 

funqcia. moviyvanoT igi (cxrili 2). 
cxrili 2 

x  0 1 
funqciis simboluri 

aRniSvna 
funqciis dasaxeleba 

( )xF0  0 0 0 nulis konstanta 

( )xF1  0 1 x  cvladi anu gameoreba 

( )xF2  1 0 x  invensia 

( )xF3  1 1 1 erTianis konstanta 

funqcia `nulis konstanta~ argumentis yoveli 

mniSvnelobisaTvis tolia nulis. funqcia `erTianis konstanta~ 

argumentis yvela mniSvnelobisaTvis tolia erTis. ( )xF1  

funqcia imeorebs Tavis x  argumentis mniSvnelobas, amitom, mas 

uwodeben ` x  cvlads~ anu ` x  gameorebas~ da bolos, funqcia 
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`inversia x ~ x =0-isaTvis udris 1, xolo x =1 tolia 0. 

xSirad am funqcias uwodeben x -is uaryofas. 
2=n -saTvis arsebobs ori argumentis 16 gadamrTveli 

funqcia. yvela es funqcia mocemulia cxrili 3-iT. 
cxrili 3 

anakrebi 0 1 2 3  

x  0 0 1 1 
funqciis dasaxeleba 

funqciis 
simboluri 

aRniSvna 
y  0 1 0 1 

1 2 3 4 5 6 7 

( )yxF ,0  0 0 0 0 nulis konstanta 0 

( )yxF ,1  0 0 0 1 koniunqcia (namravli) yx ∧  

( )yxF ,2  0 0 1 0 
akrZalvis funqcia y -

iT 
yx ∆  

( )yxF ,3  0 0 1 1 cvladi (gameoreba) x  x  

( )yxF ,4  0 1 0 0 
akrZalvis funqcia 

x –iT 
xy ∆  

( )yxF ,5  0 1 0 1 cvladi (gameoreba) y  y  

( )yxF ,6  0 1 1 0 jami 2-is moduliT yx +  

( )yxF ,7  0 1 1 0 diziunqcia yx ∨  

( )yxF ,8  1 0 0 0 
pirsis operacia 

(isari) 
yx ↓  

( )yxF ,9  1 0 0 1 
logikuri 

tolmniSvneloba 
x ~ y  

( )yxF ,10  1 0 1 0 y -is invensia y  

( )yxF ,11  1 0 1 1 
implikacia y –dan x -

sken 
xy →  

( )yxF ,12  1 1 0 0 x -is inversia x  
1 2 3 4 5 6 7 

( )yxF ,13  1 1 0 1 
implikacia x –dan y -

saken 
yx →  

( )yxF ,14  1 1 1 0 
Seferis operacia 
(Seferis Strixi) 

yx /  

( )yxF ,15  1 1 1 1 erTianis konstanta 1 
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( )yxF ,0  da ( )yxF ,15  rogorc erTi argumentis 

SemTxvevaSi, aqac warmoadgens `nulis konstantas~ da 

`erTianis konstantas~. ( )yxF ,1  funqcia tolia 1 mxolod 

maSin, roca x  da y  erTdroulad tolia 1. es funqcia 

warmoadgens  x  da y  cvladis koniunqcias anu namravls. 

koniunqciisaTvis (logikuri gamravleba) samarTliania 

Semdegi damokidebuleba.  

( ) zxyxzyxxx

xxxxxxxxx

∧+∧=+∧=∧

=∧∧∧=∧=∧=∧

,0

,...,,11,00
 

sadac, niSani + aRniSnavs jams 2-is moduliT. ( )yxF ,2  funqcia 

aris akrZalva y -iT, xolo ( )yxF ,4  _ funqcia akrZalva x -iT. 

( )yxF ,3  funqcia es aris ` x  cvladi~ anu ` x  gameorebas~, 

xolo ( )yxF ,5  funqcia _ ` y  cvladi~ anu ` y  gameoreba~. 
( )yxF ,6  funqcia warmoadgens `jams 2-is moduliT~, an 

`logikur aratolmniSvnelovans~. oris modulis jamisaTvis _ 

yx + ; samarTliania Semdegi damokidebuleba: 





−
−

=+++

+=+=+=+=+

− luwiaTu

kentiaTu

jer
n
nx

xxx

xyyxxxxxxx

n ,0
,

...

,,0,1,0

4434421
 

( )yxF ,7  funqcia aris nulis toli mxolod maSin, 

roca x  da y  tolia 0. es funqcia warmoadgens 

diziunqcias. ( )yxF ,8  funqcia tolia erTis mxolod maSin, 

roca x  da y  tolia 0. ( )yxF ,8  warmoadgens ( )yxF ,7 -is 

invensias. ( )yxF ,8  funqcias ewodeba pirsis operacia anu 

pirsis isari. pirsis operacia gamoixateba logikis Semdegi 

cnobili operaciis saSualebiT: 

yx ↓ = yx ∨  (`arc x  arc y ~). ( )yxF ,9  funqcias 

ewodeba `logikuri tolmniSvneloba~ (ekvivalenturoba). 

( )yxF ,10  da ( )yxF ,12  esenia Sesabamisad, ` y -is inversia~ da 
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` x -is inversia~. funqcia ( )yxF ,11  aris _ `implikacia y -dan 

x -sken~, xolo funqcia ( )yxF ,13  aris `implikacia x -dan y -
sken~. da bolos, funqcias ( )yxF ,14  ewodeba Seferis 

operacia anu Seferis Strixi. is nulis tolia mxolod 

maSin, roca x  da y  erTdroulad tolia 1. Seferis 

operacia gamoisaxeba logikis cnobili operaciis daxmarebiT 

Semdegnairad: yx / = yx ∧  (arasworia x  da y ). 
Tu 3=n  gadamrTveli funqciis raodenoba tolia 

256. cxadia n -is zrdasTan erTad swrafad izrdeba 

gadamrTveli funqciis raodenobac. 

gadamrTveli funqcia farTod gamoiyeneba 

kombinatoruli sqemebis analizisa da sinTezis dros, 

romelSic igulisxmeba diskretuli informaciis gardamsaxi 

teqnikuri mowyobiloba. diskretul informaciaSi 

igulisxmeba teqnikur mowyobilobaTa Sesasvlelis da 

gamosasvlelis iseTi signalebi, romlebic Rebuloben 0 an 1 

mniSvnelobas (potencialTa dabali da maRali done). rTuli 

teqnikuri mowyobilobis umartives sqemas Cveulebrivad 

uwodeben logikur elements. dauSvaT, logikur elements 

aqvs n  Sesavali nxxx ,...,, 21  (nax. 3). 

 

1x  
              
             2x                                                                      gamosasvleli 

             nx                                                                       
( )nxxxF ,...,, 21  

 

nax. 3 

dauSvaT, nxxx ,...,, 21  Rebuloben 0 an 1 mniSvnelobas 

da gamosasvlelze signali warmoiSoba im momentSi, roca 

Sesasvlelze miewodeba nxxx ,...,, 21  signali, maSin mocemul 

 

 

l o g i k u r i  

e l e m e n t i  
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logikur elements ar gaaCnia mexsiereba. logikuri 

elementis gamosasvleli SeiZleba warmodgenili iqnas 

gadamrTvel ( )nxxxF ,...,, 21  funqciad, an igi (gamosasvleli) 

SeiZleba ganisazRvros calsaxad, nxxx ,...,, 21  Sesasvlelis 

kombinaciebis saSualebiT. 

rTuli logikuri sqemebi SeiZleba Sedgenili iqnas 

martivi logikuri elementebisagan, maTi mimdevrobiT 

SeerTebis saSualebiT an maTi Sesasvlelebis gadaadgilebiT. 

logikuri elementebis mimdevrobiT SeerTeba Seesatyviseba 

superpoziciis operacias, romelSic igulisxmeba 

( )nxxxF ,...,, 21  gadamrTveli funqciaSi ix  _ argumentis 

adgilze ni ,1=  sxva gadamrTveli funqciis Casma. 

magaliTad, ( )121 ,...,, −ixxxF , ( )kyyyg ,...,, 21 , ni xx ,...,1+ , sadac 

( )kyyyg ,...,, 21  aris raime K  argumentiani gadamrTveli 

funqcia. moviyvanoT magaliTi logikuri elementis 

mimdevrobiT SeerTebisa, nax. 4. 

1x  
 

2x                                          ( )211 , xxF  
 

3x                                                         x  

4x                                         ( )432 , xxF      y                       ( )zyxF ,,4 =      
 

5x   
                                                            z  

6x                                           ( )53 xF  

             

= ( ) ( ) ( )( ) ( )543215534322114 ,,,,,,,, xxxxxFxFxxFxxFF = . 
 

nax. 4 

Tu gadamrTvel funqciaSi argumentebs SevcvliT sxva 

argumentebiT, an rac igivea, SevcvliT maT Canaweris 

Tanmimdevrobas, maSin aseT operacias ewodeba argumentis 

 
Л Э4 

 

 Л  Э 

Л Э3 

Л  Э1 
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Senacvlebis (Casmis) operacia. argumentis Senacvlebis 

operacia Seesabameba logikuri elementis Sesasvlelebis 

gadanacvlebas. mocemuli nax. 4-saTvis moviyvanoT Л Э4 – 

logikuri sqemis Sesasvlelis gadanacvleba. Sedegad 

miviRebT axal sqemas. nax. 5. 

1x  
 

3x                                             ( )311 , xxF  

2x                                                       x  
 

5x                                        ( )522 , xxF      y                       ( )zyxF ,,4 =      
 

4x                                                     z  
                                            ( )43 xF  

                            

= ( ) ( ) ( )( )311522434 ,,,, xxFxxFxFF . 
 

nax. 5 
 

4.3. diziunqciuri da koniunqciuri  

normaluri formebi 
 

ganvixiloT bulis cvladebis erToblioba nxxx ,...,, 21  

mocemuli cvladebiT da operaciebiT _ −∧∨ ,, . avagoT 

formulebi; maSin elementaruli diziunqcia ewodeba 

romelime mocemuli cvladebis diziunqcias an maT uaryofas, 

xolo elementaruli koniunqcia iqneba romelime mocemuli 

cvladebis koniunqcia an maTi uaryofa.  

magaliTad, 7433121 ,, xxxxxxx ∨∨∨∨  aris 

elementaruli diziunqcia, xolo ,42 xx ∧  ,21 xx ∧  

753 xxx ∧∧  _ elementaruli koniunqcia. 

Tu elementaruli diziunqcia (koniunqcia) Seicavs yvela 

cvlads an maT uaryofas TiTojer mocemuli cvladTa 

erTobliobidan, maSin aseT diziunqcias (koniunqcias) ewodeba 

 
Л  Э4 

 

  Л Э2          

Л Э3 

Л Э1 
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sruli elementaruli diziunqcia (koniunqcia). magaliTad, 

vTqvaT, mocemulia Semdeg cvladTa erToblioba 4321 ,,, xxxx  

maSin sruli elementaruli diziunqciebi iqneba 

,4321 xxxx ∨∨∨ ,4321 xxxx ∨∨∨ 4321 xxxx ∨∨∨  da a.S. 

xolo sruli elementaruli koniunqcia iqneba _ 

,4321 xxxx ∧∧∧  ,4321 xxxx ∧∧∧  4321 xxxx ∧∧∧  da a.S. 

gansaxilveli cvladebis elementeruli koniunqciis 

diziunqcias ewodeba diziunqciuri normaluri forma. 

magaliTad, Tu mocemulia { }654321 ,,,,, xxxxxx  cvladTa 

erToblioba, maSin diziunqciuri normaluri formebi iqneba 

Semdegi gamosaxuleba: ( ) ( ),54321 xxxxx ∧∧∨∧  

( ) ( ) ( )35431142 xxxxxxxx ∧∧∨∧∨∧∧  da a.S. 
gansaxilveli cvladebis elementaruli diziunqciis 

koniunqcias ewodeba koniunqciuri normaluri forma. igive 

cvladebisaTvis koniunqciuri normaluri formebi iqneba 

Semdegi gamosaxulebebi: ( ) ( ),1423 xxxx ∨∧∨  

( ) ( ) ( )65324531 xxxxxxxx ∨∨∧∨∧∨∨  da a. S. 

vTqvaT, mocemulia n  argumentiani gadamrTveli 

funqcia ( )nxxxF ,...,, 21  am ukanasknels ewodeba erTianis 

konstituenta, Tu is Rebulobs 1-is tol mniSvnelobas 

mxolod argumetTa erT anakrebze. erTianis konstituenta 

warmoadgens gadamrTveli funqciis yvela argumentis 

koniunqcias, anu srul elementarul koniunqcias. magaliTad, 

Tu ( )321 ,, xxxF  funqcia tolia erTis 0,0 21 == xx  da 

13 =x  anakrebze, maSin erTianis konstituenta ganisazRvreba 

Semdegi gamosaxulebiT: 321 xxx ∧∧ . 

nebismieri gadamrTveli funqciis erTianis 

konstituenta SeiZleba ganisazRvros Semdegnairad: 

aucilebelia, aviRoT mocemuli funqciis yvela cvladis 
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koniunqcia da im cvladebis Tavze, romlis mniSvnelobac 

anakrebSi tolia 0-s; gavakeToT uaryofis aRmniSvneli xazi. 

koniunqciis aRniSvnisaTvis xSirad xmaroben gamravlebis 

niSans `.~. SemdgomSi gamoyenebuli iqneba miTiTebuli 

aRniSvna. magaliTad, Tu ( )4321 ,,, xxxxF  funqcia tolia 

erTis Semdeg anakrebze 0,0,1,0 4321 ==== xxxx , maSin 

erTianis konstituenta toli iqneba 4321 xxxx ⋅⋅⋅ . 

erTianis konstituentis cnebis SemoReba iZleva 

SesaZleblobas Caiweros gadamrTveli funqcia analizur 

saxeSi misi WeSmaritebis cxrilis gamoyenebiT. 

gadamrTveli funqciis erTianis konstituentis 

diziunqcias ewodeba mocemuli funqciis srulyofili 

diziunqciuri normaluri forma (sdnf). nebismier 

gadamrTvel funqcias aqvs mxolod erTi sdnf. 

magaliTisaTvis moviyvanoT sdnf ( )321 ,, xxxF  

funqciisaTvis, romlis WeSmaritebis cxrilic moyvanilia 

qvemoT. 
cxrili 3.  

( )321 ,, xxxF  1x  2x  3x  

1 
0 
0 
1 
1 
0 
1 
0 

0 
0 
0 
1 
0 
1 
1 
1 

0 
0 
1 
0 
1 
0 
1 
1 

0 
1 
0 
0 
1 
1 
0 
1 

rogorc cxrilidan Cans, mocemuli funqcia tolia 

erTianis, nulovan, mesame, meoTxe da meSvide anakrebze. 

CavweroT erTianis konstituenta miTiTebuli anakrebisaTvis: 

,321 xxx ⋅⋅  ,321 xxx ⋅⋅  ,321 xxx ⋅⋅ 321 xxx ⋅⋅ . 
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amis Semdeg misi srulyofili diziunqciuri 

normaluri forma iqneba: ∨⋅⋅∨⋅⋅= 321321 xxxxxxF  

∨⋅⋅∨ 321 xxx 321 xxx ⋅⋅  sdnf ara aqvs mxolod erT 

gadamrTvel funqcias _ `nulis konstituentas~. 

zogierTi gadamrTveli funqciebi tolia 1-is 

umravlesi anakrebisaTvis. cxadia, aseTi funqciebis sdnf 

iqneba didi. aseTi SemTxvevisaTvis gamoiyeneba analizuri 

xerxiT funqciis mocemis ufro mosaxerxebeli forma. 

ganvixiloT igi. dauSvaT, mocemulia n  argumentiani 

( )nxxxF ,...,, 21  gadamrTveli funqcia. aseT funqcias ewodeba 

nulis konstituenta, Tu igi Rebulobs 0-is tol 

mniSvnelobas mxolod erT anakrebze. nulis konstituenta 

warmoadgens mocemuli gadamrTveli funqciis yvela 

argumentis diziunqcias anu srul elementarul 

diziunqcias. magaliTad, Tu ( )4321 ,,, xxxxF  funqcia tolia 

0-s anakrebze 1,0,0,1 4321 ==== xxxx , maSin 0-is 

konstituenta ganisazRvreba Semdegi gamosaxulebiT: 

4321 xxxx ∨∨∨ . nebismieri gadamrTveli funqciis nulis 

konstituenta SeiZleba iqnas miRebuli Semdegnairad: 

aucilebelia aRebuli iqnas mocemuli funqciis yvela 

cvladis diziunqcia da im cvladis Tavze, romlis 

mniSvnelobac anakrebSi tolia 1-is, davsvaT uaryofis niSani. 

magaliTad, Tu ( )321 ,, xxxF  funqcia tolia nulis Semdegi 

anakrebisaTvis ,0,0,1 321 === xxx  da ,1,1,0 321 === xxx  

maSin nulis konstituenta iqneba: 321 xxx ∨∨  da 321 xxx ∨∨ . 

nebismieri gadamrTveli funqciis nulis 

konstituentis koniunqcias ewodeba am funqciis 

srulyofili koniunqciuri normaluri forma (sknf). yvela 

gadamrTvel funqcias aqvs erTaderTi sknf. 
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magaliTisaTvis, CavweroT ( )321 ,, xxxF  funqciis sknf, 

romlis WeSmaritebis cxrilic mocemulia zemoT (cxrili 3). 

mocemuli cxrilidan Cans, rom funqcia nulis tolia 

pirvel, meore, mexuTe da meSvide anakrebze. CavweroT nulis 

konstituenta mocemuli anakrebisaTvis: ,321 xxx ∨∨  

,321 xxx ∨∨  ,321 xxx ∨∨  321 xxx ∨∨ . maSin sknf-s 

mocemuli funqciisaTvis eqneba saxe: ( )⋅∨∨= 321 xxxF  

( )⋅∨∨⋅ 321 xxx ( ) ( )321321 xxxxxx ∨∨⋅∨∨  sknf ara aqvs mxolod 

erT gadamrTvel funqcias _ `erTianis konstituentas~.  
 

4.4. Semoklebuli diziunqciuri (koniunqciuri)  

normaluri forma 
 

ganvixiloT gadamrTveli funqciebi ( )nxxxF ,...,, 211   

da ( )nxxxF ,...,, 212 . Tu 1F  funqcia tolia 0-s igive 

nxxx ,...,, 21  anakrebze romelzedac 2F  funqciac nulis 

tolia, maSin 1F  funqcia Sedis 2F  funqciaSi. 

1F  funqcias 2F -Si Sesvla aRiniSnebna Semdegnairad 

1F 2F⊂ . 

Tu 1F 2F⊂  sruldeba, es imas niSnavs, rom 1F -is 

nulebi gadafaraven 2F -is yvela nulebs, xolo 2F -is 

erTianebi SeiZleba gadaifaros rogorc 1F -is nulebiT, 

agreTve erTianebiTac. Tu 1F  da 2F  funqciebi raime 

anakrebze Rebuloben gansazRvrul mniSvnelobebs, (araa 

aucilebeli maTi toloba) maSin amboben, rom 1F  Tavis 

mniSvnelobiT faravs 2F -s da piriqiT. moviyvanoT magaliTi 

orargumentiani funqciebisaTvis (cxrili 3) ( )yxF ,10 -Si 

Sedian ( )yxF ,8 , ( )yxF ,2  da ( )yxF ,0  anu es funqciebi tolia 

nulis 0,1 da 1,1 anakrebze. 
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Tu 1F  funqcia Sedis 2F  funqciaSi, maSin mas 

uwodeben implikantas. arsebobs aseve martivi implikantis 

mcneba _ es aris elementaruli koniunqciebi, romlebic 

Sedian mocemul funqciaSi im pirobiT, rom arcerTi 

sakuTari nawili am koniunqciebisa mocemul funqciebSi ar 

Sedian. koniunqciis sakuTari nawili ewodeba mis iseT 

nawils, romelic miiReba sawyisi koniunqciidan misi erTi an 

ramdenime elementis amogdebiT. 321 xxx ⋅⋅  elementaruli 

koniunqciis sakuTari nawilebi iqneba ,21 xx ⋅  ,1x  ,3x  

,32 xx ⋅  321 xxx ⋅⋅  moviyvanoT martivi magaliTi: dauSvaT, 

( )321321 ,,,, xxxFxxx ⊂ , aseve ( )32121 ,, xxxFxx ⊂⋅  da 

( )32132 ,, xxxFxx ⊂⋅  maSin 21 xx ⋅  da 32 xx ⋅  iqnebian 

( )321 ,, xxxF -is martivi implikantebi. 

Tu Sesvla )(⊂  ar sruldeba, maSin mas ase 

aRniSnaven _ )(⊄ . mag. ),,( 3211 xxxFx ⊄ . 

cxadia, rom mocemul funqciaSi Semavali martivi 

implikantebi iqneba yvelaze mokle elementaruli 

koniunqciebi. moviyvanoT orargumentiani gadamrTveli 

funqciis martivi implikantas magaliTi (cxrili 5). 

nebismieri gadamrTveli funqciis martivi implikantas 

sapovnelad saWiroa ganisazRvros mocemul funqciaSi 

Semavali yvela elementaruli koniunqcia da Semdeg maTgan 

amovarCioT isini, romelTa sakuTari nawilebi ar Sedis 

mocemul funqciaSi. or argumentiani funqciis elementarul 

koniunqciis ricxvi tolia 8. 

 rogorc zemoT iTqva, nebismieri gadamrTveli 

funqcia SeiZleba warmovadginoT srulyofili 

diziunqciuri normaluri formis saxiT. amave dros sndf 

SeiZleba warmovadginoT Semoklebuli formiT. amitom, 
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sndf-s elementarul koniunqciebs SeuZliaT TavianTi 

erTianebiT dafaron sawyisi gadamrTveli funqciis ara 

erTi, aramed ramdenime erTiani. moviyvanoT Semdegi 

magaliTi; aviRoT funqcia ori argumentiT _ ( )yxF ,7 . mis 

sndf-s aqvs saxe yxyxyx ⋅∨⋅∨⋅ .  amave dros ( )yxF ,7  

funqciis erTianebi SeiZleba daifaros ufro mokle 

koniunqciiT, iseTebiT rogoricaa x  da y , maSin ( )yxF ,7  

funqcia SeiZleba warmodgenili iqnes Semdegi formiT: 
cxrili 5 

gadamrTve
li 

funqciebi 

funqciaSi Semavali 
elementaruli namravli 

martivi 
implikatebi 

Semoklebuli 
diziunqciuri 

forma 

( )yxF ,0  ara ara ara 

( )yxF ,1  yx ⋅  yx ⋅  yx ⋅  

( )yxF ,2  yx ⋅  yx ⋅  yx ⋅  

( )yxF ,3  x , yx ⋅ , yx ⋅  x  x  

( )yxF ,4  yx ⋅  yx ⋅  yx ⋅  

( )yxF ,5  yx ⋅ , yx ⋅ , y  y  y  

( )yxF ,6  yx ⋅ , yx ⋅  yx ⋅ , yx ⋅  yx ⋅ ∨ yx ⋅  

( )yxF ,7  yx ⋅ , yx ⋅ , yx ⋅ , x , y  x , y  x ∨ y  

( )yxF ,8  yx ⋅  yx,  yx,  

( )yxF ,9  yx ⋅ , yx ⋅  yx ⋅ , yx ⋅  yx ⋅ ∨ yx ⋅  

( )yxF ,10  yx ⋅ , yx ⋅ , y  y  y  

( )yxF ,11  y , x , yx ⋅ , yx ⋅ , yx ⋅  x , y  x ∨ y  

( )yxF ,12  yx ⋅ , yx ⋅ , x  x  x  

( )yxF ,13  x , yx ⋅ , y , yx ⋅ , x y  y , x  x ∨ y  

( )yxF ,14  x , y , yx ⋅ , yx ⋅ , x y  x , y  x ∨ y  

( )yxF ,15  x , y x , y , yx ⋅ , yx ⋅  x , y , x , y  yxyx ∨∨∨  

 yx ⋅ , yx ⋅    
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( )yxF ,7 = x ∨ y . marTlac, elementaruli x  koniunqcia ( )yxF ,7  

funqciasTan erTad erTianis tolia Semdeg anakrebze: 1,0 da 

1,1, xolo y  elementaruli koniunqcia tolia erTianis 

( )yxF ,7  funqciasTan erTad Semdeg anakrebze 0,1 da 1,1. 

erToblivad x  da y  elementaruli koniunqciebi faraven 

( )yxF ,7 -is yvela erTianebs. nebismier gadamrTvel funqcias aqvs 

erTaderTi Semoklebuli diziunqciuri normaluri forma. 

gadamrTveli funqciis Semoklebuli diziunqciuri 

normaluri forma warmoadgens yvela martivi implikantas 

diziunqcias. mocemuli funqciis Semoklebuli diziunqciuri 

normaluri formis misaRebad gamoiyeneba kvainis meTodi. 

sanam am meTods gavecnobiT, ganvixiloT  

Sewebebisa da STanTqmis operacia.  

Sewebebis operacia Tavis mxriv iyofa sruli da 

arasruli Sewebebis operaciebad. sruli Sewebebis operacia 

ganisazRvreba Semdegnairad: yx ⋅ ∨ yx ⋅ = x  am SemTxvevaSi yx ⋅  

da yx ⋅  wevrebi Sewebdebian y  cvladiT.  

STanTqmis operacia. 

 ganisazRvreba Semdegnairad: x ∨ yx ⋅ = x . am 

gamosaxulebaSi yx ⋅  wevri STainTqmeba x  wevris mier. axla 

moviyvanoT arasruli Sewebebis operacia: 

yx ⋅ ∨ yx ⋅ = x ∨ yx ⋅ ∨ yx ⋅ . mocemuli gamosaxuleba advilad 

miiReba zemoT moyvanili operaciebidan. 

arsebobs agreTve, Sewebebis Semdegi operacia y  

cvladis mixedviT: ( ) ( ) xyxyx =∨⋅∨  da STanTqmis operacia: 

( ) xyxx =∨.  am operaciaSi x  gamosaxuleba STanTqavs 

yx ∨ . 

moviyvanoT ZiriTadi formulebi, romlebic farTod 

gamoiyeneba Semoklebuli diziunqciuri normaluri formebis 

misaRebad: 
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( ) ( )
( )

( )
( )zyxzxyxxxxx

xxzyx

xxxxzyxzyx
yzxzyxzyxxyyx

xyyxxx

xxxxx

xxxx
xxxx

∨=⋅∨⋅=∨∨∨
=∨∨=

=⋅⋅⋅=∨∨=∨∨
⋅⋅=⋅⋅=⋅⋅∨=∨

⋅=⋅=∨

=⋅=∨

=⋅=∨
=⋅=∨

=⋅=∨
=⋅=∨
=⋅=∨

...

...

1

0

11
10

111111
001101
000000

 

kvainis meTods safuZvlad udevs kvainis Teorema, 

romelsac moviyvanT daumtkiceblad. Tu gadamrTveli 

funqciis sdnf-ze CavatarebT arasruli Sewebebis da 

arasruli STanTqmis yvela operacias, maSin Sedegad miviRebT 

am funqciis Semoklebul diziunqciur normalur formas. 

imisaTvis, rom vipovoT funqciis Semoklebuli 

diziunqciuri normaluri forma, saWiroa, es funqcia 

dasawyisSi mocemuli iqnas sdnf-Si. im SemTxvevaSi, Tu 

funqcia mocemulia arasrul diziunqciur normalur 

formaSi, saWiroa, mivmarToT gaSlis operacias, romelic 

iZleva funqciis sdnf-s miRebis SesaZleblobas. gaSlis 

operacia Sewebebis operaciis Sebrunebuli operaciaa da 

warmoadgens formulis romelime wevris gadamravlebas 

1=∨ xx  tipis gamosaxulebaze. 

mocemuli funqciis sdnf-s miRebis Semdeg swarmoebs 

erTianis konstituentebis Sewebeba. aq saWiroa aRvniSnoT, 

rom SeiZleba vawarmooT Sewebeba mxolod im 

konstituentebisa, romlebic Seicaven elementTa erTnair 
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ricxvs. amis Semdeg warmoebs wevrTa STanTqmis operacia. 

Semdeg ki, Tavidan awarmoeben Sewebebis operacias da a.S.  

moviyvanoT Semoklebuli diziunqciuri normaluri 

formis gansazRvris magaliTi. dauSvaT, ( )321 ,, xxxF  funqcia 

warmodgenilia Semdeg sndf-Si:  

( ) 321321321321321 ,, xxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=  

vawarmooT pirveli da meore, aseve mesame da meoTxe wevrTa 

Sewebeba. Sedegad miviRebT:  

( ) 3213213132132121321 ,, xxxxxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅∨⋅⋅∨⋅⋅∨⋅=

amis Semdeg 21 xx ⋅  koniunqcia STanTqavs meore da mesame 

wevrebs, xolo koniunqcia 31 xx ⋅  STanTqavs mexuTe da meeqvse 

wevrs. amgvarad, sabolood miviRebT funqciis Semoklebul 

diziunqciur normalur formas: 

( ) 3121321 ,, xxxxxxxF ⋅∨⋅=  

vipovoT Semoklebuli diziunqciuri normaluri 

forma ( )yxF ,7  funqciisaTvis. ( )yxF ,  funqciis sdnf tolia:  

( ) yxyxyxyxF ⋅∨⋅∨⋅=,7  

vawarmooT sdnf-s meore da mesame wevrebis Sewebeba:  

( ) yxyxxyxyxF ⋅∨⋅∨∨⋅=,7  

am gamosaxulebaSi vawarmooT pirveli da mesame 

wevrebis Sewebeba:  

( ) yxxxyxyyyxF ⋅∨∨⋅∨⋅∨=,7  

y -is koniunqcia STanTqavs meore da mesame wevrs, 

xolo x -is _ mexuTe  wevrs. Sedegad miviRebT Semoklebul 

normalur formas:  

( ) yxxyyxF ∨=∨=,7  

ganvixiloT kidev erTi funqcia 

( )4321 ,,, xxxxF  

dauSvaT,  
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( ) 43214323214321 ,,, xxxxxxxxxxxxxxF ⋅⋅⋅∨⋅⋅∨⋅⋅=  

movZebnoT mocemuli funqciis Semoklebuli diziunqciuri 

normaluri forma. radgan ar aris mocemuli am funqciis 

sdnf, amitom dasawyisSi ganvsazRvroT igi. amisaTvis, pirvel 

da meore wevrze gamoviyenoT gaSlis operacia. pirveli 

wevri gavamravloT 44 xx ∨ –ze xolo meore 11 xx ∨ –ze, 

maSin miviRebT: 

( ) ( ) ( )

43214321

4321432143214321

11432443214321 ,,,

xxxxxxxx

xxxxxxxxxxxxxxxx

xxxxxxxxxxxxxxF

⋅⋅⋅∨⋅⋅⋅∨

∨⋅⋅⋅∨⋅⋅⋅∨⋅⋅⋅=⋅⋅⋅∨

∨∨⋅⋅⋅∨∨⋅⋅⋅=

 CavataroT Sewebeba: pirveli da meore wevrisa 4x –iT, 

meore da mesame wevrisa 2x –iT, meore da mexuTe wevrisa 1x –

iT, mesame da meoTxesi 1x –iT, meoTxe da mexuTesi 2x –iT, 

ris Semdeg CavtaroT STanTqmis operacia da miviRebT: 

( )
431

1324314323214321 ,,,,,,

xxx

xxxxxxxxxxxxxxxxF

⋅⋅∨

∨⋅⋅∨⋅⋅∨⋅∨=

 miRebuli gamosaxulebis marjvena nawilSi Tavidan 

CavataroT Sewebeba: meore da meoTxe wevrisa 2x –iT, mesame 

da mexuTe wevris 1x –iT. Semdgom, STanTqmis operaciis 

CatarebiT miviRebT: 

( ) 4332143433214321 ,,, xxxxxxxxxxxxxxxxF ⋅∨⋅⋅=⋅∨⋅∨⋅⋅=
 vinaidan am gamosaxulebaSi aRar SeiZleba Sewebebisa 

da STanTqmis operaciebis Catareba, amitom, igi 

warmoadgens mocemuli funqciis Semoklebul diziunqciur 

normalur formas. 

da bolos moviyvanoT gadamrTveli funqciis 

Semoklebuli diziunqciuri normaluri formis gansazRvris 

Tanmimdevroba. sdnf-s gansazRvris Semdeg mimdinareobs 

Sewebeba misi pirveli wevrisa danarCenTan. Semdeg meore 
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wevrs SevawebebT danarCenTan garda pirvelisa, Semdeg mesame 

wevri Sewebdeba danarCen wevrebTan garda pirvelisa da 

meorisa da a.S. Sewebebis operaciis Semdeg yovelTvis 

xorcieldeba STanTqmis operacia. 
 

4.5. gadamrTveli funqciis Cixuri da minimaluri 

diziunqciuri normaluri formis gansazRvra 
  

 gadamrTveli funqciis Semoklebuli diziunqciuri 

normaluri formebi zog SemTxvevaSi SeiZleba Seicavdnen 

zedmet martiv implikantas. es implikantebi SeiZleba 

amoRebuli iqnas Semoklebuli normaluri formebidan ise 

rom, funqciis mniSvneloba ar Seicvleba. 

Tu Semoklebuli diziunqciuri normaluri formidan 

ar SeiZleba arcerTi martivi implikantas gamoricxva, maSin 

mas ewodeba funciis Cixuri diziunqciuri normaluri forma. 

gadamrTvel funqcias SeiZleba hqondes ramdenime Cixuri 

forma. Tu Cixuri forma Seicavs elementTa umcires ricxvs, 

maSin mas ewodeba minimaluri. 

arsebobs Semdegi Teorema: gadamrTveli funqciis 

minimaluri diziunqciuri normaluri forma warmoadgens Cixurs. 

nebismieri gadamrTveli funqciis minimaluri diziunqciuri 

normaluri formis wevrebi iqnebian martivi implikantebi. 

gadamrTveli funqciis minimaluri diziunqciuri 

normaluri formis gansazRvrisaTvis saWiroa, moinaxos 

yvela misi Cixuri formebi da Semdeg maT Soris airCes 

minimaluri. ganvixiloT wevrTa gamocdis meTodi 

gadamrTveli funqciis Cixuri formebis mosaZebnad. am 

meTods safuZvlad udevs funqciis diziunqciuri normaluri 

formis Semdegi Tviseba. cnobilia, rom diziunqcia iqceva 

nulad, roca misi yvela Semadgeneli elementi tolia 

nulis; amitom, Tu diziunqciuri normaluri formidan 

amoviRebT erT an ramdenime wevrs, is mainc iqneba nulis 
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toli igive anakrebze, romelzec funqciis sawyisi 

diziunqciuri normaluri formac nulis tolia. 

axla dauSvaT, rom funqciis diziunqciuri normaluri 

formidan amoviRoT wevri, romelic raime gansazRvrul 

anakrebze tolia 1-is. diziunqciis Semdegi Tvisebidan 1 x∨ =1 

gamomdinareobs, rom am anakrebze mTeli diziunqcia 1-is tolia. 

magram, Tu am wevrs amoviRebT, darCenili gamosaxuleba igive 

anakrebze SeiZleba aRar iyos 1-is toli. im SemTxvevaSi, Tu 

wevris amoRebis Semdeg mocemuli gamosaxuleba toli iqneba 1, 

maSin amoRebuli wevri iqneba zedmeti. 

mocemuli msjelobidan gamomdinareobs wevrTa 

gamocdis meTodis ZiriTadi wesi: saWiroa aRebuli iqnas 

Semoklebuli diziunqciuri normaluri formis nebismieri 

wevri da gamoicados igi. gamocda mdgomareobs SemdegSi: 

mocemuli wevri amoiReba Semoklebuli diziunqciuri 

normaluri formidan, xolo darCenil gamosaxulebaSi 

Caismeba cvladebis is mniSvneloba, romelic amoRebul wevrs 

aqcevs erTianad. im SemTxvevaSi, roca darCenili 

gamosaxulebac iqneba 1, amoRebuli wevri iqneba zedmeti. 

moviyvanoT Cixuri formis gansazRvris magaliTi. 

dauSvaT, ( )321 ,, xxxF -funqciis Semoklebuli diziunqciuri 

normaluri formaa:  

( ) 323121321 ,, xxxxxxxxxF ⋅∨⋅∨⋅=  

vipovoT mocemuli funqciis Cixuri forma. 

gamovcadoT 21 xx ⋅  wevri; dagvrCeba gamosaxuleba 

3231 xxxx ⋅∨⋅  

am gamosaxulebaSi CavsvaT mniSvneloba 11 =x  da 

02 =x . es mniSvnelobebi gadaaqceven erTianad 21 xx ⋅  wevrs 

11121 =⋅=⋅ xx . Casmis Sedegad miviRebT:  

3333 010 xxxx =∨=⋅∨⋅  
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aqedan gamomdinareobs, rom darCenili gamosaxuleba 

araa erTis toli. amitom,  21 xx ⋅   wevris amoReba sawyisi 

formidan ar SeiZleba. axla gamovcadoT  31 xx ⋅  wevri. 

darCeba gamosaxuleba  

3221 xxxx ⋅∨⋅ . 

CavsvaT masSi mniSvnelobebi 01 =x , 13 =x , maSin 

11131 =⋅=⋅ xx  da miviRebT  

2222 010 xxxx =∨=⋅∨⋅ . 

am SemTxvevaSic darCenili gamosaxuleba ar udris 1. 

amitom    31 xx ⋅  wevric ar SeiZleba iqnes amoRebuli. 

gamovcadoT bolos 32 xx ⋅  wevri, dagvrCeba 

gamosaxuleba  

3121 xxxx ⋅∨⋅  

CavsvaT masSi mniSvnelobebi 02 =x , 13 =x  

( )11132 =⋅=⋅ xx ; 111 1111 =∨=⋅∨⋅ xxxx , 

e.i. darCenili gamosaxuleba tolia 1. Sesabamisad 

32 xx ⋅  wevri warmoadgens zedmets da igi SeiZleba 

amoRebuli iqnas sawyisis formidan, e. i.     

( ) 323121321 ,, xxxxxxxxxF ⋅∨⋅∨⋅=  

funqciis Cixuri forma iqneba:  

( ) 3121321 ,, xxxxxxxF ⋅∨⋅= . 

miRebuli Cixuri forma iqneba ( )321 ,, xxxF  funqciis 

minimaluri diziunqciuri normaluri forma. 

moviyvanoT kidev erTi magaliTi: vTqvaT, mocemuli 

( )4321 ,,, xxxxF  funqciis Semoklebuli diziunqciuri 

normaluri formaa:  
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( ) 4314213214324314321 ,,, xxxxxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=
movZebnoT mocemuli funqciis Cixuri forma. gamovcadoT 

pirveli wevri 431 xxx ⋅⋅ . CavsvaT darCenil gamosaxulebaSi 

431421321432 xxxxxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  

01 =x , 13 =x , 04 =x ,  ( )1111431 =⋅⋅=⋅⋅ xxx  mniSvnelobebi da 

miviRebT: 1100101111 22222 =∨=⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅ xxxxx  Sesabamisad, 

pirveli wevri 431 xxx ⋅⋅  warmoadgens zedmets da igi 

SeiZleba amoviRoT.  

gamovcadoT meore wevri 432 xxx ⋅⋅ . CavsvaT darCenil 

gamosaxulebaSi. 

431421321431 xxxxxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  

12 =x , 13 =x , 04 =x ,  ( 1111432 =⋅⋅=⋅⋅ xxx )  

mniSvneloba da miviRebT:  

110111011 111111 =∨=⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅ xxxxxx  

Sesabamisad meore wevric warmoadgens zedmets da 

isic SeiZleba amoviRoT. 

 gamovcadoT mesame wevri  321 xxx ⋅⋅ .  CavsvaT 

darCenil gamosaxulebaSi, 

431421321432431 xxxxxxxxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  

mniSvnelobebi:  11 =x , 02 =x , 13 =x ,  ( )1321 =⋅⋅ xxx   da 

miviRebT:  

44444 00001011 xxxxx =⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅ . 

es gamosaxuleba ar udris 1, amitom  321 xxx ⋅⋅  wevri ar 

warmoadgens zedmets. 

 gamovcadoT meoTxe wevri 421 xxx ⋅⋅  darCenil 

gamosaxulebaSi 

431321432431 xxxxxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  
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CavsvaT mniSvnelobebi:   11 =x , 12 =x , 04 =x ,  ( )1421 =⋅⋅ xxx  

da miviRebT: 

111001110 333333 =∨=⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅ xxxxxx  

aqedan Cans, rom meoTxe wevri warmoadgens zedmets da igi 

SeiZleba amoviRoT. 

gamovcadoT mexuTe wevri 431 xxx ⋅⋅ . darCenil 

gamosaxulebaSi: 

421321432431 xxxxxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  

CavsvaT mniSvnelobebi: 11 =x , 03 =x , 04 =x ,  ( )1431 =⋅⋅ xxx      

da miviRebT:  

22222 0110010100 xxxxx =∨=⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅  

es gamosaxuleba ar udris 1, amitom mexuTe wevri     

431 xxx ⋅⋅  ar aris zedmeti, amgvarad, sawyis Semoklebul 

normalur formas aqvs sami zedmeti wevri 431 xxx ⋅⋅ ,  

432 xxx ⋅⋅    da  421 xxx ⋅⋅  Tu zedmetia ramdenime wevri, 

maSin maTi erTdroulad amoReba ar SeiZleba. am SemTxvevaSi 

jer amoiReba nebismieri erT-erTi maTgani, ris Semdegac 

gamoicdeba is wevrebi, romlebic pirveli gamocdis dros 

warmoadgendnen zedmets. Semdeg amoiReba sxva zedmeti wevri 

da gamoicdeba danarCeni da a.S. analogiurad gaisinjeba 

danarCeni yvela zedmeti wevri. 

 gavagrZeloT magaliTis amoxsna, amoviRoT jer  

431 xxx ⋅⋅  zedmeti wevri, miviRebT gamosaxulebas  

( ) 4314213214324321 ,,, xxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=  

am gamosaxulebaSi gamoicdebian wevrebi  432 xxx ⋅⋅  da 

421 xxx ⋅⋅ ,  romlebic pirveli gamocdis dros aRmoCndnen 

zedmetni, jer gamovcadoT  432 xxx ⋅⋅   wevri. darCenil 

gamosaxulebaSi: 

431421321 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  
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CavsvaT mniSvnelobebi 12 =x , 13 =x , 04 =x , miviRebT:  

1111 101110 xxxx =⋅⋅∨⋅⋅∨⋅⋅ . 

e.i. 432 xxx ⋅⋅  wevri ar SeiZleba amoviRoT, miuxedavad imisa, 

rom igi pirvel gamocdaze 431 xxx ⋅⋅  wevrTan erTad 

aRmoCnda zedmeti.  

gamovcadoT 421 xxx ⋅⋅  wevri darCenil gamosaxulebaSi:  

431321432 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  

CavsvaT mniSvnelobebi 11 =x , 12 =x , 04 =x , Casmis 

Sedegad miviRebT:  

1110011 33333 =∨=⋅⋅∨⋅⋅∨⋅⋅ xxxxx  

aqedan gamomdinareobs, rom 421 xxx ⋅⋅  wevri aris zedmeti da 

is SeiZleba amoviRoT. Sedegad Cven miviRebT sawyisi 

funqciis pirvel Cixur formas: 

( ) 4313214324321 ,,, xxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅= . 

amis Semdeg, sawyisi Semoklebuli diziunqciuri 

normaluri formidan amoviRebT 432 xxx ⋅⋅  zedmet wevrs, 

miviRebT gamosaxulebas:  

( ) 4314213214314321 ,,, xxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=   

am gamosaxulebaSi gamovcadoT 431 xxx ⋅⋅  da 421 xxx ⋅⋅  wevrebi, 

romlebic aRmoCndnen zedmetni pirveli gamocdis dros; jer 

gamovcadoT 431 xxx ⋅⋅  wevri darCenil gamosaxulebaSi:  

431421321 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  

CavsvaT 01 =x , 13 =x , 04 =x ,  mniSvnelobebi. Sedegad miviRebT:  

222 001011 xxx =⋅∨⋅⋅∨⋅⋅ . 

aqedan Cans, rom 431 xxx ⋅⋅  wevris amoRebac ar SeiZleba. 

axla gamovcadoT 421 xxx ⋅⋅  wevri. darCenil gamosaxulebaSi:  

431321431 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  
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CavsvaT 11 =x , 12 =x , 04 =x ,  mniSvnelobebi da miviRebT:  

3333 110010 xxxx =⋅⋅∨⋅⋅∨⋅⋅  

aqedan gamomdinareobs, rom 421 xxx ⋅⋅  ar SeiZleba 

amoviRoT, amitom sawyisi funqciis meore Cixur formas 

(amoRebulia 432 xxx ⋅⋅  wevri), eqneba saxe:  

( ) 4314213214314321 ,,, xxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=  da 

bolos, Semoklebuli diziunqciuri normaluri formidan 

amoviRoT bolo zedmeti wevri 421 xxx ⋅⋅ . miviRebT Semdeg 

gamosaxulebas: 

 ( ) 4313214324314321 ,,, xxxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅⋅=   

am gamosaxulebaSi gamovcadoT 431 xxx ⋅⋅  da 432 xxx ⋅⋅  wevrebi, 

romlebic aRmoCndnen zedmetni pirveli gamocdis dros. 

gamovcadoT jer 431 xxx ⋅⋅  wevri. darCenil gamosaxulebaSi  

431321432 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  

CavsvaT 01 =x , 13 =x , 04 =x  mniSvnelobebi da miviRebT: 

11001111 2222 =∨=⋅⋅∨⋅⋅∨⋅⋅ xxxx  

aqedan gamomdinareobs, rom 431 xxx ⋅⋅  warmoadgens 

zedmets da is SeiZleba amoviRoT. da bolos, gamovcadoT 

432 xxx ⋅⋅  wevri. darCenil gamosaxulebaSi  

431321431 xxxxxxxxx ⋅⋅∨⋅⋅∨⋅⋅  

CavsvaT 12 =x , 13 =x  da 04 =x   mniSvnelobebi da 

miviRebT: 1111 101011 xxxx =⋅⋅∨⋅⋅∨⋅⋅  e.i. 432 xxx ⋅⋅  wevris 

amoReba ar SeiZleba. 

e.i. miviReT mesame Cixuri forma (amoRebulia 

421 xxx ⋅⋅  da 431 xxx ⋅⋅  wevrebi)  mocemuli funqciisaTvis: 

( ) 4313214324321 ,,, xxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅= . 

es Cixuri forma emTxveva pirvel formas, amitom 

mocemul funqcias aqvs ori Cixuri forma:  
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( ) 4313214324321 ,,, xxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅=  

da  

( ) 431421321414321 ,,, xxxxxxxxxxxxxxxF ⋅⋅∨⋅⋅∨⋅⋅∨⋅=  

radgan pirveli Cixuri forma Seicavs elementTa 

umcires ricxvs, amitom igi iqneba mocemuli funqciis 

minimaluri diziunqciuri normaluri forma. 
 

4.6. sasruli avtomatebi da misi mocemis xerxebi 
 

ganvixiloT raime sistema (teqnikuri mowyobiloba). 

dauSvaT, mas aqvs n –Sesasvleli, romelzec Semodis 

informacia sxvadasxva gadamwodidan da m –gamosasvleli, 

saidanac moixsneba mmarTveli informacia da gadaewodeba 

Semsrulebel organos. 

aRvniSnoT mowyobilobis Sesasvleli ),1( nixi =  

(nax. 6), xolo gamosasvleli ),1( mjy j = . teqnikuri 

mowyobilobis Sesasvlelad da gamosasvlelad miviRoT iseTi 

signali, romelic tolia 1-is an 0-is. { }nxxxX ,...,, 21=  

Sesasvlelisa da { }myyyY ,...,, 21=  gamosasvlelis simravles 

uwodeben anbans. anbanis elementebs uwodeben asos.  

 

    1x                                        1y  

    2x                                        2y  

.                                                         . 

.                                                         . 

.                                                         . 

    nx                                         ny  

 

                  nax. 6 

 

 

 

 

           

        t.m 
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mocemuli anbanis asoTa nebismier mowesrigebul 

Tanamimdevrobas ewodeba sityvebi. mag. { }321 ,, xxxX =  da 

{ }21 , yyY = -saTvis sityvebi iqneba: 

 22121123221323231221 ,,,,,,,, yyyyyyyxxxxxxxxxxxxxx  

da a.S. 

teqnikuri mowyobilobis funqcionireba sasruli 

avtomatis farglebSi ganixileba ,...,,...,2,1,0 k  drois 

diskretul momentSi da aRiwereba egreTwodebul 

mowyobilobaTa Siga mdgomareobis saSualebiT. amave dros 

igulisxmeba, rom drois nebismier momentSi mowyobilobis 

Sesavalze miewodeba erTi signali, romelic ganapirobebs 

erT gansazRvrul mdgomareobas da gamosasvlelzec aRiZvreba 

mxolod erTi signali. 

axla ganvsazRvroT sasruli avtomati. sasruli 

avtomati warmoadgerns informaciis iseT gardamsaxs, 

romelic Sesasvlelze signalis miwodebiT gadadis erT 

mdgomareobidan meoreSi da amave dros gamosasvlelze 

aRZravs signals. 

Tu Semavali da gamomavali signalebis da agreTve 

Siga mdgomareobis simravle warmoadgens sasruls, maSin 

avtomats sasruli ewodeba. winaaRmdeg SemTxvevaSi igi iqneba 

usasrulo. avtomatis gansazRvridan gamomdinareobs, rom igi 

gardasaxavs Semaval sityvaTa simravles gamosaval sityvaTa 

simravled. amave dros, mocemuli gardasaxva SeiZleba 

warmovadginoT, rogorc Semaval sityvaTa calsaxa Γ  asaxva 

gamomaval sityvebze. am Γ  asaxvas ewodeba anbanuri 

operatori anu anbanuri asaxva. sxva sityvebiT rom vTqvaT 

Γ  anbanuri operatori warmoadgens funqcias, romelic 

gansazRvrulia Semaval sityvaTa simravleze da Rebulobs 

mniSvnelobebs gamomaval sityvaTa simravlidan. 
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aRvniSnoT avtomatis Siga mdgomareobis anu anbanuri 

mdgomareobis SesaZlo simravle { }eccccC ,...,,, 210= . sasruli 

avtomatis mocemisaTvis gamoiyeneba ZiriTadad sami xerxi: 

analizuri, geometriuli da cxriluri. yvela SemTxvevaSi 

saWiroa cnobili iyos yx,  da c .  

sasruli avtomatis funqcionirebis kanonebi 

ganisazRvreba ori anbanuri operatoriT: gadasasvleli f  
funqciiT da gamosasvlelis ϕ  funqciiT. dauSvaT drois t  

momentSi avtomati imyofeba )(tc  mdgomareobaSi da mis 

Sesasvlelze miewoda )(tx  signali. f  gadasasvleli funqcia 

iZleva SesaZleblobas ganisazRvros avtomatis )1( +tc  

mdgomareoba drois 1+t  momentSi Sesasvlelze )(tx  signalis 

miwodebis dros:  

[ ])(),()1( txtcftc =+  an [ ])(),1()( txtcftc −= . 

gamosasvlelis ϕ  funqcia iZleva saSualebas 

ganisazRvros gamosasvleli )(ty  signali, Sesasvleli )(tx  

signalis da avtomatis )(tc  mdgomareobis saSualebiT: 

[ ])(),()( txtcty ϕ= . 

avtomatis qcevis analizisaTvis aucilebelad moicema 

misi sawyisi mdgomareoba. 

avtomati A  iTvleba mocemulad, Tu mocemulia 

Semdeg simravleTa erToblioba: { }FccyxA ,,,, 0= , sadac F  

aris C  simravlis Tavis TavSi asaxva. mocemuli asaxva 

nebismieri Cc ∈  da Xx ∈  elementisaTvis ayenebs 

SesatyvisobaSi Ccq ∈  mdgomareobas, romelic gansazRvravs 

),( xcf  gadasasvlel funqcias da y  gamosasvlels, 

romelic gansazRvravs ),( xcϕ  gamosasvlel funqcias. ),( xcf  

da ),( xcϕ  CanawerSi t  dro araa gaTvaliswinebuli. 

avtomatis aseT mocemas ewodeba analizuri xerxi.  

 199 

axla ganvixiloT avtomatis mocemis cxriluri xerxi. 

aseT xerxs meorenairad uwodeben matriculs. ganvixiloT 

cxrili, romlis striqonebi Seesatyviseba Sesasvlel signalebs, 

xolo svetebi _ avtomatis mdgomareobas. 

ujredebSi, romlebsac iZleva striqonebisa da 

svetebis TanakveTa Caiwereba mdgomareoba, romelSic gadadis 

avtomati striqonSi miTiTebuli signalis moqmedebiT svetSi 

miTiTebuli mdgomareobidan. aseTi saxiT miRebul cxrils 

ewodeba gadasasvlelebis cxrili. moviyvanoT cxrilis agebis 

magaliTi A  avtomatisaTvis, romelsac aqvs { }321 ,, xxxX =  

SesasvlelTa simravle da { }43210 ,,,, cccccC =  mdgomareobaTa 

simravle (cxrili 6). 
cxrili 6 

  mdgomareoba 

 

Sema- 

vali signali 

0C  1C  2C  3C  4C  

1x  1C  2C  3C  4C  4C  

2x  1C  3C  3C  4C  3C  

3x  0C  2C  4C  3C  3C  

 

axla avagoT gamosasvlelTa cxrili. mocemul 

cxrilSi striqonebi Seesabameba Semaval signalebs, xolo 

svetebi avtomatis mdgomareobas. striqonebis da svetebis 

TanakveTis ujredebSi Caiwereba gamosasvlelebi, romlebic 

Seesabameba avtomatis mdgomareobas da miTiTebulia 

striqonebSi. moviyvanoT gamosasvlelis cxrilis magaliTi 

avtomatisaTvis, romlis SesasvlelTa simravlea 

{ }321 ,, xxxX =  xolo mdgomareobaTa simravlea 

{ }43210 ,,,, cccccC =  (cxrili 7). 
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cxrili 7 

 mdgomareoba 

 

Sema- 

vali signali 
0C  1C  2C  

 

3C  4C  

1x  0y  1y  1y  2y  3y  

2x  1y  2y  0y  1y  2y  

3x  3y  1y  2y  3y  3y  

 

mocemuli ori cxrili SeiZleba gavaerTianoT erT 

cxrilad, romelSic mocemuli iqneba avtomatis 

gadasasvlelica da gamosasvlelic (cxrili 8). 
cxrili 8 

  mdgomareoba 

 

Sema- 

vali signali 
0C  1C  2C  

 

3C  4C  

1x  1C      

0y  
2C      

1y  
3C      

1y  
4C    

2y  
4C      

3y  

2x  1C      

1y  
3C      

2y  
3C      

0y  
4C     

1y  
3C     

2y  

3x  0C      

3y  
2C      

1y  
4C     

2y  
3C     

3y  
3C      

3y  

 

ganvixiloT moyvanili cxrilebiT mocemuli 

avtomatis funqcionirebis ramdenime fragmenti. dauSvaT, 

Sesasvlelze miwodebulia signali 1x . am signalis 

zemoqmedebiT avtomati gadadis 0C  mdgomareobidan 1C –Si da 

gamosasvlelze aRiZvreba 0y  signali. Tu amis Semdeg 

Sesasvlels miewodeba 2x  signali, maSin avtomati gadava 3C  

mdgomareobaSi da gamosasvlelze warmoiqmneba 2y  signali. 

dauSvaT Sesasvlelze miewoda 3x  signali, maSin avtomati 

gadava 3C  mdgomareobaSi da gamosasvlelze warmoiqmneba 
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signali 2y . dauSvaT Sesasvlelze miewoda 3x  signali, maSin 

avtomati gadava 3C  mdgomareobaSi da gamosasvlelze 

aRiZvreba 3y  signali. 

axla dauSvaT, rom dasawyisSi Sesasvlelze miewodeba 

TanamimdevrobiT ori 2x  signali, maSin gamosasvlelze 

gveqneba 2y  signali. Tu amis Semdeg Sesasvlelze miewodeba 

ori 1x  signali, maSin gamosasvlelze aRiZvreba 3y  signali, 

analogiurad SeiZleba vipovoT avtomatis reaqcia 

Sesasvleli signalebis nebismieri Tanamimdevrobis 

ganawilebis dros. 

axla ganvixiloT avtomatis mocemis geometriuli 

anu grafuli xerxi. grafis mwvervalebi asaxaven avtomatis 

Siga mdgomareobas, xolo misi rkalebi _ Semaval signalebs, 

romlebic gansazRvraven avtomatis gadasvlas Sesabamis 

mdgomareobaSi, romlis drosac aRiZvreba gamosavali 

signalebi. moviyvanoT cxrili 8-is mier mocemuli avtomatis 

grafis magaliTi (nax. 7). 

 
nax. 7. 

Tu avtomatSi gadasvlebi sruldeba drois tol 

SualedebSi, maSin mas ewodeba sinqronuli. 
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avtomatebs, romelTa gamosasvleli signalebi calsaxad 

ganisazRvrebian Siga mdgomareobiT da ar arian damokidebuli 

Sesasvlel signalebze, muris avtomati ewodebaT. 

Tu avtomatSi gamosasvleli signalebi 

ganisazRvrebian ara marto Siga mdgomareobiT, aramed 

Semavali signalebiTac, maT milis avtomatebi ewodebaT. 

muris avtomatis Siga mdgomareobis simravle 

aRvniSnoT { }nvvvvV ,...,,, 210=  maSin muris avtomatis 

gadasvlebis funqcia Caiwereba Semdegnairad: 

[ ])(),()1( txtvftv =+  

xolo avtomatis gamosasvlelebis funqcias eqneba 

saxe: [ ])()( tvty ϕ=    

iseve rogorc milis avtomati, muris avtomatic 

SeiZleba mocemuli iqnas gadasasvlelebisa da 

gamosasvlelebis cxrilebis saSualebiT, romelic aigeba 

analogiurad, xolo gansxvaveba mdgomareobs imaSi, rom 

muris avtomatis gadasasvlelebisa da gamosasvlelebis 

cxrilSi, TiToeuli Siga mdgomareobis Tavze mieTiTeba 

gamosasvleli signali, romelsac gascems avtomati garkveul 

mocemul mdgomareobaSi. magaliTisaTvis moviyvanoT 

avtomatis Semdegi cxrili (cxrili 9). 
cxrili 9 

gamosasvleli 1y  2y  2y  1y  3y  3y  2y  

    mdgomareoba 

 

Sesasvleli 

 

0v  1v  2v  3v  4v  5v  6v  

1x  3v  4v  6v  2v  3v  6v  5v  

2x  1v  3v  2v  0v  4v  1v  0v  
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me-8 naxazze mocemulia muris avtomatis grafi, 

romelic Seesabameba cxril-8-s. 

 

 
nax.8 

 
 
 
 


